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Preface 


Mathematical finance is a highly challenging and technical discipline. Its fundamentals and 
applications are best understood by combining a theoretically solid approach with extensive 
exercises in solving practical problems. That is the philosophy behind all four volumes in 
this series on mathematical finance. This second of four volumes in the series Problems and 
Solutions in Mathematical Finance is devoted to the discussion of equity derivatives. In the 
first volume we developed the probabilistic and stochastic methods required for the successful 
study of advanced mathematical finance, in particular different types of pricing models. The 
techniques applied in this volume assume good knowledge of the topics covered in Volume 1. 
As we believe that good working knowledge of mathematical finance is best acquired through 
the solution of practical problems, all the volumes in this series are built up in a way that allows 
readers to continuously test their knowledge as they work through the texts. 

This second volume starts with the analysis of basic derivatives, such as forwards and 
futures, swaps and options. The approach is bottom up, starting with the analysis of simple con- 
tracts and then moving on to more advanced instruments. All the major classes of options are 
introduced and extensively studied, starting with plain European and American options. The 
text then moves on to cover more complex contracts such as barrier, Asian and exotic options. 
In each option class, different types of options are considered, including time-independent and 
time-dependent options, or non-path-dependent and path-dependent options. 

Stochastic financial models frequently require the fixing of different parameters. Some can 
be extracted directly from market data, others need to be fixed by means of numerical methods 
or optimisation techniques. Depending on the context, this is done in different ways. In the risk- 
neutral world, the drift parameter for the geometric Brownian motion (Black-Scholes model) 
is extracted from the bond market (1.е., the returns on risk-free debt). The volatility parameter, 
in contrast, is generally determined from market prices, as the so-called implied volatility. 
However, if a stochastic process is to be fitted to known price data, other methods need to 
be consulted, such as maximum-likelihood estimation. This method is applied to a number of 
stochastic processes in the chapter on volatility models. 

In all option models, volatility presents one of the most important quantities that determine 
the price and the risk of derivatives contracts. For this reason, considerable effort is put into 
their discussion in terms of concepts, such as implied, local and stochastic volatilities, as well 
as the important volatility surfaces. 

At the end of this volume, readers will be equipped with all the major tools required for 
the modelling and the pricing of a whole range of different derivatives contracts. They will 
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therefore be ready to tackle new techniques and challenges discussed in the next two volumes, 
including interest-rate modelling in Volume 3 and foreign exchange/commodity derivatives in 
Volume 4. 

As in the first volume, we have the following note to the student/reader: Please try hard to 
solve the problems on your own before you look at the solutions! 
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1 
Basic Equity Derivatives Theory 


In finance, an equity derivative belongs to a class of derivative instruments whose underlying 
asset is a stock or stock index. Hence, the value of an equity derivative is a function of the value 
of the stock or index. With a growing interest in the stock markets of the world, and the preva- 
lence of employee stock options as a form of compensation, equity derivatives continue to 
expand with new product structures continuously being offered. In this chapter, we introduce 
the concept of equity derivatives with emphasis on forwards, futures, option contracts and also 
different types of hedging strategies. 
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Among the many equity derivatives that are actively traded in the market, options and futures 
are by far the most commonly traded financial instruments. The following is the basic vocab- 
ulary of different types of derivatives contracts: 


е Option A contract that gives the holder the right but not the obligation to buy or sell an 
asset for a fixed price (strike/exercise price) at or before a fixed expiry date. 

е Call Option A contract that gives the holder the right to buy an asset for a fixed price 
(strike/exercise price) at or before a fixed expiry date. 

® Put Option A contract that gives the holder the right to sell an asset for a fixed price 
(strike/exercise price) at or before a fixed expiry date. 

ө Payoff Difference between the market price and the strike price depending on derivative 
type. 

ө Intrinsic Value The payoff that would be received/paid if the option was exercised when 
the underlying asset is at its current level. 

ө Time Value Value that the option is above its intrinsic value. The relationship can be 
written as 


Option Price = Intrinsic Value + Time Value. 


ө Forward/Futures A contract that obligates the buyer and seller to trade an underlying, 
usually a commodity or stock price index, at some specified time in the future. The dif- 
ference between a forward and a futures contract is that forwards are over-the-counter 
(OTC) products which are customised agreements between two counterparties. In con- 
trast, futures are standardised contracts traded on an official exchange and are marked to 
market on a daily basis. Hence, futures contracts do not carry any credit risk (the risk that 
a party will not meet its contractual obligations). 

e Swap An OTC contract in which two counterparties exchange cash flows. 

e Stock Index Option A contract that gives the holder the right but not the obligation to buy 
or sell a specific amount of a particular stock index for an agreed fixed price at or before 
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a fixed expiry date. As it is not feasible to deliver an actual stock index, this contract is 
usually settled in cash. 

e Stock Index Futures A contract that obligates the buyer and seller to trade a quantity of 
a specific stock index on an official exchange at a price agreed between two parties with 
delivery on a specified future date. Like the stock index option, this contract is usually 
settled in cash. 

ө Strike/Exercise Price Fixed price at which the owner of an option can buy (for a call 
option) or sell (for a put option) the underlying asset. 

ө Expiry Date/Exercise Date The last date on which the option contract is still valid. After 
this date, the option contract becomes worthless. 

ө Delivery Date The last date by which the underlying commodity or stock price index 
(usually cash payment based on the underlying stock price index) for a forward/futures 
contract must be delivered to fulfil the requirements of the contract. 

ө Discounting Multiplying an amount by a discount factor to compute its present value (dis- 
counted value). It is the opposite of compounding, where interest is added to an amount so 
that the added interest also earns interest from then on. If we assume the risk-free interest 
rate ғ is a constant and continuously compounding, then the present value at time f of a 
certain payoff M at time T, for t < T, is Me~"7-”, 

ө Hedge An investment position intended to reduce the risk from adverse price movements 
in an asset. A hedge can be constructed using a combination of stocks and derivative 
products such as options and forwards. 

* Contingent Claim A claim that depends on a particular event such as an option payoff, 
which depends on a stock price at some future date. 


Within the context of option contracts we subdivide them into option style or option family, 
which denotes the class into which the type of option contract falls, usually defined by the 
dates on which the option may be exercised. These include: 


* European Option An option that can only be exercised on the expiry date. 

* American Option An option that can be exercised any time before the expiry date. 

* Bermudan Option An option that can only be exercised on predetermined dates. Hence, 
this option is intermediate between a European option and an American option. 


Unless otherwise stated, all the options discussed in this chapter are considered to be European. 


Option Trading 


In option trading, the transaction involves two parties: a buyer and a seller. 


* Тһе buyer of an option is said to take a /ong position in the option, whilst the seller is said 
to take a short position in the option. 

* Тһе buyer or owner of a call (put) option has the right to buy (sell) an asset at a specified 
price by paying a premium to the seller or writer of the option, who will assume the obli- 
gation to sell (buy) the asset should the owner of the option choose to exercise (enforce) 
the contract. 
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e The payoff of a call option at expiry time Т is defined as 
ЧФ(5т) = max{ Sr — К,0) 


where т is the price of the underlying asset at expiry time Т апа К is the strike price. If 
ST > К at expiry, then the buyer of the call option should exercise the option by paying 
a lower amount К to obtain an asset worth Sy. However, if Sr < К then the buyer of 
the call option should not exercise the option because it would not make any financial 
sense to pay a higher amount К to obtain an asset which is of a lower value т. Here, 
the option expires worthless. 

In general, the profit earned by the buyer of the call option is 


Y(S7) = max( Sy — K,0} — C(S,t; K,T) 


where С(5,,1; K,T) is the premium paid at time t < T (written on the underlying asset 
S) in order to enter into a call option contract. 

Neglecting the premium for buying an option, a call option is said to be in-the-money 
(ITM) if the buyer profits when the option is exercised (Sy > К). In contrast, a call option 
is said to be out-of-the-money (OTM) if the buyer loses when the option is exercised 
(S7. « K). Finally, a call option is said be to at-the-money (ATM) if the buyer neither loses 
nor profits when the option is exercised (Sy. = К). Figure 1.1 illustrates the concepts we 
have discussed. 


Payoff/Profit 


—C(S, t; K,T) 


Figure 1.1 Long call option payoff and profit diagram. 


е Тһе payoff of a put option at expiry time Т is defined as 
V(S7) = max(K — 5т,0} 
where т is the price of the underlying asset at expiry time Т and К is the strike price. If 


К > Sy at expiry, then the buyer of the put option should exercise the option by selling 
the asset worth Sy for a higher amount К. However, if К < 5т then the buyer of the put 
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option should not exercise the option because it would not make any financial sense to 
sell the asset worth Sp for a lower amount К. Неге, the option expires worthless. 
In general, the profit earned by the buyer of the put option is 


Ү(8т) = max(K — 57,0} — Р(8,;К,Т) 


where P(S,,t; K,T) is the premium paid at time t < Т (written on the underlying asset 
S,) in order to enter into a put option contract. 

Neglecting the premium for buying an option, a put option is said to be ITM if the buyer 
profits when the option is exercised (К > Sr). In contrast, a put option is said to be OTM 
if the buyer loses when the option is exercised (К < 5т). Finally, a put option is said 
to be ATM if the buyer neither loses nor profits when the option is exercised (Sy = К). 
Figure 1.2 illustrates the concepts we have discussed. 


Payoff/Profit 


K 


K- PG, t K,T) 


-Р(8,5К,Т) 


Figure 1.2 Long put option payoff and profit diagram. 


Forward Contract 


In a forward contract, the transaction is executed between two parties: a buyer and a seller. 


ө The buyer of the underlying commodity or stock index is referred to as the long side 
whilst the seller is known as the short side. 

* The contractual obligation to buy the asset at the agreed price on a specified future date 
is known as the long position. A long position profits when the price of an asset rises. 

* The contractual obligation to sell the asset at the agreed price on a specified future date 
is known as the short position. A short position profits when the price of an asset falls. 

е For a long position, the payoff of a forward contract at the delivery time Т is 


where Sy is the spot price (or market price) at the delivery time Т and F(f, T) is the 
forward price initiated at time t < Т to be delivered at time Т. 
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® Fora short position, the payoff of a forward contract at the delivery time Т is 
IL. = F(t, T) - Sp 


where Sy is the spot price (or market price) at the delivery time Т and F(f, T) is the 
forward price initiated at time 1 < Т to be delivered at time Т. 

e Since there is no upfront payment to enter into a forward contract, the profit at delivery 
time Т is the same as the payoff of a forward contract at time Т. Figure 1.3 illustrates the 
concepts we have discussed. 


Payoff 
À 


Long Forward 


F(t,T) te, 


FET. 


-F(t,T) 


Short Forward 


Figure 1.3 Long and short forward payoffs diagram. 


Futures Contract 


Similar to a forward contract, a futures contract is also an agreement between two parties in 
which the buyer agrees to buy an underlying asset from the seller. The delivery of the asset 
occurs at a specified future date, where the price is determined at the time of initiation of the 
contract. As in the case of a forward contract, it costs nothing to enter into a futures contract. 
However, the differences between futures and forwards are as follows: 


* [nafutures contract, the terms and conditions are standardised where trading takes place 
on а formal exchange with deep liquidity. 

* There is no default risk when trading futures contracts, since the exchange acts as a coun- 
terparty guaranteeing delivery and payment by use of a clearing house. 

* Тһе clearing house protects itself from default by requiring its counterparties to settle 
profits and losses or mark to market their positions on a daily basis. 

® An investor can hedge his/her future position by engaging in an opposite transaction 
before the delivery date of the contract. 


In the futures market, margin is a performance guarantee. It is money deposited with the clear- 
ing house by both the buyer and the seller. There is no loan involved and hence, no interest is 
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charged. To safeguard the clearing house, the exchange requires buyers/sellers to post margin 
(1.е., deposit funds) and settle their accounts on a daily basis. Prior to trading, the trader must 
post margin with their broker who in return will post margin with the clearing house. 


ө Initial Margin Money that must be deposited in order to initiate a futures position. 

ө Maintenance Margin Minimum margin amount that must be maintained; when the mar- 
gin falls below this amount it must be brought back up to its initial level. Margin calcu- 
lations are based on the daily settlement price, the average of the prices for trades during 
the closing period set by the exchange. 

ө Variation Margin Money that must be deposited to bring it back to the initial margin 
amount. If the account margin is more than the initial margin, the investor can withdraw 
the funds for new positions. 

e Settlement Price Known also as the closing price for a stock. The settlement price is 
the price at which a derivatives contract settles once a given trading day has ended. The 
settlement price is used to calculate the margin at the end of each trading day. 

ө Marking-to-Market Process of adding gains to or subtracting losses from the margin 
account daily, based on the change in the settlement prices from one day to the next. 


Termination of a futures position can be achieved by: 


e An offsetting trade (known as a back-to-back trade), entering into an opposite position in 
the same contract. 

ө Payment of cash at expiration for a cash-settlement contract. 

ө Delivery of the asset at expiration. 

e Exchange of physicals. 


Stock Split (Divide) Effect 


When a company issues a stock split (e.g., doubling the number of shares), the price is adjusted 
so as to keep the net value of all the stock the same as before the split. 


Stock Dividend Effect 


When dividends are paid during the life of an option contract they will inadvertently affect the 
price of the stock or asset. Here, the direction of the stock price will be determined based on 
the choice of the company whether it pays dividends to its shareholders or reinvests the money 
back in the business. Since we may regard dividends as a cash return to the shareholders, 
the reinvestment of the cash back into the business could create more profit and, depending 
on market sentiment, lead to an increase in stock price. Conversely, paying dividends to the 
shareholders will effectively reduce the stock price by the amount of the dividend payment, 
and as a result will affect the premium prices of options as well as futures and forwards. 


Hedging Strategies 
In the following we discuss how an investor can use options to design investment strategies 


with specific views on the stock price behaviour in the future. 


ө Protective This hedging strategy is designed to insure ап investor’s asset position (long 
buy or short sell). 
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An investor who owns an asset and wishes to be protected from falling asset values 
can insure his asset by buying a put option written on the same asset. This combination 
of owning an asset and purchasing a put option on that asset is called a protective put. 

In contrast, an investor shorting an asset who will experience a loss if the asset price 
rises in value can insure his position by purchasing a call option written on the same asset. 
Such a combination of selling an asset and purchasing a call option on that asset is called 
a protective call. 

* Covered This hedging strategy involves the investor writing an option whilst holding 
an opposite position on the asset. The motivation for doing so is to generate additional 
income by receiving premiums from option buyers, and this strategy is akin to selling 
insurance. When the writer of an option has no position in the underlying asset, this form 
of option writing is known as naked writing. 

In a covered call, the investor would hold a long position on an asset and sell a call 
option written on the same asset. 

In a covered put, the investor would short sell an asset and sell a put option written on 
the same asset. 

* Collar This hedging strategy uses a combination of protective strategy and selling options 
to collar the value of an asset position within a specific range. By using a protective 
strategy, the investor can insure his asset position (long or short) whilst reducing the cost 
of insurance by selling an option. 

In a purchased collar, the strategy consists of a protective put and selling a call option 
whilst in a written collar, the strategy consists of a protective call and selling a put option. 

e Synthetic Forward A synthetic forward consists of a long call, C(S;, t; K, T) and a short 
put, P(S,, t; K,T) written on the same asset S, at time t with the same expiration date 
T » t and strike price K. 

At expiry time Т, the payoff is 


C(Sr,T; KT) - Р($т,Т;К,Т) = Sr – К 


and, assuming a constant risk-free interest rate r and by discounting the payoff back to 
time г, we have 


CCS, t5 K,T) - PS, t, K,T) = 5, – Ke ' 179, 


The above equation is known as the put—call parity, tying the relationship between options 
and forward markets together. 
* Bull Spread An investor who enters a bull spread expects the stock price to rise and 
wishes to exploit this. 
For a bull call spread, it is composed of 


Bull Call Spread = C(S,,t; Ki, T) — CCS, t; Ko, T) 


which consists of buying a call at time t with strike price Кү and expiry Т and selling a 
call at time ¢ with strike price Ко, K) > К; and same expiry Т. 
For a bull put spread, it is composed of 


Bull Put Spread = P(S,,t; Ki, T) - PCS, t; Ko, T) 


which consists of buying a put at time t with strike price Ку and expiry Т and selling a 
put at time f with strike price Ko, K) > K, and same expiry Т. 
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ө Bear Spread The strategy behind the bear spread is the opposite of a bull spread. Here, 
the investor who enters a bear spread expects the stock price to fall. 
For a bear call spread, it is composed of 


Bear Call Spread = C(S,.t; К),Т)- C(S, t; Ki, T) 


which consists of selling a call at time t with strike price Ку and expiry Т and buying a 
call at time ¢ with strike price K,, K) > К; and same expiry Т. 
For a bear put spread, it is composed of 


Bear Put Spread = P(S,,t; К,Т)- PCS, t; Ki, T) 


which consists of selling a put at time f with strike price К, and expiry Т and buying а 
put at time f with strike price Ко, K > K, and same expiry Т. 
Butterfly Spread The investor who enters a butterfly spread expects that the stock price 
will not change significantly. It is a neutral strategy combining bull and bear spreads. 
Straddle This strategy is used if an investor believes that a stock price will move signifi- 
cantly, but is unsure in which direction. Here such a strategy depends on the volatility of 
the stock price rather than the direction of the stock price changes. 

For a long straddle, it is composed of 


Long Straddle = C(S,,t; K,T) + PCS,,t; K,T) 


which consists of buying a call and a put option at time 7 with the same strike price К 
and expiry Т. 
For a short straddle, it is composed of 


Short Straddle = —C(S,,t; K,T) - PCS, 6 K,T) 


which consists of selling a call and a put option at time ¢ with the same strike price К and 
expiry Т. 

Strangle The strangle hedging strategy is a variation of the straddle with the key differ- 
ence that the options have different strike prices but expire at the same time. 
Strip/Strap The strip and strap strategies are modifications of the straddle, principally 
used in volatile market conditions. However, unlike a straddle which has an unbiased 
outlook on the stock price movement, investors who use a strip (strap) strategy would 
exploit on downward (upward) movement of the stock price. 


12 PROBLEMS AND SOLUTIONS 
1.21 Forward and Futures Contracts 


1. Consider an investor entering into a forward contract on a stock with spot price $10 and 
delivery date 6 months from now. The forward price is $12.50. Draw the payoff diagrams 
for both the long and short forward position of the contract. 


Solution: See Figure 1.4. 


1.2.1 Forward апа Futures Contracts 


Payoff 


Long Forward 


$12.50 |.. 


= 
Spot Price 


$12.50 7. 


—$12.50 


Short Forward 


Figure 1.4 Long and short forward payoff diagram. 


2. In terms of credit risk, is a forward contract riskier than a futures contract? Explain. 


Solution: Given that forward contracts are traded OTC between two parties and futures 
contracts are traded on exchanges which require margin accounts, forward contracts are 


riskier than futures contracts. 


3. Suppose ABC company shares are trading at $25 and pay no dividends and that the risk- 
free interest rate is 5% per annum. The forward price for delivery in 1 year’s time is $28. 


Draw the payoff and profit diagrams for a long position for this contract. 


Solution: As there is no cost involved in entering into a forward contract, the payoff and 


profit diagrams coincide (see Figure 1.5). 
Payoff/Profit 
1 


Long Forward 


$28 Spot Price 


—$28 


Figure 1.5 Long forward payoff and profit diagram. 
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1.2.1 Forward and Futures Contracts 


4. Consider a stock currently worth $100 per share with the risk-free interest rate 2% per 


annum. The futures price for a 1-year contract is worth $104. Show that there exists an 
arbitrage opportunity by entering into a short position in this futures contract. 


Solution: At current time f = 0, a speculator can borrow $100 from the bank, buy the stock 
and short a futures contract. 

At delivery time Т = 1 year, the outstanding loan is now worth 100e°°2*! = $102.02. 
By delivering the stock to the long contract holder and receiving $104, the speculator can 
make a riskless profit of $104 — $102.02 = $1.98. 


. Let the current stock price be $75 with the risk-free interest rate 2.5% per annum. Assume 


the futures price for a 1-year contract is worth $74. Show that there exists an arbitrage 
opportunity by entering into a long position in this futures contract. 


Solution: At current time f = 0, a speculator can short sell the stock, invest the proceeds 
in a bank account at the risk-free rate and then long a futures contract. 

At time T = 1 year, the amount of money in the bank will grow to 75e0025x! = $76.89. 
After paying for the futures contract which is priced at $74, the speculator can then 
return the stock to its owner. Thus, the speculator can make a riskless profit of $76.89 — 
$74 = 52.89. 


. An investor holds a long position in a stock index futures contract with a delivery date 


3 months from now. The value of the contract is $250 times the level of the index at the 

start of the contract, and each index point movement represents a gain or a loss of $250 

per contract. The futures contract at the start of the contract is valued at $250,000, and the 

initial margin deposit is $15,000 with a maintenance margin of $13,750 per contract. 
Table 1.1 shows the stock index movement over a 4-day period. 


Table 1.1 Daily closing stock index. 


Day Closing Stock Index 
1 1002 
2 994 
3 998 
4 997 


Calculate the initial stock index at the start of the contract. By setting up a table, calculate 
the daily marking-to-market, margin balance and the variation margin over a 4-day period. 


Solution: Since the futures contract is valued at $250,000 at the start of the contract, the 


initial stock index is TM — 1000. 


Table 1.2 displays the daily marking-to-market, margin balance and the variation margin 
in order to maintain the maintenance margin. 

On Day 0, the initial balance is the initial margin requirement of $15,000 while on 
Day 1, as the change in the stock index is increased by 2 points, the margin balance is 
increased by $250 x 2 2 $500. On Day 2, the margin balance is $13,500 which is below 
the maintenance margin level of $13,750. Therefore, a deposit of $1,500 is needed to 


1.2.1 Forward апа Futures Contracts 11 


Table 1.2 Daily movements of stock index. 


Required Closing Stock Daily Marking-to- Margin Variation 
Day Deposit Index Change Market Balance Margin 
0 $15,000 1000 0 0 $15,000 0 
1 0 1002 +2 $500 $15,500 0 
2 0 994 —8 —$2,000 $13,500 $1,500 
3 81,500 998 +4 $1,000 $16,000 0 
4 0 997 -1 —$250 $15,750 0 


bring the margin back to the margin requirement of $15,000. Hence, the variation margin 
is $1,500 occurring on Day 2. 


. An investor wishes to enter into 10 stock index futures contracts where the value of a 


contract is $250 times the level of the index at the start of the contract and each index 
point movement represents a gain or a loss of $250 per contract. The stock index at the 
start of the contract is 1,000 points and the initial margin deposit is 10% of the total futures 
contract value. 

Let the continuously compounded interest rate be 5% which can be earned on the margin 
balance and the maintenance margin be 85% of the initial margin deposit. Suppose the 
investor position is marked on a weekly basis. What does the maximum stock index need 
to be in order for the investor to receive a margin call on week 1. 


Solution: At the start of the contract the total futures contract value is $250 x 1,000 x 10 = 
$2,500,000 and the initial margin deposit is $2,500,000 x 10 = $250,000. Тһе mainte- 


100 
nance margin is therefore $250,000 x = = $187,500. 


To describe the movement of the stock index for week 1, see Table 1.3. 


Table 13 Movement of stock index on week 1. 


Closing Stock Weekly Marking-to- Margin Variation 
Week Index Change Market Balance Margin 
0 1000 0 0 $250,000 0 
1 x x — 1000 $2,500 $250,000 $187,500 
x(x — 1000) + $2,500 
x(x — 1000) 


8. 


Thus, in order to invoke a margin call we can set 


2500(x — 1000) + 250,000 = 187,500 
x = 975. 


Therefore, if the stock index were to Тай to values below 975 points then a margin сай will 
be issued on week 1. 


Let S, denote the price of a stock with a dividend payment ô > 0 at time t. What is the 
price of the stock immediately after the dividend payment? 


12 


1.2.1 Forward and Futures Contracts 


10. 


Solution: Let S z denote the price of the stock immediately after the dividend payment. 
Therefore, 


St=S,-6. 


t 


. Consider the price of a futures contract F(t, T) with delivery time Т on a stock with price 


S, at time t (t < T). Suppose the stock does not pay any dividends. Show that under the 
no-arbitrage condition the futures contract price is 


F(t, T) = S,e' 7? 
where ғ is the risk-free interest rate. 


Solution: We prove this result via contradiction. 

If ЕСТ) > S,e" (7-0 then at time 1 an investor can short the futures contract worth 
F(t, T) and then borrow an amount S, from the bank to buy the asset. By time Т the bank 
loan will amount to S," —?, Since F(t, T) > S,e'1 ^? then using the money received at 
delivery time Т, the investor can pay off the loan, deliver the asset and make a risk-free 
profit F(t, T) — S,e' T7? > 0. 

In contrast, if F(t, T) < S;e" (7-0 then at time t an investor can long the futures contract, 
short sell the stock valued at ‚5, and then put the money in the bank. By time T the money 
in the bank will grow to $үе” (T ^? and after returning the stock (from the futures contract) 
the investor will make a risk-free profit Se” (7-0 — F(t, T) > 0. 

Therefore, under ће no-arbitrage condition we must have F(t, T) = Se" (7-4) 


Consider the price of a futures contract F(f, Т) with delivery time Т on a stock with price 
S, at time t (t < Т). Throughout the life of the futures contract the stock pays discrete divi- 
dends 6,,і = 1,2, ...,n wheret < t; < t5 < ++ < t, < T. Show that under the no-arbitrage 
condition the futures contract price is 


n 
Е(,Т)- ST — У a o 
i=l 
where r is the risk-free interest rate. 
Solution: Suppose that over the life of the futures contract the stock pays dividends 6; 


at time £j, і = 1,2,...,n where t < tį < t < = «t, < T. When dividends are paid, the 
stock price S, is reduced by the present values of all the dividends paid, that is 


n 
S, — У 8e 1679. 
ї=1 
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Hence, using the same steps as discussed in Problem 1.2.1.9 (page 12), the futures price is 


n 
Е(,Т) = (s - % кезе») eT» 
ігі 


п 
= S,e' 070 >; бе T=), 
ї=1 


11. Consider the number of stocks owned Бу an investor at time / as A, where each of the 
stocks pays a continuous dividend yield D. Assume that all the dividend payments are 
reinvested in the stock. Show that the number of stocks owned by time Т (t < Т) is 


Ат = Але T, 
Next consider the price of а futures contract F(t, T) with delivery time Т on a stock with 


price S, at time f (t < T). Suppose the stock pays a continuous dividend yield D. Using 
the above result, show that under the no-arbitrage condition the futures contract price is 


F(t, T) = SeT- 
where r is the risk-free interest rate. 


Solution: We first divide the time interval [t, T] into n sub-intervals such that t; = t + 
i(T — t) 


зіл 1,2,...,n with tọ = t and t, = T. By letting the dividend payment at time 


n 
t; be 
D(T -t 
бұ- = 
п 
fori = 1,2,...,п, and because all the dividends are reinvested in the stock, the number of 
stocks held becomes 
D(T -t 
75717: 
п 
2 
D(T -t D(T -t 
А, = А, [ + ‹ ] = А, [ ( | 
п п 
3 
D(T -t D(T -t 
A, = A, [ ( ] = А, | + ( | 
п п 
DT -t D(T -1)|" 
797 1 pee | =a, [+ | 
n п— п п 
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Because А, = А, and A, = Ат, therefore 


Ат = A, [ МЫ. ш. d 


n 


and taking limits n > co we have 


no 


DT -1t)|" 
lim Ат = A, lim [ + d = А-д. 
noo n 


From the above result we can deduce that investing one stock at time f will lead to a total 
growth of eP(-? by time Т. Hence, if we start by buying е” P1 —? number of stocks 5, at 
time f it will grow to one stock at time Т. The total value of the stock at time 1 is therefore 


5; е-ра-і ) 
and following the arguments іп Problem 1.2.1.9 (page 12) the futures price is 


F(t, T) = Se DED ert) 
= Ser DXT-0. 


Suppose an asset is currently worth $20 and the 6-month futures price of this asset is 
$22.50. By assuming the stock does not pay any dividends and the risk-free interest rate is 
the same for all maturities, calculate the 1-year futures price of this asset. 


Solution: By definition the futures price is 
F(t, T) = S,e' 7? 


where f is the time of the start of the contract, Т is the delivery time, S, is the spot price at 
time f and r is the risk-free interest rate. 
By setting 1 = 0, Sg = $20 and T, = 0.5 years we have 


Е(0,Т,) = 80е"! = $22.50. 


Непсе, 


r= 210g (2259) = 2log 1.125. 


Therefore, for a 1-year futures price, T, = 1 year 


F(0,T>) = 80е" = $20е^19®1-125%1 — $25.31. 


Assume an investor buys 100,000 stocks of XYZ company and holds them for 3 years. 
Each of the stocks held pays a continuous dividend yield of 4% per annum and the investor 
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reinvests all the dividends when they are paid. Calculate the additional number of shares 
the investor would have at the end of 3 years. 


Solution: Let Ag = 100,000, D = 0.04 and T = 3 years. Therefore, by the end of 3 years, 
the number of shares owned by the investor is 


Ат = Age?! = 100,000е00%3 = 112,749.69. 
Therefore, the additional number of shares the investor has by the end of year 3 is 


Ат — Ag = 112,749.69 — 100,000 = 12,749.69 = 12,749. 


14. Let the current stock price be $30 with two dividend payments in 6 months and 9 months 
from today of $1.50 and $1.80, respectively. The continuously compounded risk-free inter- 
est rate is 5% per annum. Find the price of a 1-year futures contract. 


Solution: Let Sọ = $30, 1 = 5 = 0.5 years, t; = ү; = 0.75 years, б) = $1.50, бу = 
$1.80, r = 0.05 and T = 1 year. 
Therefore, the price of a 1-year futures contract is 


F(O,T) = See = бе") = бое" Tt) 
= 30е905%! — 1,50e0-05x0-0.5) — 1 80e0-05x0-0.75) 


= $28.18. 


15. Let the current price of a stock be $12.75 that pays a continuous dividend yield D. Suppose 
the risk-free interest rate is 6% per annum and the price of a 6-month forward contract is 
$13.25. Find D. 


Solution: Let Sọ = $12.50, r= 0.06, T = 0.5 years апа F(0,T) = $13.25. Since 
F(0, T) = Soet T. 


12,7560:06-0)х05 — 13 55 
13.25 1 
D =0.06 -1 (==) 23, 
0.06 — log | 1575) Х 05 
= 0.020395. 


Hence, the dividend yield is D = 2.0395% рег annum. 


1.2.2 Options Theory 


1. Consider a long call option with strike price К = $100. The current stock price is $, = 
$105 and the call premium is $10. What is the intrinsic value of the call option at time t? 
Find the payoff and profit if the spot price at the option expiration date Т is Sy = $120. 
Draw the payoff and profit diagrams. 
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Solution: By defining S, = $105, Sp = $120, К = $100 and the call premium as 
C(S,,t; K,T) = $10, the intrinsic value of the call option at time t is 


V(S,;) = тах{ 5, – К,0} = max(105 — 100,0} = $5. 
At expiry time T', the payoff is 
Ф(4т) = max( Sr — K,0} = max(120 — 100,0} = $20 
and the profit is 
Ү($т) = “(5т)- CCS, t; K,T) = $20— $10 = $10. 


Figure 1.6 shows the payoff and profit diagrams for a long call option at the expiry time 
Т. Here the profit diagram is a vertical shift of the call payoff based on the premium paid. 


Payoff/Profit 


-510 


Figure 1.6 Long сай option payoff and profit diagrams. 


2. Consider a long put option with strike price К = $100. The current stock price is S, = $80 


and the put premium is $5. What is the intrinsic value of the put option at time t? Find the 
payoff and profit if the spot price at the option expiration date Т is Sp = $75. Draw the 
payoff and profit diagrams. 


Solution: By defining 5, = $80, Sr = $75, К = $100 and the put premium as 
P(S,,t; K,T) = $5, the intrinsic value of the call option at time f is 


W(S,) = max{ К — 5,,0} = max{100 — 80,0} = $20. 
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At expiry time Т, the payoff is 
WS) = max{ К — 5т,0} = max{100 — 75,0} = $25 
and the profit is 
Ү(&т) = W(ST)— P(S,t; K,T) = $25 — $5 = $20. 


Figure 1.7 shows the payoff and profit diagrams for a long put option at the expiry time Т. 
Here the profit diagram is a vertical shift of the put payoff based on the premium paid. 


Payoff/Profit 
4 


Figure 1.7 Long put option payoff and profit diagrams. 


3. At time f we consider a long call option with a strike price K and a long forward con- 
tract with price К on the same underlying asset S,. The premium for the call option is 
C(S,, t; K,T). Draw the profit diagram for these two financial instruments at the option 
expiry date T'. 

Under what conditions is the call option more profitable than the forward contract, and 
vice versa? 


Solution: Figure 1.8 shows the profit diagram for a long call and a long forward contract 
at expiry date Т. 

At time Т the break even at the profit level is at Sy = К — C(S;, t; K,T). Therefore, if 
the stock Sy < K — C(S,,t; К, T) then the call option is more profitable as the loss is fixed 
with the amount of premium paid. However, if Sr > К — C(S,, t; К, T) then the forward 
contract is more profitable since there is no cost in entering a forward contract. 


4. Attime t we consider a long put option with strike price К and a short forward contract with 
price К on the same underlying asset ,S,. The premium for the put option is PCS,, t; K, T). 
Draw the profit diagram for these two financial instruments at the option expiry date T'. 
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Profit 
4 


K+ C(S,,0K,T 
=С ЖК Ту сесара исо „ (S: ) Sr 


-К 


Figure 1.8 Long сай option and long forward profit diagrams. 


Under what conditions is the put option more profitable than the forward contract, and 
vice versa? 


Solution: Figure 1.9 shows the profit diagram for a long put and a short forward contract 
at expiry date T. 


Profit 
4 


Short Forward 
К-Р(8,5К,Т) № 


K — P(S, t; КТ) 
—P(S,,t; K,T) E 


Long Put Option 


Figure 1.9 Long put option and short forward profit diagrams. 


At time Т the break-even point is at Sy = К + P(S;,t; K,T). Therefore, if the stock 
Sr 2 K + P(S, t, K,T) then the put option is more profitable as the loss is fixed with the 
amount of premium paid. However, if Sp < К + P(S,,t; K,T) then the forward contract 
is more profitable since there is no cost in entering a forward contract. 
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5. Consider a short call option with strike price К = $100. The current stock price is S, = 
$105 and the call premium is $10. What is the intrinsic value of the call option at time t? 
Find the payoff and profit if the spot price at the option expiration date Т is 5т = $120. 
Draw the payoff and profit diagrams. 


Solution: By defining S, = $105, Sy = $120, К = $100 and the call premium as 
C(S,,t; K,T) = $10, the intrinsic value of the short call option at time 1 is 


V(S,) = — тах{5, - K,0} = min{ K — 5,0) = min{ 100 — 105,0} = —$5. 
At expiry time T, the payoff is 
WS) = —max( S7 — K,0} = min(K — 5т,0} = —min{100 — 120,0} = —$20 
and the profit is 
Ү(5т)- V(ST) + C(S,, t; K,T) = —$20 + $10 = —$10. 
Figure 1.10 shows the payoff and profit diagram for a short call option at the expiry time 


T. Here the profit diagram is a vertical shift of the short call payoff based on the premium 
received. 


Payoff/Payoff 


Sr 


Figure 1.10 Short call option payoff and profit diagrams. 


6. Consider a short put option with strike price К = $100. The current stock price is S, = $80 
and the put premium is $5. What is the intrinsic value of the put option at time t? Find the 
payoff and profit if the spot price at the option expiration date Т is S = $75. Draw the 
payoff and profit diagrams. 
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Solution: By defining S, = $80, Sr = $75, К = $100 and the put premium as 
P(S,,t; K,T) = $5, the intrinsic value of the short put option at time f is 


V(S,) = —max{K — S,,0} = min{ S, - K,0} = min{80 — 100, 0} = —$20. 
At expiry time T, the payoff is 
Ф(5т) = — шах{К — 57,0} = min( Sr — K,0} = min{75 — 100,0} = —$25 
and the profit is 
Ү(5т)- V(ST) + PCS, t; K,T) = —$25 + $5 = –$20. 
Figure 1.11 shows the payoff and profit diagrams for a short put option at the expiry time 


T. Here the profit diagram is a vertical shift of the short put payoff based on the premium 
received. 


Рауо Ргой: 
ry 


$5 


-5951 


—$100 


Figure 1.11 Short put option payoff and profit diagrams. 


7. At time t we consider a short call option with strike price К and a short forward contract 


with price К on the same underlying asset S, and expiry time Т > t. The premium for 
the call option is C(S,,t; K,T) at time t. Draw the profit diagram for these two financial 
instruments at the option expiry time Т. 

Under what conditions is the call option more profitable than the forward contract, and 
vice versa? 


Solution: Figure 1.12 shows the profit diagram for a short call and a short forward contract 
at expiry time T. 
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Figure 1.12 Short call option and short forward profit diagrams. 


At time Т the break-even point is at S; = K — C(S,, t; K, T). Therefore, if the stock 
Sr < K — C(S,,t; K,T) then the forward contract is more profitable as the short call profit 
is fixed with the amount of premium received. However, if Sy > К-ОС (5, t; K,T) then 
the forward contract is less profitable since the short call is augmented by the amount of 
premium paid to it. 


8. At time f we consider a short put option with strike price К and a long forward contract 
with price К on the same underlying asset ‚5, and expiry time Т > f. The premium for the 
put option is Р(,5,, t; К, T). Draw the profit diagram for these two financial instruments at 
the option expiry time Т. 

Under what conditions is the put option more profitable than the forward contract, and 
vice versa? 


Solution: Figure 1.13 shows the profit diagram for a short put and a long forward contract 
at expiry time Т. 

At time T the break-even point is at Sy = K + P(S,,t; K,T). Therefore, if the stock 
Sr > K + P(S, t; K,T) then the forward contract is more profitable as the short put profit 
is fixed by the amount of premium received. However, if Sp < К + Р(5,, t; K, T) then 
the forward contract is less profitable since the short put is augmented by the amount of 
premium paid to it. 


9. Put—Call Parity I. At time t we consider a non-dividend-paying stock with spot price $, 
and a risk-free interest rate r. Show that by taking a long European call option price at time 
t, C(S,, t; K,T) and a short European put option price at time t, P(S,, t; K,T) on the same 
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Figure 1.13 Short put option and long forward profit diagrams. 
underlying stock S,, strike price К and expiry time Т (f < Т) we have 
C(S,,t; KT) - P(S,,t;K,T) = 5,— Ке "0, 


Solution: At time ¢ we define the call option price as C(S;, t; K,T) and the put option 
price as P(S,, t; K,T), and we set the portfolio II, as 


II, = C(S,,t; K,T) - P(S,,t; K,T). 


At expiry time T' 
Пт = CCST, T; К,Т) - P(S;,T; K,T) 


тах {,5т — K,0} — max(K — 5т,0} 


Sr-K Шарық 


Sr-K ifSp<K 
=S,-K. 


In order for the portfolio to generate a guaranteed К at expiry time Т, at time f we can 
discount the final value of the portfolio to 


C(S,,t;K,T) - P(S,,t; K,T) = S, — Ke? 


since a share valued at S, will be worth Sy at expiry time Т. 


10. Put—Call Parity II. At time f we consider a discrete dividend-paying stock with spot price 
S, where the stock pays dividend д, > 0 at time fj, і = 1,2,...,n for t < tį < t) < = < 
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t, < T. Show that by taking a long European call option C(S,,t; К, T) and a short Euro- 
pean put option P(S,, t; K,T) оп the same underlying stock ,5,, strike price К and expiry 
time T (t « T) we have 


n 
C(S, t; KT) - P(S,t; KT) = 8, – > je "i70 — Ke tT 
і=1 


where ғ is the risk-free interest rate. 


Solution: At time ¢ we set up the portfolio II, as 
П, = C(S,,t; K, T) - PCS; K, T) 
and at expiry time Т 


Пт = С(5т,Т; K, T) - PCSp, T; K,T) 
= max{ Sr — К,0} — max{K — 5т,0} 
5:-К ifS;,2K 
5р-К ifSp<K 


In order for the portfolio to generate one stock S with guaranteed К at expiry time Т, at 
time ¢ we can discount the final value of the portfolio to 


n 
C(S, t; KT) - P(S,t; KT) = S,- X fern) син 
і=1 


since when dividends are paid the stock price ‚5, is reduced by the present value of all the 
dividends paid. 


. Put-Call Parity Ш. At time f we consider a continuous dividend-paying stock with spot 


price S, where D is the continuous dividend yield and ғ is the risk-free interest rate. Show 
that by taking a long European call option C(SS;, t; K,T) and a short European put option 
P(S,,t; K,T) on the same underlying stock ,5,, strike price K and expiry time Т (t < Т) 
we have 


CCS, t5 K,T) - P(S,t; K,T) = бе P070 — Ke, 


Solution: At time ¢ we define the call option price as C(S,, t; K,T) and the put option 
price as P(S,, t; K,T), and we set the portfolio П, as 


П, = C(S,,t; K,T) - P(S, t, K,T). 
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At expiry time T 
Пт = СС5ү,Т:К,Т)- P(S;,T; K,T) 
= max{ Sr — К,0} — max(K — 5т,0} 
{ 8т-К if Sp>K 


Sr-K af Sp <K 
== К. 


In order for the portfolio to generate one stock Sp with guaranteed К at expiry time T, at 
time ¢ we can discount the final value of the portfolio to 


C(S,,t; KT) - P(S,,t;K,T) = бе PT) — Kew) 


since e number of shares valued at S,e~?— will become one share worth Sy at 
expiry time Т. 


-D(T- 


At time f we consider a call option with strike price К = $100. Calculate the intrinsic 
value of this option if the current spot price is S, = $105, 5, = $100 ог S, = $95 and state 
whether it is ITM, OTM or ATM. 


Solution: At time f the intrinsic call option value is V(S;) = max(.S; — K,0]. Hence, if 
S, = $105 


%(4,) = шах{ 105 — 100,0} = $5 


and since S, > К, the intrinsic value of the call option is ITM. 
As for S, = $100 


V(S,) = max(100 — 100,0} = 0 


and because Ф(5,) = 0 апа 5, = К, the intrinsic value of the сай option is АТМ. 
Finally, for S, = $95 


V(S,) = max{95 — 100,0} = 0 


and since S, < К, the intrinsic value of the call option is OTM. 


At time f we consider a put option with strike price К = $100. Compute the intrinsic value 
of this option if the current spot price is S, = $105, S, = $100 or S, = $95 and state whether 
it is ITM, OTM or ATM. 


Solution: At time ¢ the intrinsic put option value is V(S,) = max(K — S,,0}. Hence, if 
S, = $105 


V(S,) = max(100 — 105,0} = 0 


and since S, > К, the intrinsic value of the put option is OTM. 
As for S, = $100 


УС5,) = max {100 — 100, 0} = 0 


and because V(S;) = 0 and 5, = К, the intrinsic value of the put option is ATM. 


1.2.2 Options Theory 25 


Finally, for S, = $95 
Ч($,) = max(100 — 95,0} = $5 


and since S, < К, the intrinsic value of the put option is OTM. 


. Suppose we have a quote for a 3-month European put option, with a strike price K = $60 


of $1.25. The current stock price Sọ = $62 and the risk-free interest rate r = 5% per annum. 
Owing to small trading in call options, there is no listing for the 3-month $60 call (a call 
option price with strike $60 expiring in 3 months). Suppose the stock does not pay any 
dividends then find the price of the 3-month European call option. 


Solution: We first denote С(,5,0; K,T) and Р(5%,0; K,T) as the call and put option 
prices, respectively at time 7 = 0 with strike price К and option expiry time Т = 3 months. 
Given P(Sp,0; K,T) = $1.25 and T = = = 0.25 years, by rearranging the put—call parity 
we can write 


С(50,0; К,Т) = P(Sy,0;K,T) + Sy — Ke? 
= $1.25 + $62 — 60e70-05%0.25 
= $4.00. 


Hence, if the 3-month $60 call is available, it should be priced at $4.00. 


. At time ¢ we consider a European call option С(5,, #; K,T) and a European put option 


P(S,,t; K,T) on the same underlying asset S,, strike price К and expiry time Т. Suppose 
the underlying asset pays a continuous dividend yield D and there is a risk-free interest 
rate r, then under what condition is a European call option more expensive than a European 
put option? 


Solution: From the put-call parity 


C(S,,t; KT) - P(S,,t; K,T) = бе PP — Ke" 


then C(S,,t;K,T) > PCS, 65 K, T) if 


S,e D(T ). Ke r(T—t) -0 
or 


S, > Ket Oe, 


. Suppose that a 6-month European call option, with a strike price of K = $85, has a premium 


of $2.75. The futures price for а 6-month contract is worth $75 and the risk-free rate ғ = 5% 
per annum. Find the price of a 6-month European put option with the same strike price. 


Solution: At initial time т = 0 we denote С(,5, 0; K, T) and Р(,5,0; K,T) as the call and 
put option prices, respectively on the underlying asset So, strike К and expiry time T = 6 
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months. Let the expiry time T = 9 = 0.5 years, С(.5,0; K, T) = $2.75 and set the futures 
price F(0, T) = $75. From the put-call parity we have 


С(5,0; K,T) - P(Sp,0; K,T) = Sge PT — Ke 
where D is the continuous dividend yield. Since 
F(0, T) = Sge PT 
we can write 
P($5,0; K,T) = С(8,,0; K, T) — (F (0, T) — K)e "T 


and by substituting C(S9,0; K, T) = $2.75, Е(0,Т) = $75, К = $85, r = 0.05 and T = 
0.5 years, the put option price is 


Р(5у,0; K, T) = $2.75 — ($75 — $85)е 95х05 = $12.50. 


17. Suppose a 12-month European call option, with a strike price of K — $35, has a premium 
of $2.15. The stock pays a dividend valued at $1.50 four months from now and another 
dividend valued at $1.75 eight months from now. Given that the current stock price is 
So = $32 and the risk-free rate r = 5% per annum, find the price of a 12-month European 
put option with the same strike price. 


Solution: Using the put-call parity for a stock with discrete dividends at time t = 0 we 


have 
С(50,0; K,T) - P(So,0; K,T) = Sp бе" — бое"? — Ke? 
where Sọ = $32, 5; = $1.50, = 5 = + years, бу = $1.75, t, = 15 = 2 years, К = $35, 


r = 0.05 and T = 1 year with European сай option price С(,50,0; K,T) = $2.15 and 
unknown European put option price Р(.50,0; K,T). 
Thus, 


P(So,0; K,T) = С(50,0; K,T) — So + бүе + буе "2+ Ke "T 


1 2 
= 2.15 — 32 + 1.50е 20553 + 1.75е 0053 4352-0205 
= $6.61. 


18. Consider а European put option priced at $2.50 with strike price $22 and а European сай 
option priced at $4.75 with strike price $30. What are the maximum losses to the writer of 
the put and the buyer of the call? 
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20. 


Solution: At time ¢ the maximum loss of a short put is —К + P(S, t; K,T) where К is the 
strike price, Т > t is the expiry date and P(S,, t; K,T) is the put option price. Therefore, 
the maximum loss of a short put is $22 + $2.50 = —$19.50. 

In contrast, the maximum loss to the buyer of the call option is the premium paid, that 
is $4.75. 


. Let the current stock price be $35 and the European put option is ITM by $3.50. Find the 


corresponding strike price. 


Solution: At current time f, the intrinsic value of the put option is defined as 
P(S.) = max(K - 5,,0} 


where S, апа К are the current stock price and strike price, respectively. 
Given S, = $35, W(S;) = $3.50 and since К > S, (intrinsic value is ITM), then 


К - $35 = $3.50 ог К = $38.50. 


Given the current spot price Sj = $55 we consider a European сай option and а European 
put option with premiums $1.98 and $0.79, respectively on a common strike price K = 
$58 and having the same expiry time Т. By setting the risk-free interest rate г = 3% per 
annum, find T. 


Solution: From the put-call parity at time t = 0, 
С(5%,0; K,T) + P(Sp,0; K,T) = Sy Ke "T 


where the call option С(,50,0; K,T) = $1.98 and the put option P(Sọ, 0; K, T) = $0.79. 
Substituting Sg = $55, К = $58 and г = 0.03, we һауе 


1.98 — 0.79 = 55 — 58е 0097 
1.19 = 55 — 58e 009xT 


and solving the equation, we have 
а Z 0.9278 
or 


T = 2.5 years. 
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1. 


Covered Call. A covered сай is an investment strategy constructed by buying a stock and 
selling an OTM call option on the same stock. 
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Explain why a call writer would set up this portfolio trading strategy and show that this 
strategy is undertaken for C(S,, t; K,T) > 5,- К where C(S,,t; K,T) is the call option 
price written on stock S, with strike price К at time f with option expiry time T > t. 

Draw the profit diagram of this strategy at expiry time Т (Т > 4). 


Solution: In writing a covered call where the writer owns the stock, the writer can cover 

the obligation of delivering the stock if the holder of the call exercises the option at expiry 

date. In addition, by writing a covered call, the writer assumes the stock price will not 

be higher than the strike price and thus enhance his income by receiving the call option’s 

premium. In contrast, if the stock price declines in value then the writer will lose money. 
At time T the payoff of this portfolio is 


= Sr — шах{5т — К,0) 


К ifS;>K 


Sp ifSp<K 


whilst the profit is 
К-5,-С(5,5К,Т) if Sp>K 
Ү($т) = 
8т- 5,5 С(5,,1; К,Т) if Sp < К 


where we need to deduct the cost of acquiring 5, and also to add the call option premium 
at the start of the contract. 

Since the break-even point occurs when 57 = S, — C(S,,t; K,T) where Y(Sr) = 0, in 
order for the strategy to take place we require S, — C(S,,t; K,T) > К or С(5,, 7; K,T) < 
$,— К. 

Figure 1.14 shows the profit diagram of a covered call. 

Since C(S,,t; K, T) < S, - К, the maximum gain from this strategy is K — 5, + 
C(S,, t; K,T) > 0 whilst the maximum loss is —S, + C(S,, t; K,T) < 0. 


. Covered Put. A covered put is a hedging strategy constructed by selling a stock and selling 


an OTM put option on the same stock. 

Explain why a put writer would set up this portfolio trading strategy and show that this 
strategy is undertaken for P(S,,t; K,T) > К — S, where P(S,,t; K,T) is the put option 
price written on stock S, with strike price К at time f and expiry time T > t. 

Draw the profit diagram of this strategy at expiry time T (T > 4). 


Solution: In writing a covered put the writer expects the stock price will decline in value 
relative to the strike and thus enhance his income by receiving the put option's premium. 
By selling the stock short, the writer does not need to worry if the stock price drops further. 
However, if the stock price is much greater than the strike price at expiry then the writer 
will lose money. 
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Profit Profit 
A 


Long Stock 


Short Call Option 
CCS, t K, T) 


> + 


Profit 


Covered Call 


K — S,+C(S,,t:K,T) 


—S, + CCS, t; K,T) 


Figure 1.14 Construction of a covered call. 
At time T the payoff of this portfolio is 


V(S7) = —Sp — P(S7,T; K,T) 
= —5т — max{ K — 57,0) 


-Sr ifSp> K 


-K ifSp<K 


whilst the profit is 
Y(ST) = Ч($т) + 5, + Р(8,,5 K,T) 


Sa Sr + PU EK if Sr >K 
S,- K + Р(5,К,Т) ifSp<K 


where we need to add the sale of S, and also the put option premium received at the start 
of the contract. 

Since the break-even point occurs when Syr = S, + PCS, t; K,T) where (057) = 0, 
this strategy is undertaken when S, + P(S,,t; К,Т) > Kor P(S,,t; K,T) > S, – К. 

For a detailed construction of a covered put, see Figure 1.15. 
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Profit Profit 


Short Stock 


Short Put Option 


P(S,,t; K,T) 


> + 
Sr 


-K + P(S, t; K,T) 


Profit 


Covered Put 
S,— K+ P(S,G K,T) 


Figure 1.15 Construction of a covered put. 


Since P(S,,t; K,T) > К — S,, the maximum gain from this strategy is capped at S, — 
K + P(S,,t; K,T) > 0 whilst the loss is unlimited. 


3. Protective Call. А protective call is an investment strategy constructed by selling a stock 
and buying an OTM call option on the same stock. 

Explain why a call holder would set up this portfolio trading strategy and show that this 
strategy is undertaken for C(S;, t; K,T) > 5, — К where С(55,,1; К, T) is the call option 
price written on stock S, with strike price К at time f and expiry time T > t. 

Draw the profit diagram of this strategy at expiry time Т (Т > f). 


Solution: In buying a protective call the investor strategy is to protect profits from the rising 

stock price with respect to the strike price. By selling the stock the call holder assumes that 

the stock price will decline further. If the stock price is less than the strike at expiry time 

then the option will not be exercised and the call buyer will only lose the premium paid. 
At time T the payoff of this portfolio is 


WS) = -5т + C(S7,T; K,T) 
= —5т + шах{5т — К,0) 
{ -K ifSp>K 


-Sr ifSp<K 
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Profit Profit 


Short Stock Long Call Option 


+ 
-С(8,,5 K,T) 


Profit 


S, - CCS, t K,T) Protective Call 


S,- c0 BET) 


Figure 1.16 Construction of a protective call. 


whilst the profit is 


Ү(57) = V(ST) + 5, — CCS, 6 K,T) 


КОК dS 2K 


S,- CURE T) ifSp<K 


where we need to add the sale of the stock at time 1 and deduct the call option premium 
paid at the beginning of the contract. 

Since the break-even point occurs when 57 = S, — CCS, t; K, T) so that У(5т) = 
0, this strategy should be undertaken when S, — C(S,,t; К,Т) < К or C(S,,t;K,T) > 
S, — К. 

Figure 1.16 shows the profit diagram of a protective call. 

From the profit formula we can see that the protective call has a maximum upside gain 
of S, — C(S,, t; K, T), which is the difference between the sale of the stock and the call 
option premium, and a limited loss of 5, — K — C(S,,t; K,T) < 0. 
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4. Protective Put. A protective put is a hedging strategy constructed by buying a stock and 


buying an OTM put option on the same stock. 

Explain why a put buyer would set up this portfolio trading strategy and show that this 
strategy is undertaken for Р(5,,1) > К — S, where P(S,,t; K,T) is the put option price 
written on stock S, with strike price К at time t and expiry time T > t. 

Draw the profit diagram of this strategy at expiry time Т (Т > 4). 


Solution: In buying a protective put the investor strategy is to protect profits from the stock 
declining in value with respect to the strike price. By owning the stock the put holder can 
cover the obligation of delivering the stock to the put writer if the option is exercised at 
expiry time. If the stock price is above the strike at expiry time then the option will not be 
exercised and the put buyer will only lose the premium paid. 

At time T the payoff of this portfolio is 


ЧФ(5т) = Sp + Р(5т,Т; K,T) 
= Sr + max{ K — 5т,0} 


Su ИК 


К 45,«К 


whilst the profit is 


Sp -S,-P(S,,t:K,T) ifSp>K 
Ү(5т)- 
K-S,- P(S,t,K,T) ifSr<K 


where we need to deduct both the cost of acquiring S, and the put option premium paid at 
the beginning of the contract. 

Since the break-even point occurs when Sr = S, + Р(5,,1; K,T) so that Y(Sr) = 0, 
this strategy is undertaken if 5, + P(S,,t;K,T) > K or Р(5,,1, К,Т) > К – S, 

Figure 1.17 shows the profit diagram of a protective put. 

From the profit formula we can see that the protective put has an unlimited upside gain 
and, because Р(5,,1,К,Т) > К — S, it has a limited loss of K — S, — P(S,,t; K,T) < 0. 


. At time f consider a writer of a covered call оп a $35 stock with a strike price of $40. 


The premium of the call option is $1.75. Calculate the writer’s maximum gain and loss at 
expiry time T > t. 


Solution: At time ż at the start of the contract let 5, = $35, K = $40 and the call option 
price C(S,,t; K,T) = $1.75. 

From Problem 1.2.3.1 (page 28) the maximum gain of a covered call at expiry time T 
(T > t)is 


Yg(Sp) = K — S, + C(S,, t; K,T) = 40 — 35 + 1.75 = $6.75 
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+ 
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: Sp GPS GET) 


Profit 


К-%-Р(8,5К,Т) 


Protective Put 


Figure 1.17 Construction of a protective put. 


and the maximum loss is 


Y (Sp) = —S, + C(S,, t; K,T) = —35 + 1.75 = —$33.25. 


6. At time f a writer short sells a stock for $33 and sells a put option with strike price $25 for 
$1.75. What is the maximum gain and loss for the writer of this protective put at expiry 
time T > f? 


Solution: At current time 7 we let the spot price of the stock be S, = $33, strike К = $25 
and put option price P(S,, t; K,T) = $1.75. Therefore, from Problem 1.2.3.4 (page 33) 


Maximum Gain of Protective Put = +00 
and 


Maximum Loss of Protective Put = К — S, — PCS, t; K, T) 
= $25 — $33 — $1.75 
= —$9.75. 


7. Bull Call Spread. ^ bull call spread is a hedging position designed to buy a call option 
CCS, t; Ki, T) with strike Ку and simultaneously sell a call option C(S,,t; K5, T) with 
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strike Ko, Ку < K, on the same underlying asset S, and having the same expiry time T 
(T » t). 
Show that 


and draw the payoff and profit diagrams of a bull call spread. 
Discuss under what conditions an investor should invest in such a hedging strategy. 


Solution: We first assume C(S,, t; K1, T) < С(5,, t; K2, T) and we set up a portfolio 
II, = CCS, t; Ki, TD) - CCS, t; Kg, T) «0. 
At expiry time T' 
Пт = CCSy, T; Ку) - С(5т, T; К») 
= max( Sr — K,,0} — max( Sr — К,,0) 
0 if Sp < К, 
-45:-К, НК <5т < К, 
К,-К, if Sp > K, 
>0 


which constitutes an arbitrage opportunity. Therefore, C(S,,t; КІ,Т)> C(S,,t; Ko, T), 
At time Т the payoff of this hedging strategy is 


Ф(5т) = CCS, T; Ki, T) - CCSq, T; K5, T) 
= max( Sr — K,,0} — max( Sr — К>,0} 


0 if Sp < К, 
= ST — К, ЕК, < Sp < К, 
К,-К, И5т > K, 
and the corresponding profit is 
Ү(5$т) = V(ST) - COS), t; Ki, T) + CCS, t; Ko, T) 
С(5,,5 Ky, Т) - CCS, Ky, T) if Sp < К, 
= 4 Sp — Ki + C(S;,t; Ko,T) — С(5,,1; KT) ИК, < Sp < К, 
K,- K; + C(S,,t; Kao, T)— С(5,,1; KV, T) if Sr > K, 
where the break-even point is Sr = Ку + С(5,,; Ki,T) - С(5,, Ko,T) so that 
Ү(57) = 0. 
Figure 1.18 shows the payoff and profit diagrams of a bull сай spread. 


Based on the payoff and profit diagrams of a bull call spread, this hedging strat- 
egy would appeal to investors who have a bullish sentiment that the stock price 
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Payoff/Profit 
4 


Payoff 


К,-К, 


Ky — K, + C(S,,t; Ky, T) - C(S, t; Kj, T) 


С(8,,5 Ks, T) - CCS, t; Ki, T) һ----.----.-.. f 


Figure 1.18 Construction of a bull call spread. 


will increase in value relative to the strike prices Ку апа K,. Hence, if 5т > Ку + 
C(S,, t; Ki, T) - CCS, t; K5, T) then the investor would make a profit but capped at 
a maximum gain of K, — Ку + C(S, t; Ko, T) — CCS, t; Ki, T) > 0. However, if Sr < 
K; + CCS, t; Kj, T) - CCS, t; К›, T) then the investor would make a loss but limited to 
the difference between premiums received and paid. 


8. Bull Put Spread. А bull put spread is an investment strategy constructed by buying 
а put option P(S,,t; Ki, T) with strike Ку and simultaneously selling a put option 
P(S,,t; К,Т) with strike Ко, Ку < K, on the same underlying asset S, and having the 
same expiry time Т (Т > t). 

Show that 


and draw the payoff and profit diagrams of a bull put spread. 
Discuss under what conditions an investor should invest in such an investment strategy. 


Solution: We first assume P(S,,t; Ko, T) < P(S;,t; Ki, T) and we set up a portfolio 
II, = Р(5,, К;,Т)- PCS, t; Ki, T) < 0. 
At expiry time T' 


Пт = P(S7,T; К,Т) = Р(5,,Т: K,,T) 
= max{ K, — 5т,0} — max{K, — 57,0) 
K-K, if S;< Ку 


= K, – Sr ШЕК, < Sr < К 


0 if Sp > K, 
>0 


which constitutes an arbitrage opportunity. Therefore, P(S,,t; Ka, T) > P(S,,t; Kj, T), 
К, < К,. 


36 1.2.3 Hedging Strategies 


At time T the payoff of this hedging strategy is 


V(S7) = Р(5т,Т;К|,Т)- PGSp, T; Ko, T) 
= тах{ Ку — 5т,0} — max{ K, — 57,0) 


= Sr- K, ЕК, < Sp < К 
0 if S, К, 
and the corresponding profit is 


Ү($т) = “(5т)- P(S, t; Ki, T) + PCS t; K5, T) 
K; — Ky + P(S,t; Kg, T) - P(S, t, K,,T) if S, < Kj 


= Sr — К)--Р(5,5 KS, T) – PCS, Kj, T) ШЕК, < Sp < К 


Р(8,5К,,Т)- PCS, t Ki, T) if Sp > K, 


where the break-even point is Sr = Koc P(S,t Ki, T) - POS, t; Ko,T) so that 
Ү(5т) = 0. 
Figure 1.19 shows the payoff and profit diagrams of a bull put spread. 


Payoff/Profit 
4 


P(S, t; Ky, T) - P(S, t; Ki, T) ыы 


К; — Ky + P(S, t; К;,Т)- PCS t; Ky, T) 


к-К, 
Figure 1.19 Construction of a Бий put spread. 


Based on the payoff and profit diagrams of a bull put spread, this hedging strategy 
would appeal to investors who have a bullish sentiment that the stock price will increase 
in value relative to the strike prices Ку and K>. Hence, if Sr > K + P(S,t; Ki, T) — 
P(S, t; К», T) then the investor would make a profit but capped at a maximum gain 
based on the difference between the put premiums received and paid. However, if Sy < 
K, + P(S,,t; K,,T) — P(S, t; K5, T) then the investor would make a loss but limited to a 
maximum loss of Ку — Ky + P(S, t; K>,T) — P(S, t; Ki, T) «0. 


1.2.3 Hedging Strategies 37 


9. Bear Call Spread. A bear call spread is a hedging position designed to sell a call option 
C(S;,t; Kı, T) with strike Ку and simultaneously buy a call option С(5,, t; Ka, T) with 
strike K,, Ку < K, on the same underlying asset S, and having the same expiry time T 
(T > t). 

Show that 


and draw the payoff and profit diagrams of a bear call spread. 
Discuss under what conditions an investor should invest in such a hedging strategy. 


Solution: To show that C(S,,t; Ki, T) > C(S,,t; Ko, T) for Кү < K, see Problem 1.2.3.7 
(page 34). 
At time Т the payoff of this hedging strategy is 
Ф(5т) = -CCOST, T; Ki, T) + CGSp, T; Ko, T) 
- тах {5т — K,,0} + max{ Sr — К;,0) 
0 if Sp < К, 


= К – Sr ЕК, < Sp < К, 
ке її5ү> К,» 


and the corresponding profit is 
Ү(&т) = Ф(5т) + C(S,t; Ki, T) - CCS, t; Ko, T) 
C(S,,t; Ki, T) - CCS t; K5, T) if Sp < К, 


К, = K, + С(5, t; K,,T) = С(5, t; K,,T) if ST > К, 


where the break-even point is Sr = Ку + C(S, t; Ку,Т) – C(S,t; K,T) so that 
Y(Sr)=0. 

Figure 1.20 is the payoff and profit diagrams of a bear call spread. 

Based on the payoff and profit diagrams of a bear call spread, this hedging strategy 
would appeal to investors who have a bearish attitude that the stock price will decrease 
in value relative to the strike prices К, and K,. Hence, if Sp < Ку + C(S, 65 Ki, T) — 
C(S,, t; К», T) then the investor would make a profit but capped at a maximum gain based 
on the difference between the call premiums received and paid. On the other hand, if Sy > 
К + CCS, t; Ki, T) — CCS, t; K2, T) then the investor would make а loss but limited to a 
maximum loss of Ку — Ку + CCS, t; Ki, T) — CCS, t; Ka, T) «0. 


10. Bear Put Spread. A bear put spread is an investment strategy constructed by selling 
а put option P(S, t; Ki, T) with strike К; and simultaneously buying a put option 
P(S,, t; Ko, T) with strike Ko, Ку < K, оп the same underlying asset S, and having the 
same expiry time T' (T » f). 
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Payoff/Profit 
4 


CU, Куг) — CCS, t; Ks T) 


K, - K, + C(S,,t; K}, T) — C(S t; Ky, T) 


к-К, 


Figure 1.20 Construction of a bear сай spread. 
Show that 


and draw the payoff and profit diagrams of a bear put spread. 
Discuss under what conditions an investor should invest in such an investment strategy. 


Solution: To show that P(S,,t; K, T) 2 P(S,, t; Ki, T) for Кү < K, see Problem 1.2.3.8 
(page 36). 
At time Т the payoff of this hedging strategy is 


= —max{K, – 5т,0} + max{ K, – 5,0) 


= K, — Sr ЕК, < Sr < К, 
0 if Sy > Ky 
and the corresponding profit is 


Y(Sp) = Ф(5т) + P(S, t; Ky, T) — P(S, t; Ko, T) 
K, — Ку + P(S,t Ki, T) - P(S, t; Ko,T) if Sr < Kj 


= К, – Sr + PC(S,G Ki, T) - PCS, t; Ko, T) ШЕК, < Sp < К, 
P(S,,t; Ki, T) - PCS, t; Ko, T) if Sp > K, 
where the break-even point is S = K + P(S, t; Ki, T) - P(S;,t; K,T) so that 


Ү(5т) = 0. 
Figure 1.21 shows the payoff and profit diagrams of a bear put spread. 
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11. 


— Кү + P(S, t, K}, T) — P(S, BEST) 


Payoff/Profit 
4 


Payoff 


K,- K; 


P(S, t; Ki, T) - P(S, t; Ko, T) 


Figure 1.21 Construction of a bear put spread. 


From the payoff and profit diagrams of a bear put spread we can see that this hedg- 
ing strategy would appeal to investors who have a bearish attitude that the stock price 
will decrease in value relative to the strike prices Кү and K,. Hence, if Sp < K, + 
P(S,,t; Ki, T) — Р(5,,1; K5, T) then the investor would make a profit but capped at а 
maximum gain of K, — Ку + P(S;,t; Ki, T) — P(S, t; Ko, T). However, if Sr > Ko + 
P(S,,t; Ki, T) — PCS, t; K5, T) then the investor would make a loss but limited to a max- 
imum loss of P(S,,t; Ki, T) — P(S, t; Ko, T) «0. 


Box Spread. A long box spread is an investment strategy constructed by buying a bull 
call spread С(,5,, t; K1, T) — С($,, t; Ky, T) and buying a bear put spread P(S,,t; Ko, T) — 
P(S,,t; Ki, T) with strikes Ку and K5, Ку < K, on the same underlying asset S, and 
having the same expiry time Т (Т > t). Let the risk-free interest rate be ғ and the stock 
pays a continuous dividend D. 

Show that the premium paid to enter into this portfolio strategy is the same as the present 
value of the payoff. 

Show also that at time Т the profit based оп this strategy is independent of the terminal 
stock price т. 

Give a financial interpretation of this investment strategy. 


Solution: At initial time f the portfolio is worth 
II, = CCS, 5 Ki, TD) - С(5,,1; Ky, T) + PCS, t; Ko, T) - POS, G Ky, T) 


and from the put-call parity 


С(5,,1; К\,Т)— P(S, Кү,Т) = uu =k eT- 


and 


C(S,,t; Kj, T) - Р(5,5К,,Т)- 8 е DT70 — Ket, 
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Therefore, 
II, = (K, — Ку)е 19, 
At expiry time T the portfolio is 


Пт = С(5т,Т; Ki, T) - CCS, T; K>,T) 
+Р(5т,Т;К›,Т)- Р(5т,Т; Kj, T) 
= тах {5т — K,,0} — max(K, — Sr, 0} 
— тах {5т — К›,0} + max(K5 – 57,0) 
К,-К, 157 < Ку 


= K,- Ку if K; < Sp < К 


О СУБЕ 
= K,- K}. 


Thus, at time f we can discount back the final value of the portfolio to become 
П, = (K, - K, )e "7-9 


which is also the price of the premium paid. 
The profit of entering such a hedging strategy is therefore 


Y(S7) = Ит- П, 
= (K; - K)(1 — е"? 
> 0 


which guarantees a positive cash flow irrespective of ће terminal stock price value Sy. 
Thus, the box spread is clearly an arbitrage opportunity provided the transaction cost is 
low. 


12. At current time t = 0 a stock is trading at $20 and for a risk-free interest rate of 4% per 
annum the prices of 6-month European options are given in Table 1.4. 


Table 1.4 European option prices for different strikes. 


Strike Price European Call European Put 
$20 $1.98 $1.58 
$27 $1.21 $7.68 


Determine the payoff, premium paid and profit at the expiry time for a box spread con- 
structed by buying a 20-strike European call, selling a 27-strike European call, selling a 
20-strike European put and buying a 27-strike European put. 
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Solution: By setting Sọ = $20, Ку = $20, K, = $27, r = 0.04 and T = £ = 0.5 years, 
from Problem 1.2.3.11 (page 40) the payoff of a box spread is 


Ф(5т) = K, – Ку = $27 – $20 = $7. 
The premium paid is therefore 
%(50) = (Ky — Kye"? = $7e 90905 = $6.86 
and the profit is 


Ү($т) = (57) – (56) = $7 — $6.86 = $0.14. 


13. Purchased Collar. A purchased collar is а hedging strategy whereby at time f an investor 
buys an asset 5,, buys a put option P(S,, t; Kj, T) with strike price K, and sells a call option 
C(S,, t; K5, T) with strike price Ko, Кү < K, on the same underlying S, and having the 
same expiry time Т(Т > t). 

Show that in order to prevent any arbitrage opportunity 


5, + Р(5,,1, K,,T) B CCS, t; K,T) > 0. 


Draw the profit diagram and give а financial interpretation of this hedging strategy. 


Solution: We assume at time f that S, + P(S,, t; Ki, T) — CGS), t Ko, T) «0 and we set 
up a portfolio 


P(S) = S, + Р(5,,7; Ki, T) - CCS, t; Ko, T) < 0. 
At expiry time T' 


V(Sr) = Sp + P(Sp,T; Ki, T) - CGSp, T; Kj, T) 
= Sr + max(K, – 5т,0} — max{ Sr — К,,0) 
К, if Sp < Кү 


= Sr if Kj < Sp < К 


Kj, if Sp > Ky 
20 
which is an arbitrage opportunity. Hence, S, + Р(5,,1:К,,Т)-0С(5,,1:К,,Т)20. 
Given that the investor has paid for both the stock S, and the put premium P(S,, t; K1, T) 
and simultaneously received С(5,, t; K2, T), the profit at expiry time Т is 


Y(ST) = (57) + C(S,t; Ky, T) - POS, G Ky, T) – S, 
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where W(S7.) = Sr + P(Sr,T; Ki, T) - С(5т, Т; К», T) is the payoff of the purchased 
collar contract. Thus, 


Ki + C(S,,t; K T) — PGS,5; Ki, T)- S, if Sp € Kj 
Y(Sp) 24 Sr + C(S,G K2, T) - PS,G Ki, T) - S, ИК, < Sp < К, 
Kj, C(S,t; Kj T) - PIS,t; Ki, T) - S, if. Sp > К, 


with break even at S = S, + P(S,,t; Ki, T) - C(S t; Ko, T) > 0. 
Figure 1.22 shows the payoff and profit diagrams of a purchased collar. 


Payoff/Payoff 
4 


К, 


Ко --С(5,,1:К,,1)- Р(8,,5 Ki, T) 5, 


Ky 


кс E Ks T) — P(S, t; Ky TuS 


Figure 1.22 Construction of a purchased collar. 


From the combination of options and asset we can see that the purchased collar is a 
hedging strategy consisting of buying a protective put and selling a call option. By buying 
a protective put the investor is able to insure the asset, whilst selling a call reduces the 
cost of insurance. Therefore, this position would be beneficial when the asset price Sy > 
S + PCS, t; Ki, TD) – CCS, t; Ko, Т) (up to a maximum gain of Ky + C(S;,t; Ko, T) — 
P(S, t; Ki, Т)— 8) but if Sp < S, + PCS, t; Ki, T) – CCS; t; Ko, T) then the investor 
would lose money (up to a maximum loss of Ку + C(S;,t; Ko, T) – POS, t; Ki, T) — 5). 


14. Written Collar. A written collar is an investment strategy whereby at time ¢ an investor 
would sell an asset ,S;, sell a put option Р(,5,, t; К|,Т) with strike price Ку and buy a сай 
option C(S,, t; К-, Т) with strike price Кэ, Кү < K, оп the same underlying S, and having 
the same expiry time T > 1. 

Show that in order to prevent any arbitrage opportunity 


S, + PS tK, T) — COSE Ko T) > 0. 


Draw the payoff and profit diagrams and give a financial interpretation of this hedging 
strategy. 
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Solution: To show that at time t, 5, + P(S,,t;K,,T) — C(S,,t; К,Т) > 0 see Problem 
1.2.3.13 (page 42). 
At expiry time T the payoff is 


V(ST) = -Sr — P(S7,T; Ki, T) + C(S7,T; KS, T) 
= —5т — max(K, - бт, 0} + max{ Sr — K>,0} 
-K, ifS;<K, 


-К, if Sp > K, 
while the profit at expiry time T is 


-К, TS, Р(5,,1:К,,Т)-0С CCS, 1:К,,Т) if Sr < К, 


=3 -Sr +S, + P(Spt; Кү,Т)— СОК) ік сг Е, 


-K, + S, + PGC EELT)-CSL КРУ if Sp X 


with break even at Sr = S, + PCS, t; Ki, T) - C(S;,t; Ko, T) > 0. 
Figure 1.23 shows the payoff and profit diagrams of a written collar. 


Payoff/Payoff 


=k + S, + PS. t, K|, T) - C(S,, t; K2, T) 


-К, 
=K; + S, + P(S; 5 Ki, T) - CCS, t; Ko, T) 


-К, 


Figure 1.23 Construction of a written collar. 


Given the combination of options and asset we can see that the written collar is a hedg- 
ing strategy consisting of buying a protective call and selling a put option. By buying 
a protective call the investor is able to insure the short sale of the asset, whilst sell- 
ing a put reduces the cost of insurance. Hence, this position would be beneficial when 
the asset price declines Sp < S, + PCS, t; Ki, T) — CCS, t; Ку, T) (up to a maximum 
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gain of —K,+ S, + P(S, t; Ki, T) – С(5,,5 К)) but if 5->5,-Р(5,5К(,Т)- 
C(S,,t; К, T) then the investor would lose money (up to a maximum loss of —K, + 5, + 
P(S, t; Ку, Т) = С(5,, t; К», Т)). 


15. Long Straddle. А long straddle is an investment strategy whereby at time f an investor 
would buy а call option C(S;, t; K,T) and buy a put option P(S,, t; K,T) on the same 
strike К using the same stock S, and having the same expiry time Т (t < Т). 

Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: We consider at time ¢ that there is a stock worth S, and for a strike price K the 
investor buys a call option C(S;, t; К, T) and a put option P(S,, t; K,T) on the same stock 
S, with expiry time Т. 

The payoff at time Т is 


V(S5) = CCS, T; К,Т) + PCS, T; K,T) 
= max( Sy — К,0} + max(K — 5т,0} 


K-Sr ifSr<K 


Seok ifSr>K 


and the profit is 


Ү(5т) = Ф(5т) — C(S, t; K,T) — P(S, t; K,T) 


К-5р-С(5,:К,Т)-Р(5,:К,Т) if Sp < К 


5--К-С(8,;К,Т)-Р(8,;К,Т) if Sp > К 


with break even at the profit level occurring at Sp = K — CCS,6 K,T) - P(S t; K,T) 
(provided С(5,,7; K,T) + P(S, t; K,T) < К) and 5т = К +C(S,,t; K,T) + P(S, t; 
K,T). 

Figure 1.24 shows the payoff and profit diagrams of a long straddle. 

From the profit diagram we can see that the investor would make an unlimited profit if 
Sr >K+C(S,,t;K,T) + P(S,,t; K,T) ога limited profit if Sp < K — C(S,,t;K,T) — 
P(S, t; K,T). In contrast, the maximum loss for the investor is the cost of purchasing the 
option. Hence, this strategy is dependent on how high the volatility of the stock is rather 
than the direction of the stock price. In short, the profit at expiry time relies on how much 
the stock price moves instead of whether it is increasing or decreasing in value. 


16. Short Straddle. A short straddle is an investment strategy where at time 7 an investor would 
sell a call option C(S,,t; K,T) and sell a put option P(S,, t; K,T) on the same strike K 
using the same stock S, and having the same expiry time T (t < Т). 
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Payoff/Payoff 


K 


K —C(S,,t; K,T) - Р(8,,; K,T) 


-C(S, t; K,T) - P(S,,t; K,T) 


Figure 1.24 Construction of a long straddle. 


Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: We consider at time f that there is a stock worth S, and for a strike price К the 
writer sells a call option C(S,,t; K,T) and a put option P(S,, t; K,T) on the same stock 
5, with expiry time Т. 

The payoff at time T' is 


4(5т) = -C(Spr, T; Ka TD) - POST, T; K,T) 
= — тах{5т — К,0} – max{ K — 5т,0} 


5т-К ifSr<K 
К-5т И5т>К 
and the profit is 


ҮС5,) = Ф(5т) + СС5, t; KT) + PCS, t; K,T) 
Sp-K-M-C(S,G K,T) g P(S,H5; K,T) if Sp < К 


K-Sr4C(S,G K,T)  PIS,GK,T) if Sp К 


with break even at the profit level occurring either at Sy = K — C(S,6G K, T) — 
P(S,t; KIT) (provided C(S,,t;K,T)+ POS,GK,T) < К) or 5- = К+ С(5,, 1; 
K,T) + P(S,t; K,T). 

Figure 1.25 illustrates the payoff and profit diagrams of a short straddle. 

From the profit diagram we can see that the writer would make an unlimited loss if 
Sr > К+ C(S,G K, T) + PCS 6 K, T) or a limited loss if Sp < K — CCS,65K,T) — 
P(S,,t; K, T). In contrast, the maximum gain for the writer is only the options premium 
received. Thus, unlike the long straddle, the short straddle depends very much on low 
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-=K + C(S,,t;K,T) + PCS, t, K,T) } 


17. 


Payoff/Payoff 
4 


C(S,,t;K,T) + PCS, t; K,T) 


-K 


Figure 1.25 Construction of a short straddle. 


volatility and is most profitable if Sy = К. Hence, this strategy is dependent on the volatil- 
ity of the stock rather than the direction of the stock price, and the writer who sells this 
portfolio of options would bet on the low volatility of the stock price. 


Consider an investor buying a 35-strike call option and a 25-strike put option on a stock for 
prices of $0.69 and $0.52, respectively. Both of the options have the same expiry time of 
6 months from now. Given that the current price of a stock is $28 and the risk-free interest 
rate 18 г = 3% per annum, what is the position of this investment strategy? Find the profit 
and determine the break-even price of this hedging position at expiry time. 


Solution: Let Sọ = $28, K = $25, K, = $35, T = 5 = ; years and we can write the 


2 
portfolio at time f = 0 as 
По = Р(50. 0; K,,T) + С(50. 0; K,,T) 


where Р(59,0; К|,Т)- $0.52 is the put option price with strike K, = $25 and 
С(50.0; K2, T) = $0.69 is the call option price with strike price K, = $35. 

Since Кү < K, and the options have the same expiry time on the same underlying asset 
price, the position is a long straddle. 

At expiry time T' the payoff is 


%(5т) P(ST,T; Ki, T) + C(S7,T; K5, T) 
max(K, — 5т,0)  max( S7 — К-,0) 


Ка, ШЕК 


КК AM KS € Ks 


Sp ce, Л ул К». 
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Given the total cost of the premium paid is P(S 9,0; K1, T) + C(So, 0; Ky, T) = $0.52 + 
$0.69 = $1.21, the profit at expiry time T is 


Ү($т) = WS) — $1.21 
$25 – Sr — $1.21 if Sy < К, 


Sr- $35- $1.21 if Sr >K 


$23.79- Sr if Sr < K; 


-$11.21 if K] < Sp < K, 


with break-even points occurring at S; = $23.79 and S; = $36.21. 


18. Long Strangle. A long strangle is a hedging technique where at time f an investor would 
buy a put option P(S;, t; Кү, T) with strike K, and buy a call option С(5,, t; K2, T) with 
strike Ко, Кү < K, on the same stock S, and having the same expiry time T (t < Т). 

Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: At expiry time T the payoff of a long strangle portfolio is 


V(S7) = PCS; T; Ki, T) + С(5т; T; K, T) 
= max(K, — 9т,0} + max(. S5. — К-,0) 
Kı- Sr if Sp < Ку 


= 0 ИК, < Sp < К 


Sr-K, ifSp> kK. 


Given that the investor paid for the сай and put premiums at time 7, the profit at expiry 
time T is 


Y(Sp) = (Sr) — P(S, t; K}, T) — CCS, t; Ko, T) 
K, - Sp — P(S,t Ky T) - C(S„t, K,T) if Sp < К, 
= —P(S,, t; K,,T) = C(S,, t; K9, T) if Kj « ST < K, 


Sr — K, — P(S.t; Ki) — C(S,, t; Къ) if Sr > K, 
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with break even occurring at S; = Ку — P(S,,t;K,,T) - CCS, t; Ko, T) (provided 
P(S,,t; Ki, D) + CCS, K>,T) < Ку) and Sp = Ko + C(S,,t; K,,T) + P(S;,t; Kj, T). 
Figure 1.26 shows the payoff and profit diagrams of a long strangle. 


Payoff/Payotf 


K; — POS t; Ru T) CC S, t; Ks T) 


-=P(S, t; K}, T) — CU t; K3, T) 


Figure 1.26 Construction of a long strangle. 


Like the long straddle, the long strangle also exploits the volatility of the stock price 
where the profit is based on how much the price of the stock moves instead of its direction. 
Неге the investor makes a positive gain at the expiry time T if Sr > К + Р($,;1; Ki, T) + 
C(S,, t; К», T) (unlimited gain) and if 5т < Ку — P(S, t; Ki, T) — C(S;,t; Ko, T) (gain 
limited to Ку — P(S, t; Ki, T) — C(S,,t; K5, T)). As for the downward risk, this strategy 
has a limited risk which is only the cost of the premiums paid and there is a range between 
the strikes in which the loss is unaffected by the change in stock price. Hence, this strategy 
is more suitable for high-volatility stocks. 


19. Short Strangle. A short strangle is a hedging technique where at time 7 а writer would sell 
a put option PCS,, t; Ki, T) with strike К and sell a call option C(S,;, t; K2, T) with strike 
Ко, Кү < K, on the same stock S, and having the same expiry time T (t < Т). 

Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: At expiry time T the payoff of a short strangle portfolio is 


V(S7) = -PCSp; T; Ky, T) - CCS; T; K3, T) 
= —max{K, — 5т,0} — max( Sr — K,,0} 
5г-К, if Sp < Ку 


= 0 ЕК, < Sr < К 


Kase tS, Se 
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Given that the investor received the call and put premiums at time 1, the profit at expiry 
time T is 


Ү(&т) = V(Sp) + PCS, t; Ki, T) + CCS, t; Ky, T) 


Sp — Ку + P(S, t; Ki, T) C(S, t; Ky, T). if Sp < Ki 


P(S,t; Ky, T) + C(S;,t; Ks, T) if K] < Sr < K» 


K, - Sp + P(S, t; Ki, T) + C(S,t; Kg, T) if Sp > Ky 


with break even occurring at Sr = Ку — P(S, t; Ki, T) — C(S;,t; Ko, T) (provided 
P(S, t, Ki, T) + CGS), t; Ko, T) < Ку) and Sp = Ko + P(S, t; Kj, T) + CCS, t; Ko, T). 
Figure 1.27 shows the payoff and profit diagrams of a short strangle. 


Payoff/Payoff 


P(S, f К, T) + С(5, Ї: К, Т) 


“Kit PS ER ТЫС BK T) 


—К,| 


Figure 1.27 Construction of a short strangle. 


Like the short straddle, the short strangle also exploits the low volatility of the stock 
price where the maximum profit is attained from the premiums received. But unlike 
the short straddle, this contract has a range between the strikes in which the gain is 
a constant value and unaffected by the change in strike price Sy. In contrast, by tak- 
ing a short position of a strangle, the writer is exposed to a limited loss if Sy < Ку — 
P(S,,t; Ki, T) - CCS, t; Ку, T) and an unlimited loss if Sr > К + P(S,t; Ki, T) + 
C(S,, t; Къ, T). Hence, this strategy is more suitable for low-volatility stocks. 


20. Long Strip. A long strip is an investment strategy where at time f an investor would buy а 
call option C(S,,t; K,T) and buy two put options P(S,,t; К, T) with strike К on the same 
stock S, and having the same expiry time Т (t < Т). 

Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 
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Solution: At expiry time T the payoff of this portfolio of options is 


WS) = CCS, T; KD) + 2Р(5т,Т; K,T) 
= max( Sr — К,0} + 2 тах{К — 5т,0} 


XK — Sr) if Sp < K 


Sr-K ээх 


Given that the investor paid for the options premiums, the profit at expiry time T is 
Y(S7) = W(S7) – С(5,,; К,Т)-2Р(8,5 K,T) 
2(К — S;) – C(S,G К,Т)-2Р(5,5К,Т) if Sp<K 
5т – К — C(S,,t; K,T) -2P(S,t; K,T) if Sp > К 
with break even а 5:-К- : (С(8,, K,T) + 2P(S,t; K,T)) (provided 
C(S,,t; K, T) + 2P(S,,t; K,T) < 2K) and Sy = К + C(S,,t; K, T) -2P(S, t; K, T). 


Figure 1.28 shows the payoff and profit diagrams of a long strip. 


Payoff/Payoff 


2K 


2K - C(S, 5 K,T) -2P(S, t; K,T) 


-C(S,,t; K,T) - 2P(S, t; K,T) 


Figure 1.28 Construction of a long strip. 
From the profit diagram we can see that the investor would make an unlimited profit if 
Sp» KT C(S,GK, T) -2PCGS, 6G К,Т) 


or a limited profit if 


Sr < K- (8, К.Т) +2P(S,,t,K,T)). 
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In contrast, the maximum loss for (һе investor is the cost of purchasing the options. Hence, 
like the long straddle, this strategy is also dependent on how high the volatility of the stock 
is rather than the direction of the stock price. However, the only difference between a long 
straddle and a long strip is that in the latter the strategy exploits more the fall in the stock 
price as the profit is much higher. 


. Short Strip. A short strip is an investment strategy where at time / an investor would sell a 


call option С(5,,1; K,T) and sell two put options P(S,, t; K,T) with strike К on the same 
stock S, and having the same expiry time Т (t < Т). 

Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: At expiry time T the payoff of this portfolio of options is 


V(S7) = -C(Sp, T; К,Т) – 2P(S7,T; K,T) 
—max{S; — K,0} - 2 тах{К — 5т,0} 


ею ifSr<K 


К-8р  ifSp»K. 


Given that the writer received the options premium, the profit at expiry time T' is 
Y(ST) = P(S) + CCS,6 K, T) + 2Р(5,,1; K,T) 
2(5т — К) + С(5,,1; К,Т)-2Р(5,5К,Т) if Sp < К 
K – Sr + С(5,,1; К,Т) + 2P(S,,t; К,Т) if Sp > К 
with break even at Sr = К — : (С(8,,К,Т) + 2Р(8,5К,Т)) (provided C(S,, t; 
K,T) -2P(S,t; K, T) < 2K) and Sr = K + C(S,,t; K, T) + 2P(S, t; K,T). 


Figure 1.29 illustrates the payoff and profit diagrams of a short strip. 
From the profit diagram we can see that the writer would make an unlimited loss if 


Sr > К + C(S,GK,T) -2PGS, 6G K,T) 
or a limited loss if 
5р«К- (5, К, T) - 2P(S, t; K,T)). 
In contrast, the maximum gain is the premium received from the options. Hence, like the 
short straddle, this strategy is also dependent on how high the volatility of the stock is 


rather than the direction of the stock price. Here the writer bets that the stock price will 
remain stagnant but incurs a smaller loss if the stock price rises in value. 
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Payoff/Payoff 


CCS, t; K, T) + 2P(S, t; K, T) 


-2К + CCS, t; K,T) + 2P(S, t; K,T) 


—2K 


Figure 1.29 Construction of a short strip. 


22. Long Strap. A long strap is a hedging technique where at time ¢ an investor buys two call 
options C(S,, t; K,T) and one put option P(S,, t; К, T) with strike К on the same stock 
5, and having the same expiry time Т (f « Т). 
Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: At expiry time T the payoff of this portfolio of options is 


Ф(5т) = 2CC(Sp, T; KD) + PGSp, T; K, T) 
= 2max{ Sr — K,0} + max(K — 5т,0} 


К-ӛ; ЧК 


XSr-K) ifSr>K. 


Given that the investor paid for an options premium, the profit at expiry time T is 


Ү(8у) = (S7) — 2CCS, t; K,T) — PCS, t; K,T) 


K — 5т – 2C(S,,t; K, T) — P(S,t; К,Т) if Sp < К 
25-- К)-2С(5,5К,Т)-Р(5,5К,Т) if Sp > К 
with break even at Sz. = K — 2C(S,,t; K, T) – P(S, t; K,T) (provided 2C(S,, t; К,Т) + 


P(S,,t;K,T) < K)and Sp = K + 5 (2С(8,; K,T) + P(S,,t; К,Т)). 
Figure 1.30 shows the payoff and profit diagrams of a long strap. 
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Payoff/Payoff 
Payoff 
K , Profit 
K -2C(S, t; K,T) — PCS, t5 K,T) |, jg 
ы ис ыг 
ы” E Sr 


-2С(5,5 K, T) - P(S, t; K,T) 


Figure 1.30 Construction of a long strap. 
From the profit diagram we can see that the investor would make an unlimited profit if 
5т> К+ FOCIS, t, K,T) + P(S,,t; K,T)) 
or a limited profit if 
Sr < K —2C(S,,t;K,T) - Р(5,,; К,Т) 


whilst the maximum loss for the investor is the cost of purchasing the options. Thus, like 
the long straddle, this strategy is also dependent on how high the volatility of the stock is 
rather than the direction of the stock price. However, the only difference between a long 
straddle and a long strap is that in the latter the strategy exploits more the rise in the stock 
price as the profit is much higher. 


23. Short Strap. A short strap is a hedging technique where at time га writer sells two call 
options C(S,, t; K, T) and one put option P(S,,t; К, T) with strike К on the same stock 
5, and having the same expiry time Т (t « Т). 
Draw the payoff and profit diagrams of this investment strategy and give a financial 
interpretation based on this combination of options portfolio. 


Solution: At expiry time T the payoff of this portfolio of options is 


Ф(5т) = -2C(Sp. T; К,Т) - PGSp, T; K, T) 
= —2max( Sr — K,0} — max(K — 5т,0} 


Sr-K Шек 


AXK ЕБ 
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Given that the writer received the options premium, the profit at expiry time T is 


Ү($т) = V(ST) + 2C(S,,t; K, T) + PCS,,t; K,T) 


Sp-K42C(S,5K, T): P(S,t; K,T) Шӛр<К 


UK — Sp) -2C(S,t; KD) - POS,GK,T) И5т> К 


with break even at Sy. = K — 2C(S, t; K, T) – P(S, t; K,T) (provided 2C(S,, t; K, T) + 
P(S,t; KT) < К) and Sr = К + C(S,t; K,T) + 1P(S,t; K,T). 
Figure 1.31 shows the payoff and profit diagrams of a short strap. 


Payoff/Payoff 
4 


2C(S,,t;K,T) + P(S, t; K,T) one 


-K +2C(S,,t;K,T) + P(S, t, K,T) 


-К 


Figure 1.31 Construction of a short strap. 


Based on the profit diagram we can see that the writer would make an unlimited loss if 
Sp >K+C(S;,t;K,T) + 5 PG, K,T) 
or a limited loss if 
Sr < K —2C(S,,t;K,T) - PCS, 6 K,T). 
In contrast, the maximum gain is the premium received from the options. Hence, like the 
short straddle, this strategy is also dependent on how high the volatility of the stock is 


rather than the direction of the stock price. Here, the writer bets that the stock is price will 
remain stagnant but incurs a smaller loss if the stock price falls in value. 


24. Butterfly Spread (Using Call Options). A butterfly spread is a hedging technique that, 
at time £ and for strikes К, < K, < K3, is constructed by buying one call option 
C(S,, t; Ki, T), buying one call option C(S,,t; K,T) and selling two call options 
C(S,, t; Къ, Г) on the same stock 55, and having the same expiry time Т (f < Т). 

Draw the payoff and profit diagrams of this hedging strategy with K, = ХК 1+ K3). 
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Solution: At expiry time T the payoff of a butterfly spread is 


YS) = CCS, T; K,,T) + С(5т, 15 Кз,Т) = 2С($т,Т; K,,T) 
= max{ Sr — K,,0} + max{ Sr — K3,0} – 2 max{ Sr — K5,0] 
0 if Sr < К, 


Sek if K] < Sr < K, 
2K,- K; — Sp if K, < Sr < K; 
2К,-К,-К, ifSr >K 


and by setting П, = C(S,, t; Ki, T) + CCS, t; KA, T) – 2CCS,, t; Ky, T) the corresponding 
profit is 


Y(Sp) = Y(Sr) - П, 
Hence, provided 
-К| € C(S,t; Ki, T) + CCS; K3,T) — 2C(S;,t; К,Т) < 2К, – 1 
then break even occurs at 
Sr = К+ С(5,,1; Ki, T) + CGS), t; K3, T) — 2CCS, t; Ky, T) 
and 
Sr = 2K, — Ку — C(S,t; Ki, T) — CCS, t; Kg, T) + 2CCS t; Ko, T). 


Figure 1.32 shows the payoff and profit diagrams of a butterfly spread using call options 
with Ку = (К! + Ку). 


Payoff/Payoff 


Kı- K; 


К — Ку – П, 


Figure 1.32 Construction of a butterfly spread with K, = (К 1 + К.) and II, the net premium paid. 
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25. 


26. 


Butterfly Spread (Using Put Options). A butterfly spread is a hedging technique that, at time 
t and for strikes Ку < К, < K3, is constructed by buying one put option P(S, t; Kj, T), 
buying one put option P(S,, t; K4, T) and selling two put options P(S,,t; К›, T) on the 
same stock S, and having the same expiry time Т (t < Т). 

Draw the payoff and profit diagrams of this hedging strategy with K, = ХК 1+ K3). 


Solution: At expiry time T the payoff of a butterfly spread is 


Ф(5т) = Р(5т,Т; Ki, T) + P(S7,T; K3,T) - 2P(S7,T; K5, T) 
= max{K, — S,0} + max{ К; — 5т,0} – 2 тах{ К – 5т,0} 
К|,-К,-2К, if S; < К, 


ек 2E, ifK SS = Қ 
Ras; if K, < Sr < Ky 
0 if Sp > K 


and by setting П, = P(S,, t; Ki, T) + P(S, t; Kg, T) - 2P(S,, t; Ky, T) the corresponding 
profit is 


Y(Sr) = Ҹ(5т) — IL. 
Hence, provided 
К,-2К, < P(S, t; Kj, T) + P(S, t; K3,T) — 2P(S,,t; Ko, T) < K3 
then break even occurs at 
Sr = 2K, — Кз + P(S,G Ki, T) + P(S, t, K3,T) — 2PCS;,t; Ko, T) 
and 
Sr = K; – P(S,,t; Ki, T) — P(S, t, K3,T) + 2Р(5,,1; Ko, T). 


Figure 1.33 shows the payoff and profit diagrams of a butterfly spread using put options 
with Ky = 5(Ку + K3). 


Butterfly Spread (Using Straddle and Strangle). A butterfly spread is a hedging technique 
that, at time ¢ and for strikes Ку < К, < K3, is constructed by selling a straddle: 
® sell a call option C(S,, t; K2, T) with strike K, 
ө sell a put option P(S,,t; K2, Г) with strike K, 
and buying a strangle: 
® buy a call option С(5,, t; K,,7) with strike К, 
® buy a put option P(S,, t; K3, T) with strike Кз 
on the same stock S, and having the same option expiry time Т (t < Т). 
Draw the payoff and profit diagrams of this investment strategy with К, = “(к 1 + K3). 
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Payoff/Payoff 


Kj-K, 


K; — K, — П, 


Figure 1.33 Construction of a butterfly spread with К, = (К ı + Ку) and II, the net premium paid. 


Solution: At expiry time Т the payoff of a butterfly spread is 


V(S7) = С(5т, T; Ki, T) + PCSp, T; Ka, T) 
—C(S7,T; К;,Т)- P(S7,T; K9,T) 
= max{ Sr – K,,0} + max{K3 — 51,0) 
—max( Sy — К-,0)- max{K, – 5т,0} 
K,- Кү if Sp < К, 


Sr + Кз – Ку – К НК, < Sp < К 
араық ЕВ 
E X5 if Sp > K3 


and by setting II, = CCS, t; Ki, T) + P(S, t; K3,T) - C(S, t; K2, T) — P(S, t; Ko, T) 
the corresponding profit is 


Y(ST) = V(S7) — IL. 
Hence, provided 


C(S;, t; Ki, T) + P(S, t; Ka, T) 


-K,- < 
К +35 04 „к. T) -P(S,f5 Ka, T) 


< -К +K, + К 


break even occurs at 


+C(S,,t; Ka, T) + Р(5,,1:К,,Т) 
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and 


Sr = Kj + Ky — Кз + CCS, t; Ki, T) + P(S, t; К;,Т) 
—C(S,t; Kj, T) — P(S,,t; К-,Т). 


Figure 1.34 shows the payoff and profit diagrams of a butterfly spread with K, = 
iK, + K3). 


Payoff/Payoff 
K;- Ку 
K- Kj - % Payoff 
К ^ К, “К 
L E 2 M - 3 Sr 
к, - K; - П, .-------- P коке Profit 


Figure 1.34 Construction of a butterfly spread with K, = “Кк | + Кз) and II, the net premium paid. 


27. What is the financial motivation for an investor to enter into a butterfly spread contract? 


Solution: Given three strike prices Кү < K, < Кз, a butterfly spread can be constructed 
with a combination of call options, put options or by combining a straddle and a strangle. 

At expiry time Т for 0 « зэл < Sy” such that the profit of a butterfly spread 
yes") = 0 and Y(.S7*") = 0 then the investor would make a limited loss if the stock 
price Sp > S77* or Sp < spi, In contrast, the maximum gain for the investor occurs 
when Sr = К». 

Thus, the investor buying a butterfly spread would speculate that the stock price at expiry 
time T will be between К, and K; in which the strategy will be most profitable. In essence, 
by exploiting simultaneously both the low and high volatilities of the stock price based on 
the combination of options, the investor purchasing a butterfly spread would bet that the 
stock price will stay close to K3. 


28. Condor Spread (Using Call Options). А condor spread is a hedging technique that, 
at time ¢ and for strikes Ку < Ky < К; < Кд, is constructed by buying one call 
option C(S;, t; Ki, T), buying one call option С(5,,1; K4, T), selling one call option 
С(5,, t; Къ, Г) and selling one call option C(S;, t; Кз, Г) on the same stock S, and having 
the same option expiry time Т (t « Т). 

Draw the payoff and profit diagrams of this hedging strategy with K, — Ку = К — Ks. 
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Solution: Based on the construction of the options, the payoff at expiry time T is 


Ф(5т) = С(5т-,Т;К|,Т)- С(5т,Т; К,,Т) 
—C(S7,T; Ka, T) + CCSp, T; K4, T) 
= max( Sr — K,,0} — max{ Sr — К>,0} 
- тах {5т — K3,0} + тах {5т — К,,0) 


0 if Sp < К, 
ST — К, ЕК, < Sp < К, 


Кока. КК, 


К,-К,-К,-К, 157. > Ка 


and by setting II, = C(S,,t; K,,T) — С($,,1; К,Т)- С($,,1; K3,T) + C(S,,t; K4, T) 
the corresponding profit is 


Ү($т) = PCS) - IL. 
Hence, provided 


С(8,;К1,Т)-С(8,5К,,7) 
< s 
-C(S,t; K, T) + C(S, 5 Ky T) $ a + К + Кз 


aK) < 
then break even occurs at 
Sr = Ki + С(8,, 5; Kj, T) - CCS), t; Ko, T) - CCS, t; Kg, T) + CCS), t; Ky, T) 


and 


4C(S,, t; Ka, T) — C(S, t, Ka, T). 


Figure 1.35 shows the payoff and profit diagrams of a condor spread using call options 


29. Condor Spread (Using Put Options). А condor spread is a hedging technique that, at 
time / and for strikes Ку < К, < K, < Ky, is constructed by buying one put option 
P(S,,t; Kj, T), buying one put option P(S,, t; K4, T), selling one put option P(S,, t; Ko, T) 
and selling one put option Р(.5;, t; Кз, T) on the same stock .S, and having the same expiry 
time T (t « T). 

Draw the payoff and profit diagrams of this hedging strategy with K, — Ку = К — Ks. 
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Payoff/Payoff 


Figure 1.35 Construction of a condor spread with K, — К, = К. — К; and II, the net premium paid. 


Solution: Based on the construction of the put options, the payoff at expiry time T' is 


V(S7) = P(Sr, T; Ki, T) - PCS, T; Ky, T) 
—P(Sp, T; Ka, T) + PCSp, T; Kg, T) 
= max{K, — S;,0} — шах(К,- 51,0) 
– тах { К; —,$5,0] + max{ Ка – $т,0} 
Kı- K- K; + K, if Sp < K, 


Sr — K, – K; + Ка ИК, < Sp < K, 


= К,-К, ШК) < Sr < К; 
Kı- Sr ШК, < Sr < K, 
0 if Sr > K4 


and by setting П, = P(S, t; Ki, T) - P(S, t; К,Т)- P(S, t5 K3, T) + P(S, t; K4 T) 
the corresponding profit is 


Ү($т) = W(S7) — П,. 
Hence, provided 


PG, Ky T) - PST). ск 


ccs < 
Ky К + K4 ро „К, T) - P(Spt K,T) 5 
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then break even occurs at 


Sr = K + K; – K; + P(S, t; Ki, T) — POS 65 Ko, T) 
—P(S,,t; Ka, T) + PCS, 6G K4,T) 


and 
Sr = К, — P(S,,t;K,,T) + POS, 6G Ky,T) + POS, 6 KA, T) - PCS GKA4,T). 


Figure 1.36 shows the payoff and profit diagrams of a condor spread using put options 
with К, = К, = К, = K3. 


Payoff/Payoff 
4 
Payoff 
2 л 
к» К К, МҮК, Т 
К = = П, ызы” 227 3 Эн 
TO 


Figure 1.36 Construction of a condor spread with K, — К, = К. — К; and II, the net premium paid. 


30. Explain the financial motivation for an investor to enter into a condor spread contract. 


Solution: Using four different strike prices Кү < Ky < Кз < K4, а condor spread сап be 
constructed with a combination of call options or put options. 

At expiry time Т їог0 < 5 ЕА < ST such that the profit of a condor spread Y CS: 2) = 
0 апа YSF”) = 0 then the investor would make a limited loss if the stock price S > 
SPX or Sp < sen 

Thus, the investor who invests in a condor spread speculates that the stock price at expiry 
time T will be between K, and K, in which the strategy will be most profitable. But unlike 
a butterfly spread, a condor spread has a much wider profit range at the expense of a higher 
premium paid. Thus, this contract is profitable for the investor who has a neutral outlook 
on the market. 


2 


European Options 


Options are one of the basic building blocks in finance and European options are the most 
common type of equity derivatives. They give the holder of the contract the right but not the 
obligation to enter into a future transaction only at the expiry date of the contract. In short, 
for buyers of European options, their right of exercise is only at expiration of the contract. As 
discussed in Chapter 1, a combination of such options with other products provides a multitude 
of trading strategies for hedgers, investors, traders and speculators. 


21 INTRODUCTION 


Central to the pricing of European options are the Black-Scholes (or Black—Scholes—Merton) 
formula and the martingale pricing theory. In the Black-Scholes-Merton formulation, there 
are two major approaches which arrive at the same partial differentiation equation formula: 


e delta hedging strategy 
ө self-financing trading strategy 


Delta Hedging Strategy 

In 1973, Fischer Black and Myron Scholes published their paper “Тһе pricing of options and 
corporate liabilities" in The Journal of Political Economy with the aim of deriving a theoretical 
valuation formula to price European options. The principal idea behind their theory is to hedge 
the option by buying/selling the underlying asset in such a way as to eliminate risk. This type 
of hedging is called delta hedging. Conceptually, at time f the hedging portfolio II, can be 
expressed by 


II, =V — AS, 


consisting of a long position in the option V and a A number of short positions in the asset S. 
Before the formula was derived, they made the following assumptions: 


The risk-free interest rate is known and is constant over time. 

The asset price follows a geometric Brownian motion. 

The asset pays no dividends during the life of the option. 

The option is European-style, which can only be exercised at expiry date. 
No transaction costs are associated with buying or selling the asset/option. 
Trading of the asset can take place continuously. 

Short selling is permitted. 


Under these assumptions the option value depends only on the price of the asset and time, 
and on parameters which are taken to be known constants (i.e, V = У(5,,1)). In addition, 
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over "short" time intervals, the stochastic part of the change in the option price is perfectly 
correlated with changes in the stock price, 1.е., 


ап, = dV - AdS, 


By writing the stochastic process of the asset price S as a geometric Brownian motion 
45, 
— = udt + cdW, 
S 1 


where и is the drift or expected rate of return, o is а constant volatility and W, is the standard 
Wiener process on the probability space (Q, F, P), and expanding V (S,, t) in а Taylor series 
about (,5,, t) and subsequently apply Ito's lemma we eventually have 


oV oV 102/ 


dV = —dt dS, dS) + 
A Ea TS asi 18: 
QV 1 оди av av 
=| — + ~-0° S*— + wS,— | dt+oS,—dw,. 
(% 27 “0822 л). ШЕРТ 


As aresult 
OV 1 5,2,0V ду дү 
ап, = | — + ~07S?—— + nS, | —-А) | @ +05, | — — ^ | ам. 
(2 ЫТТЫ as, 79r 2S, 


By choosing the portfolio weight A — < to eliminate all market risk, and from the assump- 


t 
tion that the risk-free portfolio must have an expected return equal to the risk-free rate r, 
the governing partial-differential (or Black-Scholes) equation for an option price at time t, 
V (S, 1) 18 


7 1 228V дү Ш 
ERE 5:952 * "95, ГИ (5,1) = 0 

Note that in the Black-Scholes equation the drift parameter is not present, and this shows that 
the value of an option is independent of the rate of change of an underlying asset. The only 
parameters that affect the option price are the risk-free interest rate and the volatility of the 
asset underlying. As a result of this important argument, we may have a situation whereby two 
parties may differ in their estimate of the asset price growth, yet still agree on the price of an 
option. 


Self-Financing Trading Strategy 

In the same year, Robert C. Merton published “Theory of rational option pricing" in The Bell 
Journal of Economics and Management Science where an alternative derivation of the Black— 
Scholes model is presented via the construction of a self-financing trading strategy. 
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By definition, at time f € [0, T], the trading strategy (ф,, w,) of holding ф, shares of risky 
asset S, and y, units of risk-free asset B, having a portfolio value 


П, = ф,5, + vB, 
is called self-financing (or a self-financing portfolio) if and only if 
dM, = Ф,45, + v, d B, 
implying that the change in portfolio value is due to changes in market conditions and not to 
either infusion or extraction of funds. 

By definition, the contingent claim V (S, Т) is said to be attainable if there exists an admis- 
sible strategy worth Пт = V (S, T) at the option expiry time Т. Here, the trading strategy (ф,, 
w) is admissible if the portfolio П, = ф, S, + w, B, is self-financing and if II, > —а almost 
surely for some a > 0 (1.е., a finite credit line). 


In the absence of arbitrage, at every time f € [0, T], V (S, t) must be equal to the portfolio 
value II, such that 


II, = V(S,,0). 


Otherwise, an arbitrage opportunity occurs. At time t е [0, T], to replicate the option И (.5,,1), 
we can now form the following self-financing portfolio 


V(S,1) = ф, S; + у, В,. 
Let the risk-free asset price В, and the risky asset price S, have the following diffusion process 
dB,=rB,dt and 45, = џ 5,11 + oS, dW, 
where ғ is the risk-free interest rate, и is the asset drift rate, с is the asset price volatility which 
are all constants and { W, : 0 € t < T) is a standard Wiener process on the probability space 


(Q, F, P). 
Applying Taylor series on dV and using Ito's lemma, we eventually have 


2 
av= ако | Ға а АУ pa 
257 


Since the trading strategy (ф,, у, ) is self-financing if and only if 
dV = ф,45, + у,аВ, = ф,45, + г Ва! 
equating both of the equations we һауе 


rB,y, = d + 50 


220° V дү 
t t 


S^—— апа ушш 
zm д, 
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and substituting the results into 
V(S,,t) = pS, + v, B, 
we have the Black-Scholes equation 


oV 1 
— + 26 
2 


S27 +r S, -rV (S, D) = 0. 


2,22?V aV 
' as? 198, 


For а constant strike К > 0, if the terminal payoff at time Т > 118 


max{ Sr — K,0} for European call option 
V(S7,T; KT) = 
тах{ К – 5т,0} for European put option 


with boundary conditions 


0 for European call option 
У(0,5К,Т)- 
Ке""17-0 {ог European put option 


and 
S, for European call option 


lim (5,1; K,T) = 
so 0 for European put option 


then by solving the Black-Scholes equation via the the heat equation, the closed-form solution 
for the European call or put option price at time f is 


5 o(d,) — Ке-"Т-да(а ) for European сай option 


V(S,,t;K,T) = 
Ke"? 0 @(-d_) – S,®(—d,) for European put option 
where 
log(S,/K) + ("= D + 50°\(T -1) 
d, = 
x oyT -t 
1 D E ЕКІ ТЕЛІ 
апа ®(x) = —— / e 2 du is the cumulative distribution function (cdf) of a standard 
V 2z 2 -œ 


normal. 
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Given that the values of the European call and put options contain the function for the cdf 
of a standard normal distribution, we can see that the option prices have a relationship with 
the probability density function of the asset S, which is log normally distributed. From the 
Feynman-Kac formula, we can infer that the option price can be interpreted as the discounted 
expected value of the payoff at expiry time Т. This leads us to the subject of risk-neutral 
valuation of contingent claims via the martingale pricing theory. 


Martingale Pricing Theory 


As the name suggests, martingale pricing is based on the notion of equivalent martingale mea- 
sure and risk-neutral valuation. Without loss of generality, assume we are in the Black-Scholes 
world with an economy consisting of a risky asset or stock 5, following a geometric Brownian 
motion and a risk-free asset B, growing at a continuously compounded interest rate r of the 
form 


LE dt + сай, oO dt 
5, = и с p В, =? 


where и is the stock drift, o is the stock volatility and W, is а standard Wiener process on the 
probability space (Q, F, P). 


Definition 2.1 (Equivalent Martingale Measure) Let (Q, %,Р) be the probability space 
satisfying the usual conditions апа let Q be another probability measure оп (©, F,Q). The 
probability measure Q is said to be an equivalent measure or risk-neutral measure if it satisfies 


e О-Р. 
e The discounted price process (87150 ріс 1,2,..., тағ martingales under ©, that is 


:0(8-1650|8:|-8:150 
( 5; ses.) = в, sí 
foralO0<t<u<T. 


From the definition of an equivalent martingale measure, we can now state Girsanov’s the- 
orem which tells us how to convert from the physical measure P to the risk-neutral measure 


Q. 
Theorem 2.2 (Girsanov’s Theorem) Let { W, : O <t < Т} bea P-standard Wiener process 


on the probability space (Q,F,P) and let F, 0 € t € T be the associated Wiener process 
filtration. Suppose 0, is an adapted process, 0 < t € T and consider 


1 1 rtg 
ys е fo 940,5 ho Bas 


If 


1 rT 42 
ЕР (22 ejar) < оо 
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then Z, is a positive P-martingale for 0 < 1 < Т. By changing the measure P to a measure © 
such that 


(аа 40 _„ 
dP dP |, 


t 
then W, = W, + | 0, du is а Q-standard Wiener process. 
0 


Finally, as far as pricing of contingent claims V (5т, T) we can obtain the risk-neutral val- 
uation approach given in the following theorem. 


Theorem 2.3 Assume that an equivalent martingale measure Q exists, and let V (Sy, Т) be an 
attainable contingent claim generated by an admissible self-financing trading strategy. Under 
the filtration F,, the European option price at time t is given by 


У(5ьг) = BE? | Вг! (5т,Т)| F| = eT PEL (Sp, DIF]. 
Remark 2.4 Consider the stochastic differential equation (SDE) 


dX, = u(X,,t)dt + o(X,,)dW, 


Ї 2 
with Е (/ o(X,, 22 | < оо, then X, is a martingale if and only if X, is ағ 68 (i.e., 
0 
uX, t) = 0). 


Since 


=(u—r)dt+odW, 


and by writing d W, = d W, + 0dt where 0 is a constant and W, a Q-standard Wiener process, 
5 5 
and applying Girsanov’s theorem to d (%) / (%) ‚ we obtain 


B, 


-(и-ғ-боуй + odW,. 
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Thus, there is a unique 0 which makes the discounted asset price process driftless, which is 
equivalent to saying that there is a unique change of measure which makes the discounted asset 
price a martingale under the risk-neutral measure. 

Hence, under the risk-neutral measure Q, the asset price follows the diffusion process 


dS, 25 
тө =rdttodW, 


1 


апа solving the SDE for T > t and under the filtration F, we have 


(5) 
log | — 
5, 


Thus, the European сай option at time f with strike price К and expiry time Т > f is 


F, ~ М ((r- 362) т 0,0207 0). 


C(S,, t; K,T) = e "E? | max{ Sp — K,0)| F, 


= e "TEA | Өт = К) 5,>к} я | 


ді { ЕР | Sri F, - КЕ? ЕСІ я} 


= eT PER КТ Ы - ко (5. > к|%)) 


whilst the European put option at time f with strike price К and expiry time Т > t is 


P(S,,t;K,T) = e" E? | max{ К – Sp, 0}| F] 


= e TDEA | (К - sts ск || 
semn (кез ШЕ? 8 | ) – ЕВ ЕЕЕ я | 


= eT- [ka (s, < k|) - E? [5а]. 


Continuous-Time Limit of Binomial Model 


The binomial model or lattice approach is an alternative way to describe the evolution of the 
stochastic asset price process in discrete time. Following the seminal work of Cox, Ross and 
Rubinstein (1979), for each time step At, if the asset price begins at S, at time f, then at time 
t + At the asset can either move up to a value uS, or move down to a value 455, with risk- 
neutral probabilities z and 1 — л, respectively where и and d = 1/u are fixed constants such 
that 0 < d < e^! < и. The condition d = 1/u is used to ensure that the lattice is symmetri- 
cal and is recombinant. Here, an up movement in the asset price for one node followed by a 
down movement in the asset price for the next node generates the same asset price as a down 
movement in the first node followed by an up movement in the next node. 

Assuming that the asset price follows a geometric Brownian motion under the risk-neutral 


measure @ 
5 
log ( ем) ~N IG - 50°) At, гм 


1 
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and by matching the first and second moments up to О(Д?) 


Е9(8,л|8,)) -ли5,%(1-л)45, 
E^ (52. S+) = ли?5/ «a л)0252 


we eventually һауе 


rAt_qd 
u-d ` 


= e 
oAt d =e 641 апа л = 


Once we һауе built up a lattice of possible asset prices up to the option expiry time T, T > t 
we can work backwards to price the option. Under the risk-neutral probability measure Q, the 
European call option price at any node is given as the discounted expected value using the 
move up option and the move down option values multiplied by their respective risk-neutral 
probabilities. Thus, the option price corresponding to a node for time 1 is calculated as 


(5,1) = e^! [aV (u S, t + At) + (1 aV (dS, t+ Ad]. 


To show that the Black-Scholes equation can be obtained as a limiting case in continuous 
time of the binomial model, we first take Taylor expansions of V (u S,, t + At) and V (d S,,t + 
At) so that 


V(uS,, t + At) = (5, + (и — D)S, f + At) 
oV oV 10?y 


= У(5)+ At (и 15, + 2 352" -1)552 
д5, 


+0 ((41?) + O (u — 135?) 


апа 
V(dS,,t + At) = У(5,+ (d — 1)5,,1+ Ар) 
= V(S,,t)+ At + оз @- DS, 22374 - 1252 
+0 ((41?) +0 ((а- 18?) А 
Непсе, 
aV (u Spt + At)+(1—a)V(dS,,t + At) – е'^ТУ(5,,) = 0 
becomes 
ді AL +t [au - 12 +(1- ad - 1] 5220 атас 555 


1 


+ (1 = er^t) V(S,t)- О ((A?) +O ((и - 152) -0 ((а = 18552) = 0. 
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Taking first-order approximations 


1—e™! = —rAt + O(AD?) 


z(u— 1) + (1 — z)(d — 1) = rAt + O(AtP)) 
z(u — 1 (1 — z)(d — 1)? = o At + OANA) 


and because 
O((u — 15?) = OAD’), O((d — 1353) = O(AD?) 
and by substituting the above information into the equation and dividing it by At, we have 


дү 


; 505527 ers 


oV дү 
2 с2 

— —rV(S,,t) + O(At) = 0. 
992 ias; V Sen (At) 


Taking limits Ат — 0, we finally obtain the Black-Scholes equation 


9 1 5,20V дү 
2” 51626297 trs, Z -rV (S, t) = 0. 
др 2° "352 as," Dun 


The Greeks 


In this section we present the “Greeks”, which аге the sensitivities of the option prices with 

respect to the variables (i.e., asset price and time) and the parameters used as inputs to the 

Black-Scholes formula. The importance of Greeks lies mainly in the construction of portfolio 

and dynamic hedging, since the sign and magnitude of the Greeks provide an indication of how 

much the option price increases or decreases in value when the variables/parameters change. 

Note that the Greek for a written option is opposite in sign to its purchased option counterpart. 
Tables 2.1 and 2.2 list the most common Greeks used for risk management. 


Table 2.1 Delta and gamma for European options. 


Name Symbol Definition Description 


oV * Calculates the rate of change of the theoretical Black- 
д5, Scholes formula with respect to asset price. 
* Commonly used as a percentage of the total number of 
shares in an option contract. 
* Delta for a call option is always positive. Thus, an increase 
in stock price increases the call option value. 
* Delta for a put option is always negative. Thus, an increase 
in strike price decreases the put option value. 
* Maximum delta value occurs when it is near the strike price. 


Delta A 


оу © Calculates the rate of change of the delta with respect to the 
952 asset price or second partial derivatives of the option with 
respect to the asset price. 
® Gamma is identical for call and put options, and is positive. 
Thus, both call and put options are convex functions. 
* Gamma is maximum when it is near the strike price and 
decreases its value when it is away from the strike price. 


Gamma Г 
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Table 2.2 Vega, rho and theta for European options. 


Name Symbol Definition Description 
Vega y oV * Calculates the rate of change of the theoretical Black— 
до Scholes formula with respect to the asset price volatility. 


Ф Vega is identical for call and put options and is positive. 
Thus, higher volatility increases both call and put option 
prices. 

ө Usually measures how much an option price will change as 
volatility increases or decreases by 1%. 


Rho р дү ® Calculates the rate of change of the theoretical Black— 


or Scholes formula with respect to the risk-free interest rate. 
ө Higher interest rates increase (decrease) call (put) option 
price. 
® Lower interest rates increase (decrease) put (call) option 
price. 
Theta 0 дү * Calculates the rate of change of the theoretical Black— 
ді Scholes formula with respect to the passage of time. 
© Theta has its maximum absolute value when the call option 
is ATM. 


Extension of Black-Scholes Model 


The assumptions of the Black-Scholes model can be relaxed further to obtain closed-form 
formulas for European options on the following. 


* Asset-paying dividends (fixed discrete dividends, discrete or continuous dividend yield). 
For asset S, which pays a sequence of fixed discrete dividends D; at time їр, i= 
1,2, ...,n such that t « fp, € fp, <<“ «їр, the Black-Scholes equation becomes 


Vv (lo 28V 
ar POS те «(s -Yos- E —rV(S,,t) 20 


where ó(t — t p,) is the Dirac delta function centred at tp . 
For asset S, paying continuous dividend yield D, the Black-Scholes equation becomes 


wv 15 28V | ди 
5 =D) Sy = V(S,,t) =0 
ai pr ch Тш. 


t 


e Time-dependent continuous dividend yield, risk-free interest rate and volatility. 
For asset S, paying time-dependent continuous dividend yield D, with time-dependent 
volatility c; and risk-free interest rate r;, the Black-Scholes equation becomes 


дү 


15552 дү aV 
— + 0 
ot 21 


= + (= DOS c 005,0) =0 


і 5, 
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* Incorporating the effects of transaction costs in the hedging portfolio. 
By setting the following transaction costs in buying or selling an asset S, which pays 
continuous dividend yield D: 
(1) a fixed cost at each transaction, кү 
(ii) a cost proportional to the number of assets traded, x»|v| 
(iii) a cost proportional to the value of the assets traded, ка|У|5, 
where &,, ко, кз > 0, v > 0 (for buying assets) and v < 0 (for selling assets), the Black— 
Scholes equation with transaction costs at time interval 57 becomes 


oV 1-2 292" T oV кү 
сог (r= DIS, — -rV(S,f)—- — =0 
2° E re) tas ^ (50 2 
where 
1 

2 |02У | fav 2.2 2 oy 
D=D+ р а -о2-к;4/-5- — 
K50 тб 252 (3) and o o каб кутыш 252 


such that sgn(x) = ТТ 
х 


® Discontinuous jumps in asset price. 
For an asset S, paying continuous dividend yield D and having а jump process such that 
J, is the jump size variable, the Black-Scholes equation becomes 


+[r-D-E,(J,- 1) 596 - rV(S, t) 
д5, 


oV + 1 2s 


20V 
oí 2 Ё 


2 
95' 


-ЛЕ/|У(,8,0-У(8,0|-0 


where the expectation Е у(.) is taken over the jump component. 


Criticisms of Black-Scholes Model 


Given that the Black-Scholes model with European payoffs has closed-form solutions, one 
of the main advantages is to be able to calculate option prices analytically. In addition, the 
Black-Scholes formula is also easy to understand intuitively without the need to evaluate it 
using expensive numerical methods. 

Unfortunately, some of the assumptions in the formula are questionable under the current 
economic and market conditions. One major criticism is the assumption of stock prices moving 
in a manner referred to as a random walk (stock price moves up and down with the same 
probability) and the stock returns following a normal distribution. Empirical tests have shown 
that there are significant fat tails (leptokurtic) and asymmetry (skewness) in the stock returns. 
Another major weakness of the Black-Scholes framework is that the volatility at the time of 
buying/selling the option remains unchanged until the option expiry date. This is simply not 
true. Nevertheless, even with the availability of option valuation models incorporating either 
stochastic volatility or fat tails which are more expensive to evaluate, the Black-Scholes model 
still continues to be used due to its robustness and tractability. After all, the model has only 
one unobservable parameter and that is the volatility. 
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2.2 PROBLEMS AND SOLUTIONS 
2.2.1 Basic Properties 


1. Consider a European call option with price C(S,, t; K,T) where 5, is the spot price at time 
t < T, T is the expiry date of the option and К is the strike price. Show that the call option 
is greater than or equal to its intrinsic value 


C(S,, t; K, T) 2 max( S, — K,0]. 


Solution: We assume C(S,, t; K,T) < max{.S, — K,0} and at time f we set up the follow- 
ing portfolio 


II, = C(S,,t; K, T) - max( S, - K,0} «0. 
At expiry time T' 


Пт = С(5т, T; K, T) - max( Sr — K,0} 
= max( S, — К,0)- max( Sr — K,0} 
-0 


which is an arbitrage opportunity. Therefore, C(S,,t; K,T) > шах(5,-К,0). 


2. Consider a European put option with price P(S,,t; K,T) where S, is the spot price at time 
t « T,T is the expiry date of the option and K is the strike price. Show that the put option 
is greater than or equal to its intrinsic value 


P(S,t; К,Т) = шах{К — S, 0}. 


Solution: We assume P(S,,t; K,T) < max(K — 5,,0} and at time t we set up the follow- 
ing portfolio 


П, = P(S;,t; K, T) - max(K —,$,0) «0. 
At expiry time T' 


Пт = Рот, T; K,T) - шах{К — 5т,0} 
= max(K — 5т,0} — max(K — 5т,0} 
=0 


which is an arbitrage opportunity. Therefore, P(S,, t; K,T) > max{K — 5,,0}. 


3. Let C(S,, t; K,T) be the price of a European call option where S, is the spot price at time 
t < T, T is the expiry date of the option and К is the strike price. Show that 


CU LER TVS S, 
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Solution: We assume at time t, C(S,,t; K,T) > S, and we set up the portfolio 
П, = 5, — C(S,,t; K, T) < 0. 
At time T 


= Sr — max{ Sr – К,0) 


Sr if Sr <K 


К ifS;>K 


>0 


which is an arbitrage opportunity. Therefore, С($,,1; K,T) < 5,. 


4. Let P(S,,t; K,T) be the price of a European put option where |S; is the spot price at time 
t < Т, Т is the expiry date of the option and К is the strike price. Show that 


P(S,,t;K,T) < К. 
Solution: We assume at time t, P(S,, t; K,T) > К and we set up the portfolio 
П, = K - PCS,t; KD) < 0. 
At time T' 


Пг = K - P(Sr, T; K,T) 
= К — шах{К - 57,0) 


Sp НАК 


К ifS;>K 


>0 


which is an arbitrage opportunity. Therefore, P(S,,t;K,T) < К. 


5. Consider a European call option C(S,,t; K,T) with strike price К where 5, is the spot 
price of a risky asset at time г < Т, with T the expiry time of the option. Assume that S, 
pays а continuous dividend yield О, then show that 


C(S,,t; K,T) > max{S,e-2¢-9 — Ке "9, 0} 


where r is the risk-free interest rate. 
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Solution: We assume C(S,, t; K,T) < max{S,e "24-0. Ke~"7—9, 0} and we set up а 
portfolio 


П, = C(S,,t; K,T) - max(S,e P070 — Ke", 0} < 0. 
At time T 


Пт = С(5т,5 K, T) - шах{5т — K,0) 
тах {,5т — K,0} — max{ Sr — К,0) 
= 0 


which is an arbitrage opportunity and hence a contradiction. Therefore, C(S,, t; K,T) > 
max(.S,e 2-9 — Ke"), 0}. 


М.В. We can also show this result using the риса parity C(S,t; K,T) — 
P(S,,t;K,T) = 5,е-24-9 — Ke7'(T-0. where P(S, t; K,T) is the European put option 
on the same strike price K and expiry time T'. Thus, 


C(S, t5; K,T) = P(S,,t;K,T) + Se Р? — Kee) 
> SPT) — ке "Т-0 
> max(.S,e 24-9. кет-с) 


since C(S,, t; K,T) > 0 and P(S,,t; K,T) > 0. 


. Consider a European put option P(S,,t; K,T) with strike price К where S, is the spot 


price of a risky asset at time г < Т, with T the expiry time of the option. Assume that ‚5, 
pays a continuous dividend yield D, then show that 


P(S,,t; K,T)  mx(Ke "19 — S,e То, 0} 


where r is the risk-free interest rate. 


Solution: We assume P(S,, t; K,T) < max{Ke~"7~9 — S,e-D(T—0. 0} and we set up a 
portfolio 


II, = P(S, t; K,T) - mx(Ke "1 9 — S,e (70 0} < 0. 
At time T 


Пт = Р(5т,Т; K, T) - max(K - 5т,0} 
= max{K — 5т,0} — max{K — 51,0) 
-0 


which is an arbitrage opportunity and hence a contradiction. Therefore, P(S,,t; K,T) > 
max{Ke7"7-) — Sie~PT-9_ 0}. 
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М.В. Like its European сай option counterpart, we can also show this result using ће put- 
call parity C(S,,t; K,T) — PCS, t; K,T) = S,e~P 7-9 — Ke" where C(S, t; K,T) 
is the European call option on the same strike price К and expiry time Т. Thus, 


P(S,,t; K,T) = C(S,t K,T) + Ke"? — Sg PT 
> Ке”"Ч-0 _ s е-0(7-0) 
> max(Ke "1 9 — 5 е-9О-0 0) 


since C(S,,t; K,T) > О and P(S,,t; K,T) > 0. 


7. Consider a European call option С(5,,1; K, T) with strike price К where 5, is the spot 
price of a risky asset at time t < Т, with T the expiry time of the option. If the stock pays a 
sequence of discrete dividends D; at time fj, i = 1,2,...,n,t<t) < t5 < -- «t, < T and 
by denoting r as the risk-free interest rate show that 


n 
C(S,,t; K, T) > max {5 - > Die 7009. Ket, 1 . 
i=1 


Solution: Using the  put-call parity С(5,6К,Т)-Р(5,:К,Т)-5- 
У" Die" — Ke"? where Р(8,,1; К,Т) is the European put option on the 
same strike price К and expiry time Т. Therefore, 


n 
C(S, t; KT) = P(S,,t;K,T) + S,- > De << ім 
1-1 


п 
> > Ре") - Ke 01-0 
і-1 


п 
> тах {5 - > Dye") - Ke (70, J 


ї=1 


since C(S,,t; K,T) > 0 апа P(S,,t; K,T) > 0. 


8. Consider a European put option P(S,,t; K,T) with strike price К where S, is the spot 
price of a risky asset at time t < Т, with T the expiry time of the option. If the stock pays a 
sequence of discrete dividends D; at time t;,i = 1,2, ...,n,£ < tj < t5 <. « t, <T and 
by denoting r as the risk-free interest rate show that 


n 
Р(8,5 K, T) > max pee — 5, + > Рет", 1 | 
ї=1 


Solution: Using Ше  put-call parity |C(S,5 К,Т)- Р(4,5К,Т)-5,- 
Ma Die"? — Ke"? where C(S,,t;K,T) is the European call option on the 
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same strike price K and expiry time T. Thus, 


n 
P(S,,1;K,T) = C(Spt; K,T) + Ke"? — S, Y Der 
i=1 
n 


> Ke — S, + У Der 
i=1 


n 
> max (кел — 15, + 52 beo] 


ї=1 


since C(S,,t; K,T) > 0 and P(S,,t; K,T) > 0. 


9. A stock price is currently worth $25 and it pays a continuous dividend yield of 2.29%. 
Given that the risk-free interest rate is 4% find the lower bound for an 8-month European 
put option on the stock with strike price $30. 


Solution: At initial time t = 0 we set the current stock price Sọ = $25, strike К = $30, div- 
idend yield D = 2.29%, risk-free interest rate r = 4% and expiry time T = 5 = 2 years. 
By setting P(S 9,0; K,T) as the European put option at time f = 0 its lower bound is 


P(So,0;K,T) > тах{ Ке"! — Sge PT, 0) 


2 2 
max (30e 0455 m 25e 0929x3 ‚0} 


тах(4.69,0) 
= 54.60. 


10. Consider a 6-топ European сай option on a discrete dividend-paying stock having а 
strike price of $33. The current stock price is worth $35 and dividends of $1.00 and $1.25 
are expected to be paid in two months and four months, respectively. Given that the risk- 
free interest rate is 2.5% find the lower bound for the European call option price. 


Solution: At initial time f = 0 we let the current stock price Sy = $35, strike К = $33, 


: ХӨХ = : Au OM 2: : г МЕ 
discrete dividends D, = $1.00 at time t; = = = z years, D, = $1.25 at time ty = 5 = 5 


years, risk-free interest rate r = 2.5% and expiry time T = £ = 1 years. 
By denoting C(Sp,0; K,T) as the European call option at time т = 0, its lower bound 
is 


C(So,0; K,T) > max{ So — Dje "! — Dye"? — Ке"",0} 


= шах(35- 0700256 _ ү 050-0025: _ 3307051 oj 


= шах{0.1745,0} 
= $0.17. 
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11. 


12. 


Consider two European сай options C(S,, t; К,Т,) and C(S,, t; К, T5) having expiry times 
T, and Т, with T, « Т», 5, is the spot price at time f and К is the common strike price. 
Show that for a non-dividend-paying stock 


С(5, t; K,TY) < С(5,,1; K,T)) 


for Т, < T». 


Solution: We assume С(5,,1; K, Tj) > С(5;, t; K,T) where at time t we can set up a 
portfolio 


II, = C(S, 5 K, T5) - CCS, 6 K, Tj) < 0. 
At time Т), the portfolio is now worth 
Пт, = С(5т,.Т|; K, T5) - max{ S7, — К,0) 


CCS, Ti; К,Т,) if ST, <K 


С(5т, ‚Ти; К,Т;)- Sr, +К if S7, > К. 


Since С(5т,,Т7|; K, T5) > Sr, - К we have Пт, > 0, which is a contradiction. Therefore, 
С(5,,5К,Т)|) < С(5,,5 K, T5) for T, < Т». 


Consider two European put options P(S,, t; К, Т) апа Р(,5,, 7; К, T5) having expiry times 
T, and Т, with Т) < Т», 5, is the spot price at time ѓ and К is the common strike price. 
Show that for a non-dividend-paying stock 


P(S, t; K,TY) < Р(8,,1; К,Т>) 


for Тү < T». 


Solution: We assume P(S,,t; K, Tj) > P(S,,t; К,Т,) where at time f we can set up a 
portfolio 


II, = P(S;,t; K, T5) - Р(5,, K,T,) «0. 
At time T}, the portfolio is now worth 
Пт, = Р(5т,,Т|; К,Т,)- max{ K — 51,0) 
PST, Ti K,T) if Sr, 2K 


Р(С5т,,Тү:К,Т,)-К + Sr, if S7, < К. 


Since Р(5т,,71; К,Т;) > К — Sr, we have Пт, > 0, which is a contradiction. Therefore, 
P(S,,t; K,T,) < Р(5,,5Т,) for Tj < Т,. 
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13. For a non-dividend-paying stock we consider a 3-month European call option with strike 


$51 and a 6-month European call with strike $52 with premiums $4.50 and $4.17, respec- 
tively. Let the risk-free interest rate be 10% and show that we can construct an arbitrage 
opportunity portfolio. 


Solution: At time t= 0 we denote Sq as the current stock price, strikes Кү = $4.50, 
K, = $4.17, expiry times T, = 5 = 1 years, Т; = 5 ES ; years and risk-free interest rate 
r= 10%. 

We denote the 3-month European call option with strike K, — $51 and the 6-month 
European call option with strike K,=$52 as С(50,0:К|,Т|) = $4.50 and 
С(50,0; Ky, T5) = $4.17, respectively. 

At time t = 0 we set up the following portfolio 

По — C (So, 0; К», T») = C(So, 0; Ку, ТІ) 
= $4.17 — $4.50 
= —$0.33. 


At time Т, 


Пт, = CCST, T3; Кэ, T») = С(5т, ‚Т; K,,T;) 
= CCST, Ti; Кэ, T5) max {Sr = K,,0} 


С(5т,.71; K,T ) if Sp, < К 


CCST, Ti; К», T») — ӛт + К, if ST, > К, 


С(5ту, Ti; Ka, T3) if Sp, < Ky 


IV 


Sr, = koe or = Sr, + К, if Sr, > К, 


С($т,, Т; К,Т) if Sp, < К, 


К, = Кое (G^ TD if Sr, > КІ. 


1 
Given С(5т,,Т|; К;,Т;) 2 0 and K; — Кет" Ф-Т) = 5] — 52e 9*3 = $0.28 > 0, ће 
portfolio Пт, > 0 which is an arbitrage opportunity. 
In contrast, at time Т, 


Пт, = С(5т,,7;; К,,Т,) - max{ Sr, — K,,0} = 0 


which is also an arbitrage opportunity. 
Thus, by setting up the portfolio at time 1 = 0 


По = C (So, 0; К», Т>) - C(So, 0; Кү, Ti) 


we can guarantee an arbitrage opportunity. 
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14. Consider two European call options C(S,, t; К,,Т) and C(S,, t; Ky, Г) having strike prices 
Ку and K,, respectively with Ку < K3, S, is the spot price at time f and T > t is the expiry 
time. Show that 


for Ку < К). 


Solution: We first assume C(S,,t; Ki, T) < C(S,,t; Ko, T) where at time f we can set up 
a portfolio 


П, = C(S, 5 Ki, T) - CCS, t; K, T) «0. 
At expiry time T' 


Пт = С(5т, T; Ki, TD) – CCSp, T; KS, T) 
max{ Sr — K,,0} — max( Sr — K>,0} 
0 if Sp < К, 


5т-К НК, < эт < К, 
K-K, if Sp > Ко. 
Hence, Пт > 0 which is а contradiction. 
We next assume C(S,,t; Ki, T) - CCS, t; К›,Т) > К — К, where at time f we set up 
the following portfolio 
П, = K, — Ку — C(S,,t; Ki, T) + CCS, t6; Ko, T) < 0. 


At expiry time T' 


Пт = К, A К, - С $т,Т; K,,T) + С(5т, Т; K,,T) 
= K, — К, – шах{5т — K,,0} + max( Sr — К>,0} 


= K, – Sr ИК, < Sp < К 
0 if Sp > Ку, 


Hence, Пт > 0 which is also а contradiction. 
Therefore, 


for Ку < K}. 
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15. Consider two European put options P(S,, t; К,,Т) and P(S,,t; К, T) having strike prices 
Ку and K,, respectively with Ку < K3, S, is the spot price at time f and T > t is the expiry 
time. Show that 


0<Р(5,5 Ka, T) - PIS;; Ky, T) < Ky — Кү 
for Ку < К. 


Solution: We first assume P(S,,t; K5, T) < P(S,, t; Ki, T) where at time f we can set up 
a portfolio 


П, = Р(5, K,T) — PCS, t; Ki, T) «0. 
At expiry time T' 


Пт = POST, T; K4,T) - PCS, T; Ki, T) 
= max{ K, — 5т,0} — max{K, — 57,0) 
К,-К, if S; < Кү 


0 if Sp > Ky. 
Hence, Пт > 0 which is a contradiction. 


We next assume P(S,,t; K2, Т) — PCS, t; Ki, T) > Ky — Ку where at time f we set up 
the following portfolio 


At expiry time T' 


Пт = K; - Ку - PS, T; Kj, T) + Р(5т,Т;К|,Т) 
= K, — К, — max{ K, — 5т,0} + max( K; — 57,0) 
0 if Sp < К, 


= ST — К, ИК, < Sp < К 


Hence, Пт > 0 which is also a contradiction. 
Therefore, 


0 < P(S,,t;Ky,T) - PCS, t; Ki, T) € Ky — K, 


for Кү < К. 
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16. 


Consider two European call options C(S,, t; K,,T) and С(5,, 7; Къ, T) having strike prices 
К; and K,, respectively with Ку < K3, S, is the spot price at time f and Т > t is the expiry 
time. Given the risk-free interest rate r show that 


0x C(S,,t; K, T) - C(S,,t; K;, T) < (Ky — Ke"? 


for Ку < K3. 


Solution: From Problem 2.2.1.14 (page 81) we have shown that 
C(S, 5; Ki, T) - CCS G5 K5, T) > 0. 
In order to show that 
С(5,, t; Ki, T) - C(S, t; K3, T) < (К, – Ke ' 07? 
we note that from the put-call parity 


C(S,. t; Ki, T) = PCS t Ki, T) + 5,— Kye" 
С(5,, 1; K,,T) = P(S, t; К», Т)+ 5, = Кое TD, 


Taking differences, we have 


C(S,t; Ky, T) — C(S,,t; Ky, T) = (К, — Ke 1? + PCS, t; Ki, T) 
—P(S,, t; K3, T) 


and since P(S,,t; Ki, T) — P(S, t; K2, T) < 0 (see Problem 2.2.1.15, page 82) 
C(S,,t;K,,T) - C(S,,t; K3, T) < (К — Ke 07 


for Ку < K}. 


. Consider two European put options P(S,, t; K1, T) and P(S,, t; Ky, Г) having strike prices 


К, and K,, respectively with Кү < K3, 5, is the spot price at time f and Т > t is the expiry 
time. Given the risk-free interest rate r show that 


0 € P(S,,t; K, T) - P(S,,t; Ki, T) < (Ky — Ke 7? 


for К, < K3. 


Solution: From Problem 2.2.1.15 (page 82) we have 
P(S,,t; K,T) ын P(S,.t; K,,T) 2 0. 
In order to show that 


P(S,,t; Kj, T) - P(S, t; Ki, T) < (Ky — Куе "07 
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we note that from the put-call parity 


P(S,t; Ks, T)  C(S,t; Ks, T) - S, Ke) 
P(S, t; K,,T) = C(S,, t; K,,T) 2 5, + K eT, 


Taking differences, we have 


P(S, t, K2, T) - P(S, t, Ki, T) = (Ky — Ke 07 4 CCS, t Ko, T) 
-C(S,, t; К, > T) 


and since C(S,, t; K5, T) — C(S;,t; Ki, T) < 0 (see Problem 2.2.1.14, page 81) 


P(S,,t; Kj, T) - P(S, t; Ki, T) < (Ky — Кре "079 


for К, < K3. 


18. Let the prices of two European put options with strikes $50 and $53 be $1.50 and $5.00, 

respectively where both options have the same time to expiry. 

(a) Is the no-arbitrage condition violated? 

(b) Suggest a spread position so that the portfolio will ensure an arbitrage 
opportunity. 

Solution: We assume the options are priced at time t with spot price 5, and we let Кү = $50 

and K, = $53 so that Р(5,,1; Ki, T) = $1.50 and Р(5,,1; K2, T) = $5.00 where T > t are 

the options’ expiry time. 

(а) Since P(S, t; K2, T) – P(S, t; Ki, T) = $5.00 — $1.50 > K, — K, = $53 — $50 for 
Ку < К», this violates the condition P(S,,t; K, T) - P(S, t; K,,T) < K) — Kj. 

(b) We let the portfolio at time 1 be 


П, = P(S, t; Ki, T) — P(S, t; Ky, T) = $1.50 — $5.00 = -53.50 


where at time T, the portfolio will be worth 


Пт = max(50 — Sr,0} — max{53 – S7, 0} 


-3 if Sp < 50 


Sp — 53 И50< S, < 53 


0 if Sp > 53. 
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Hence, the profit at time T is 
Yr = r-H, 


0.50 if Sp < 50 


Sr — 49.50 150 < Sp < 53 


3.50 if Sp > 53 
> 0. 


Thus, Үт > 0, which shows that the portfolio II, = P(S,,t; КІ,Т)- P(S;,t; K9, T) pro- 
vides an arbitrage opportunity. 


19. The Black-Scholes formulae for the value of a European call option С(5,,1; K,T) and a 
European put option P(S,, t; K,T) are 


C(S, t; K,T) = Se PT @(d,) – Ke" Tod ) 


P(S,t; KT) = Ke"? %@(-d_) — 5 е-5Т-9Ф(-4,) 
with d, given by 


log(S,/ К) + (r D+ 502 Г — t) 


oNT —t 


Ф(.) is the cdf of a standard normal, S, is the spot price at time t < T, T is the expiry 
date of the option, K is the strike price, r is the risk-free interest rate, D is the continuous 
dividend yield and с is the spot price volatility. In the following limits show that the values 
of the call and put prices satisfy 


d, = 


(а) lim C(S,,t; K, T) = max( Sy — К,0), lim P(S,,t; K, T) = max(K — $т,0} 
t^ 1-» 


5,6-207-0 — e (T-0. if S, > Ke PT) 
(b) lim C(S,,t; K,T) = 
ин: 0 if S, < Ке-0-РТ-2) 


0 if S, > Ке-6-РХТ-) 
limi Р(5,,#; К,Т) = 
=» 


қ-ға-5 — Sie DT-t) if S, < Ke C*-DXT-0 
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(с) lim C(S, t; K,T) = ig BUE lim P(S, t; K,T) = Ke 1-0 
60-209 соо 


(d lim С(5,6К,Т)-0, lim P(S,,t;K,T) = Ke "1? 
D 20 D-00o,0»0 


00,0 


S, ifD=0 
© im eiie 
у 0 ifD>0 
К ifr=0 
„лвла ту 
| 0 ifr»0. 


Solution: 
(a) For the case t > Т 


log(S,/K = 
lim d, = lim ЕВ Pio) VT- 
t>T гэТ SA TE 2 


+оо if Sp>K 


-40 ifS;=K 
—oo if Sp < К. 
Hence, 
8т-К if Sp>K 
lim C(S,,t; K,T) = 
аа 0 if Sp < К 
К-5т ifSp<K 
lim Р(5,,1,К,Т)- 
тэс 0 if Sp >К 
or 


lim С(5,,5 K,T) = шах(5р-К,0)| 
1-» 


lim P(S,,t; K, T) = max(K — 57,0). 
1-» 
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(b) For the case o > 0 


o>0 ~ o0 


in, = pe [St Meri] 


ovT -t 


+оо if S, > Ke-(U-DXT-0 


0 15, -Ке-0-2ХТ-0 


—oo if S, < Ке-0-ЭХТ-0, 


Therefore, 


S,e D(T-0 — Ке-"Т-0 if, S, > Кее DIT) 


lim СС5,, t; К, T)- 


and 


0 if S, € Ke C Шы 


0 if S, > Ke-0-DXT-0 


lim P(S,,t; K,T) = 
c0 


(c) For the case с — оо 


000 7 000 


КИТО _ Sie DT-t) if S, < Ксе-(07-0ХТ-4). 


lim d, = lim [тыкы т. iis rj = +оо. 


oyT -t 2 
Therefore, 


lim C(S,,t;K,T) = S,e D(T70 
0—00 


and 


lim P(S,,t; KT) = Ke 1 9, 
с оо 


(d) For the case D —^ œ апіс > 0 


( logGS,/ К) + (r + 502)(Т – 1) 
lm d,- lim 


ovT -t 


-8уг- 
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Hence, 


lim 605» t;K,T)= 


D-.,0> 


and 


lim | POS). K,T) = Kent. 


П->оо,о> 


For the case T > со, с> 0 and if > 0, r > 0 and because 0 < Ф(4,) < 1, 0 < 
Ф(-а,) <1 


lim 22655 K,T)=0, jm P(S,,t;K,T) = 


Т-»со,о» 


For the case T > œ, с> 0 and if D = 0, r > 0 we have 


108(5,/К 
lim а, = , lim [89/9 (Ede) vri] 
00,0» 


Т-»со,о»0 oVT -t б 
= +оо. 
Непсе, 
lim ,CO»5 K,T)- 
Т—со,о> 
апа 
lim of Ort K,T)= 
Т—со,о> 


Finally, for the case T > co, о > 0 and if D > 0, r = 0 we have 


ШИ Wee im Ure (ре) ут] 


Т->со,о>0 Т->со,о>0 сүт -t б 
= —oo. 
Therefore, 
lim 0658, К,Т)-0, lim Р(5,5К,Т)- 
T>%,0> T-~w,o>0 


Collectively, we can deduce 


S, ifD=0 
lim 2605,5 K,T)= 
ж 0 ifD>0 
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and 


K ifr=0 
lim P(S,5 K,T) = 
>0 


Peru 0 ifr»0. 


2.2.2 Black-Scholes Model 


1. Black-Scholes Equation with Stock Paying Continuous Dividend Yield I. Let {W, {1> 0} 
be a P-standard Wiener process on the probability space (©, F, P) and let the stock price 
5, follow a geometric Brownian motion (GBM) with the following SDE 


t -- 


45 
S, = udt + od W, 


where и is the drift parameter and с is the volatility parameter. In addition, let В, be the 
risk-free asset having the following differential equation 


dB, =r B,dt 
where r denotes the risk-free interest rate. 


Assume that the stock S, pays a continuous dividend yield D. Intuitively, explain why 
the above SDE can be written as 


dS, = (и – D)S,dt + oS,dW,. 
By considering а delta-hedging portfolio involving both an option V (S;, t) which can only 


be exercised at expiry time Т and a stock ,5,, derive the Black-Scholes equation for a stock 
that pays continuous dividend yield. 


Solution: Given that dividend yield is defined as the proportion of asset price paid out per 
unit time, when a dividend is paid out, the stock price S, is reduced by D.S,dt. Therefore, 
we can write 

dS, = (и — D)S,dt + o S,dW,. 
At time f we let the value of a portfolio П, be 


П, = V(S,12) – AS, 


where it involves buying one unit of option V (S, t) and selling A units of .S,. Since the 
investor receives 0.5, 41 for every unit of asset held, and because the investor holds —A S,, 
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the portfolio changes by an amount —A D 5,44 and therefore the change in portfolio П, is 


dll, = dV — А(45, + D S,dt) 
= dV — AdS, — AD S,dt. 


Expanding V (5,, f) using Taylor's theorem 


av = dre Sods, +190 (45) + 
S; 


and Бу substituting dS, = (и — D) S,dt + o S,dW, and subsequently applying Ito's lemma 
we have 


dV = % + Чаат +(u-— 223 die oS SW, 
Substituting back into 4П, and rearranging the terms we have 
ап,- (% + Lo 42 ‘tes р)5, ШЕСІ 
—A [(и- D) 5,41 + oS,dW,| - AD S,dt 
2 -(% + 50 арда, sii D$. 2 dt 
toS, (2 - А) dW,. 


To eliminate the random component we choose 


-V 
д5, 


which leads to 


QV |12 202У 
ап, = | — Ку -р5-- | ді. 
; (2 159 г as? &) 


Under the no-arbitrage condition the return on the amount П, invested at a risk-free interest 
rate would see a growth of 


ап, = гПа! 
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N 


where r is the risk-free rate and hence we have 


ди 1 228V ди 
ILdt = 42025 - DS dt 
ша (® 2° "ag OS, 


Oe 1 5,20V дү 
V(S,,1) - AS,) dt = | £— + 202522 — - ps, — Jat 
ОРАЗ SP) (% кт шы тз 


aV WV 1 220V дү 
V(S,,t) – S,— | = — + <0? S?— — DS, 
r( ee) 88) ar 2° °F 952 725; 
and finally 
OV 1 52,29V ди 
+ 2025 + ("= D)S,— —rV(S,,t) = 0 
дї 22 t 9,52 (r ) ‘aS, r ( t ) 


t 


which is the Black-Scholes equation for a stock which pays continuous dividend yield. 


. Black-Scholes Equation with Stock Paying Continuous Dividend Yield П. Let {W, UE 0) 


be a P-standard Wiener process on the probability space (Q, F, Р) and let the stock price 
5, follow a GBM with the following SDE 


45, 
—. = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа o is the volatil- 
ity parameter. In addition, let B, be the risk-free asset having the following differential 
equation 


d B, = г B,dt 


where r denotes the risk-free interest rate. 
At time 1 we consider a trader who has a portfolio valued at П,, given аз 


П, = ф,5, + yB, 


holding ф, shares of stock and y; units being invested іп a risk-free asset B,. Let the option 
price at time t be V (S,, t); the contingent claim V (S, Т) is said to be attainable if there 
exists an admissible strategy worth Пт = V (S7, Т) at the option expiry time T, Т > t. 
In the absence of arbitrage, show that II, = V(S,, t), t е [0, T]. 
Finally, show that the portfolio (ф,, w,) is self-financing if and only if V (S,, f) satisfies 
the Black-Scholes equation for a stock that pays continuous dividend yield. 


Solution: Assume there is a risk-free interest rate r where an investor can invest in a money 
market account. At time f, if II, > V (S, t) then the investor can sell the portfolio П, and 
use the proceeds to buy the option V (5,, t), making a profit II, — V (S,, f) > 0 and saving 
it in a risk-free money-market account. At time T' both of the asset values are identical, 
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Пт = V (Sr, T), with the value of the bought option covering the sold portfolio and making 
a risk-free profit (П, — V (S, t))e' 9. 

Alternatively, at time t if II, < У(5,,1) then an investor can sell the option V (S, t) and 
buy the portfolio П,, also making an instant profit V (.S;, f) — П, > 0, and the proceeds can 
go into the money-market account. At time Т the asset values are equal, Пт = V (Sr, T), 
with the value of the bought portfolio covering the sold option and making a risk-free profit 
(V(S,,t) — I1,)e' 79, 

Therefore, under the no-arbitrage condition we must have П, = V (S, t). 

At time t € [0, T], to replicate the option V (5,, f), let the self-financing portfolio be 


V(S,.t) = ф5, + у, В). 
By applying Taylor's theorem on dV 


2 
зү EE Ал 


LL (45,2 +... 
дї д5, 2 as? pt 


and since (45,)? = ((u — D)S,dt + o S,dW,}? = 025241 such that (dt) = 0, v > 2 we 
have 


Since the trader will receive D.S,dt for every stock held, the portfolio (ф,, w;) is self- 
financing if and only if 


dV = $44SS, + yd B, + $6; DS;dt = $4 S, + (В, + h, DS,)dt. 


By equating both of the equations we have 


V 1 228V дү 
Вии, + $,DS, = — + -02:52--- and Ed it 
rB + $,DS, дї 22 ! 952 ап ф, 98, 


and substituting the above two equations into 
V = ф,5, + yB; 
we have 


OV | 1 220V дү 
42025 +(r—D)S,— — rV(S,, t) = 0. 
д 207092 Цан с 
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3. Black-Scholes Equation with Stock Paying Discrete Dividends. Let {W, га» 0) be a P- 
standard Wiener process on the probability space (Q, F, P) and let the stock price S, follow 
the SDE 


dS, 
“5, = udt + сай’, 


where и is the drift parameter and o is the volatility parameter. In addition, let В, be the 
risk-free asset having the following differential equation 


dB, =rB,dt 


where r denotes the risk-free interest rate. 

Assume the asset S, pays a sequence of fixed dividends О; at time tp,» PH 1,2, рып 
such thatt < tp, < tp, <>“ < tp, Explain intuitively why the SDE for S, can be written 
as 


n 
dS, = С - У р6а- 2 dt +oS,dW, 
і-і 


where ó(t — t p.) is the Dirac delta function centred at tp . 

By considering a hedging portfolio involving both an option V (.S,,t) which can only be 
exercised at expiry time T > їр, and a stock S,, show that V (S,, 7) satisfies the following 
differential equation 1 


п 
OV 1 52,.20V aV 
S S,— Y Djó(t —t — —rV(S,,t) = 0. 
a Por o AE DD D) | ag. "V 6360 


Solution: When a discrete dividend Р, is paid at time f p,, the asset price 5, is reduced by 
the same amount. However, for the time between dividend payment dates, S, still follows 
a GBM process. Hence, we can write 


n 
dS, = С - У рё - 2 йт + oS,dW,. 
ї=1 


At time че let the value of a portfolio П, be 
II, = V(S,1) – AS, 


where it involves buying one unit of option V (S,, 1) and selling A units of S,. At times 
ірірзір,»--әір,, the owner of the portfolio receives D, D», ..., D, dividend payments 
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for every asset held. Therefore, the change in portfolio П, becomes 


n 
dil, = dV — ^ С + 2, Djé(t — 22 
1-1 
= dV — A(uS,dt +oS,dW,). 


Expanding У(5,,1) using Taylor's theorem 


дү oV 2 2 
dV = —dt + —d S, + 2—— (4.5 ian 
дї р д5, P 2282 (45) + 


and by substituting dS, = (us, - d Djó(t — 79) dt+o8S,dW, and applying Ito’s 


lemma we have 


n 
OV 12020 дү дү 
dV = | — + т0:572---4| nS, - У Djó(t - t — | dt+oS,——dW,. 
| жасы шаа ш. 


п 
OV 1 228V ди 
all, = | — + =02,52— S, - 3 0,50 -t — – pAs, |41 
; СЕ rM и, 2 (00-18) 25; HAS, 


+05, E: - А) dW,. 
t 


Setting A = x to eliminate the random component leads to 
an, =(% 41,2992” у psa—t,)™ ) at 
D 2 t 282 2- і Di 95, + 


Under the no-arbitrage condition the return on the portfolio П, invested іп a risk-free inter- 


est rate would see a growth of 


dll, = "та! 
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where r is the risk-free interest rate and hence we have 


mar= (% 1225200 _ У Dat - r5)? Эг, 
1 


дї "282 4 


i= 
r(V(S,,t) - AS,) dt = (% А lots 2 


Dijó(t — t t 
дї S | ^" 


у аан: ev 
ves p-s, = ele -Y» D,é(t — 
r( (5, ) е) ; 159 5 952 т ( 


i 


which eventually leads to 


n 
OV 120060 дү 
+ 5 -(|ғ5- D;ó(t —t — —rV(S,t) 20 
дї 2° "252 ғ, 2, :9( р) 98, rV( t ) 


which is a Black-Scholes equation with stock paying discrete dividend payments. 


> 


. European Option Valuation (PDE Approach). Let {W, га» 0} be а P-standard Wiener 
process оп the probability space (Q, F, Р) and let the stock price 5, follow a GBM with 
the following SDE 


= (u — D)dt+odW, 


where и is the drift parameter, О is the dividend yield, o is the volatility parameter and let 
r denote the risk-free interest rate. 

Let C(S,,t; K,T) be the price of a European call option with strike К and expiry time 
T » t, satisfying the Black-Scholes equation 


ðC 1l 228°C aC 
— + -0° S*— + (r – D)S,— – rC(S,,t; K,T) = 
as: 198, ! 


with boundary conditions 
С(57, Т; K,T) = max{S; – K,0},C(0,t; K,T) =0 
C(S,,t;K,T) ~ S,e DT7? as S, > оо. 
With the introduction of variables x, т and u(x, 7) defined by 


5-Кеі-Т- т CB T) = Ко(х, т) 


2 
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show that the Black-Scholes equation is reduced to 


D. NE N 
дт дх2 E" 0 


with boundary condition 
v(x, 0) = max(e* — 1} 


(r—- р – 502) 
where Ку = i and Ко = ——. 
502 T2 
Using a change of variables v(x, т) = e***/*u(x, т) show that by setting 


1 1 
а=-5 and p= -3% - kg 


the problem is reduced to a diffusion equation of the form 


ди д?и 
= 3:5 409) = f(x) 


1 
where f(x) = max (e2 01 *P* — 


Given the solution 


1 
e2*1* 0) for оо < x < œ and « > 0. 


1 5 NE 
и(х,т) = | Үсде ^ dz 


2\/лт 
deduce that 
C(S,,t; K,T) = Se P0790 (d,) - Ke" (а) 
where 
log(S,/K) + (r— D+ 502)(Т -1) 
са eT 
and Ф(х) 18 the standard normal сағ 


12 


ox) = | l e 2" du. 
-ю \/2л 


Solution: A European call option with value C(S,,t; K,T) satisfies the Black-Scholes 
equation 


oC 1 
— + с 
2 


2020?C дС 
t 1 


52--- + (r — D)S,— —rC(S,,t; К,Т)=0 
252 (ғ 2595, rC(S, ) 
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with conditions 
С(57, Т; K,T) = шах{5т — K,0},C(0,t; K,T) =0 
C(S,, t; K,T) ~ S,e-PF as S, > oo. 
First we transform the Black-Scholes equation by making it dimensionless, setting 


S,-Ke't-T- т COMED = Ко(х, т) 
=O 


2 
and write 
aC _ Cdr 1,2200 OC _ OC: ax _ K dv 
ot дтдї 277 dt’ dS, дх dS, 5, дх 
and 
2с _ д (әс 
952 95, NOS, 
IUS oom: 
~ aS, V ax 98, 
_ д (“у д (дх үдС 
as, \дх/ aS, 08, \95,] ax 


агь ск MUN ES 
© dx dS, NOx / 95, \ 82/ Ox 
22026 (а (iae 

~ ox? VOS, S? } ox 

_ к (Sv 9 

52 ox? ax J” 


By substituting the above expressions back into the Black-Scholes equation we have 


ðv Ov до r-DoOv r 
= — v(x, T) 
дт Ox? Ox 1,2 0x 1,2 
2 2 


or 
шл 20297 и(х,т) 
дт дх2 lox 979 
("= р- 50?) 
where Кү = ———————- and ky = : 


1 12 
29 29 
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As for the boundary condition 


C(Sr, T; K,T) = max (Sz — K,0) 


it becomes 


Kv (x,0) = max (Ke — K,0} 


or 


v(x, 0) = max {e* – 1,0}. 


In order to simplify the partial differential equation (PDE) we let 


U(x, т) = ет u(x, т) 
with 
Qv 2 fe u(x, т) + сах+рт ди 
дт дт 
Qv - ае *P* u(x, т) + сахчрт ди 
дх дх 
do ae P үх т) + aet Pr 04 +. goaxt ir ди | сект 0и 
дх? | дх дх дх2 
2 
— „а@х+#т 2 ди Oru 
= т) + 2a— + — |. 
е (« u(x, T) gm x) 


Substituting the above expressions back into the PDE yields 
ди д?и ( ди 


Bu(x, tT) + a = а?и+ 2a + aor au + =) — kgu(x, T) 


or 


д?и ди ди 
ot (2a + к) 2 (a? + kya — ky — B) u(x,t) = 3e 


In order to reduce the above problem to the form 


Pu Qu 
дх2 дт 


we Іеї 


В = а2 + Куа – Ку and 20+ к = 0 
which gives 


1 1 
а=-5 and p= -3 = 
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Therefore, 
u(x, T) = e" Pr (x, т) 
1 1 
с e 39 GEH (х т) 
where 
Qu ди 
— = —,x E (—оо,оо),т > 0 
Ox? дт ( ) 
with 
u(x, 0) = ед v(x, 0) 
1 
= e2*1* max {e* - 1,0) 
1 1 
2 max (e 5 Ух _ e2"I* 0) 
ог 


1 1 
f(x) = таже ИХ _ езх 0}, 
The solution to the diffusion equation 


u ди 
ES = Өт? е (—00,00), T > 0 


is given Бу 


2\/лт 


1 со _ (zy? 
и(х,т) = ү f(z0 к dz. 
V -со 


Using the changing of variables we let у = Eu 


ут 
u(x,t) = : ГМ fat Убе Эта 
ЛТ J-—oo 


NE 


1 
Since f(x + \/2т y) = тіше У (ex 27у _ 1),0} > Oif y — 


2r 
eyes 12 Гоша ина ау 
V2a E 
=h-h 


where 


Г оу ду 
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and 


Г giae ar yy dy, 


To calculate Г; we have 


МҰНАН ЫЛ 


Ут 


eG Die ану со 


1 


е20-б +DV2? Jy, 


Let s = y — Gk + D V2: then 


1 1 
e Git 0+5 +107 со аар 
= е 2° ds 


V2x бут 


1 1 
— eG Gk Dg (d,) 


1:1 qued х 1 сҮн 
where b(4,) = —— / e P dsandd, = —— + (5k +1) 21. 
V 2z J=% v 2c 


Using the same techniques we can write I^ as 


1; = ЯПОРЦЫ” (а.) 


1 1 1 1 
u(x, t) = ҚЫЛЫҒЫ es e; itd ) 
and from C(S,,t; K,T) = Ки(х, т) = Кет (х, т) we eventually have 
C(S, t; K,T) = Ke** бч-ЮюМ»тф(д,)- Ke“ (d_) 


where а = -3h and f — -ik - ko. 


1.22 
А БИ ЕЕ 29 ) r 
Finally, by substituting k, = i and Ко = тз we һауе 


162 1 
22. 2° 


C(S,,t;K,T) = Se PT -—9Ф(а,)у— Ke" @(d_) 
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where 


log(S,/K) + (r D + 56?) - t) 
oyT -t | 


М.В. Using the рш-сай parity we сап show that the price of а European put option is 


d, = 


P(S,,t;K,T) = Ke"? %@(-d_) - S,e-PT 9 @(-d,). 


сл 


. European Option Valuation (Probabilistic Approach). Let {W, UE 0) be a P-standard 
Wiener process on the probability space (©, F, P) and let the asset price S, follow a GBM 
with the following SDE 


48, 
—! z (u - D)dt+odW, 
S, 


where и 18 the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. Using Ito's lemma show that under the risk-neutral measure Q the conditional 
distribution of S. given S, is 


5815, ~ log -N [log 5,/4(-0- ZNT “pj 7 


where ғ is the risk-free interest rate апа Т > 1. 
From the Feynman—Kac formula the European call option with strike К and expiry time 
T is given by 


C(S,,t;K,T) = e "TE? | тах(8-- K,0}| F,] 


where 9.) is the expectation under the risk-neutral measure Q. 
Using the risk-neutral valuation approach show that the European call option price is 


C(S,,t;K,T) = е Р“ @(d,) — Ke  @(d_) 
where 


log (S,/K) +(r- D+ 50° (Г =) 


oNT -t 


d, = 


and Ф(х) 1s the standard normal сағ 


Ф(х) | 12-24 
x)= e и. 
-œ \/2л 
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Finally, deduce that the European put option price with strike K and expiry time T is 
P(S,,t;K,T) = Ke"? @(-d_) – Se" PT B(-d,). 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q we can write 
dS, о 
1 


H—r 


such that иЗ =W,+ 
б 


can show that for t < Т 


d(log S,) 201 ОЕ 
og = SS SS ү —— 
EE E ЕУ 


) t is a Q-standard Wiener process. Using Ito's lemma we 


= (r- D)dt + caW? — 5020 


= (r -D- 502) dt + сау/2. 
Integrating over time we һауе 


T T 1 Т 
f sso f (-о-14)шз | сау/2 


5т 12 а 
toe (=) =(r-D-50 )m-0*ewg, 


t 


where wo Зо N (0, T — t). Hence, conditional on 5, we can write 
5715, ~ log-N [log 5, + (r aip 362) (T -f,cXT — 2] | 


Under the risk-neutral measure Q we сап write the European сай option price as 


С (5,5К,Т) = e "Т-ЭЕЗФ [max (57. - K,0}|F,| 
= ы | тах(8-- К,0)/(81|8245%. 
0 
Here, for а log normally distributed random variable log X ~ М№ (и, o?) the probability 
density function (pdf) is 


lf logx-u 1 


fy (х;и, в) = : gale) ,x>0 
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and we can thus write 


1 (= Sp —log жалау 
1 2 eS 
f (85:15) = е ‚ Sr>0 
(Srl, Spo V2a(T —1) 
or 
1 Е 
f (515) = е М), Sp > 0 


Spov/2a(T — t) 


where m = log S, + (r -р- о?) (T — t). Therefore, 


K 
C (Spt; K,T) = e77 max{Sr — K,0} (Sp|S,)dSp 
0 
dg 759 1 тах ($5 — К, 0} f(S7|S,) d Sz 
K 


= rT) n (Sp — K)f(SplS) d'Sr 
K 
= 1-1 


where 


fae) / $т/(5т|5)45т and Г, = е7"-0 / K f(S7|S,) 45%. 
K K 


Solving Г, we have 


quen i Sr f (Sp|S;) 457 
K 


co (наг) 
= grt) / 1 e 21 оУТ- 45) 
К ocw2z(T — 1) 
| 1055т —т 
and by letting и = —~—— we then have 


сүТ-1 


ет-"Т-—1) со 


-1,двцү/Т-- 
S e zu t+ouv T ! du. 
/ og K—m 
2л сүТ-1 


1 = 


Using the sum of squares 


и -сиүТ-і- -3 (С -оү1Т- i) - c^(T — 1 
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we can simplify I, to become 


em—r(T-t) all сүт i) o2(T 1 
Ул PE m d 


= 22 


П----- и 


1 2 
n 1 zorra) d 
By setting 0-и-сҰҮТ-і and substituting m = log 5, + (r - D- 162) (T – 1) we 
eventually have 
log(S,/K) + ("= D+ sour - 1) 
I, = Sg Ро. 
oyT -t 


Similarly for 1; we have 


1, = е" 1 К/($т) 457 
K 


2 
туха dS, 


= ши Ї ду? 
к Б5үбү21-1) 


log Sr —m EN ics 
— — ———- and substituting m = log S, + (r -D- 39 ) (T-t) 


and by setting u = 
oyT -t 


2! 
е 2 du 


їр = eK 


= т зул 
— ке-ї-0|1—фФф logK – т 
ovT -t 


log(S,/ K) + (r— D — sour Et) 


oyT -t 


= Ке "ТЭФ 


Therefore, 


CCS, t; KT) = Se PTO (d,) - Ke" (а) 
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where 
log(S,/K) + (r= Р + 50°) Г 
d, = — l. 
i ovT -t 


Using the put-call parity 


C(S,t; KT) - P(S,t; K,T) = 5е DT70 — Ke" 


the European put option is 


P(S,t; K,T) = C(S,,t; K,T) - Se P0798, + Ke 170 
= S,e PT Dod) – Ke "(T M@(d_) – Se PF + Ke 
= —S,e PT [1 — Od,)| + Ke [1— Ф(4_)| 
= Ке "Г-0Ф(—4_)- 5е-24-9ж(-а,). 


6. Martingale Property. Let (W, : t > 0} be a P-standard Wiener process on the probability 
space (Q, F, P) and let the asset price S, follow the following SDE 


dS, 
—. = (u — D)dt+odW, 
S, 


where и is the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. In addition, let r be the risk-free interest rate. 

We define the price of a European call option priced at time 7 with strike price К and 
expiry time T, t < T as 


C(S, t; K,T) = Se Р“ Od) Ke dd ) 
where 
log(S,/K) + ("= D + 502)(Т -t) 


сүт -t 


d, = 
and Ф(-) is the cdf of a standard normal. 
Show that e" C(S,, t; K,T) is a martingale under the risk-neutral measure Q. 


Solution: Under the risk-neutral measure Q, S, follows 


dS, ü 
—. = (r— D)dt + odW, 
S, 


where we =W,+ (=) t is a Q-standard Wiener process. 
б 
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Using Ito's lemma we can easily show for T > t 


log (=) ~N [6 = 362) (Т—,о?(Т— г) 


with density function for Sy 


: 12 5 
1 їое(5т:/55)-(7-О- 56 XT-t) 
1 e 2 сүТ- 


Srpov/2a(T — t) 


/(5т|5) = 


To show that e" C(S,, t; K,T) is а Q-martingale we note the following. 
log(S,/K)+(r-D+ 50° \(T -т) 


сүТ-т 


(а) Fort <т <T and by setting d? = 


rQ [e CCST; K, T)| F,| = FQ [e гт {Se DT Эф(ат) 


- кет" 


= ет Г(Т-тур0 ЕЕ СИ 


F, 


-Ke "ТЕЗ [|Ф(а*)| F,] 
=h-h 


where 1| = е7" 007-00 | 5-Ф(4:) 


For the case 


я | and 1, = Ke"TE® | (55 2]. 


I, = ыш |5, Фат) 


| 
2 ет!т-4ХТ-т) 


со (4% /К)-(7-04-505ХТ--1) 
x | 5:Ф 
0 сүТ-т 


) /(5$,|5) 45, 


| log(S,/S,) - (r - D - 502)(7 - 0) 
and by setting x = —————————_____———— we have 


сүт-1 


Pop D(T-1)+(r—D 102)(т 1) 


JI 1 g 365 2х0 VTD qx 
= сүТ-т Ү2л 


со 
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or 


1 = Sie rt—D(T—rt)+(r—D)(t—-1) 


x [o (Ei) келед, 
2 сМТ – т ул 


со 


where т = 108(5,/К)-(7- D + то?)(Т—т)+ (r — D — о?)(т — t). 
By setting y = x — сүт — t we have 


I = Sie rz— D(T —)«(r- D)(z-t) 


JI EE 1 10 
= сүТ-т 


со 


ог 
I= а! Ф 4, + ру 1 e73” dy 
-00 {= p 4/2л 
where р = шеш From Problem 1.2.2.14 of Problems and Solutions іп Mathemat- 


-— 
ical Finance, Volume 1: Stochastic Calculus we can deduce 


ijs Se PTV D(o0, а,,-р) 
= Se" PT @(d,) 


log(S,/K) + (r — D + 102)(Т —1) 


ovVT —t 


where d, = 


In contrast, for 


I, = Ke"TE® [PAD] F] 
оо шин + (к= D- $o?YT - т) 
= кең | Ф| ———————_— 
0 сүТ-т 


) 765,50 dS, 
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log(S,/S,) - (r D - 50?)(r - 0) 


and by setting x — we have 


ovt—t 


І, = Ke“? 
T log(S,/K) + ("= D — 5027 — 1) + хоу —1 ЖЕСТ 
ТОР Әс сео шш те гэг 2 
—00 oyT -rt Ү2л 


=K" | Ф зы NE 2729 dx 
-со Ү1-р2/ y2r 


= Ке” ТФ(оо,4 ,—p) 


өсі log(S,/K) + (r — D — 502 Т — t) 
where р = 4/ ——— and а = —————————————————,. 


D ovT-1 


Therefore, 


cQ [е СЕТ) F,| =e" [S e P1 -? dd, ) 23 Ke"? @(d_)] 
= e" C(S,t;, K,T). 


(b) Since |e~"C(S,,t; K, T)| = e~"C(S,,t; K,T) and because C(S,,t; K,T) < 5, < со 
therefore 


E? [le "CCS, t; K, T)|| = E? [e CCS, t; K, T)| <е "5, < oo. 


(c) Given that e" C(S,, t; K,T) is a function of S,, hence it is ¥,-adapted. 
From the results of (а) — (с) we have shown that e" C(S,, t; K,T) is a Q-martingale. 


М.В. Using the same steps we can also show that e^" P(S,, t; K,T) isa Q-martingale where 
P(S, t; K,T) is the European put option price with strike К and expiry time Т where the 
stock pays a continuous dividend yield. 


7. Invariance Property I. Let the price of a European option V (S,,f) satisfy the Black- 
Scholes equation 


9 1 228V дү 
— + 02.82 — + (r – D)S,— —rV(S,1) = 0 
as. 195, ! 


where S, is the spot price of a stock at time f, с is the stock volatility, ғ is the constant 
risk-free interest rate, D is the continuous dividend yield and T is the option expiry time. 
Show that У(4.5,,1) is also a solution of the Black-Scholes equation for 4 > 0. 
Give a financial interpretation of this property. 
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Solution: Let W (S,,1) = И(4.5,, 2) and by setting 5, = AS, we һауе 


QW ди aW ду д8, ду 


— = —— =À 


Ot 9° д5, 25,95 ә 


OW , l 2920W aw 
— 4 02,5 De W(S,,t 
3 А ЖҮЗ +(r- D) -rW (5,,1) 
we have 

OW 1 220° W ow 
астай 90 колы NK 
„ОУ ыт 624252 Das, 2E —гу($„) 

й 2 21: 95, 

2y 

Ж ZEE 2 + (r— D)S, por "T 

й 2 as? ‘aS, 
=0. 


Thus, the Black-Scholes equation is invariant under the change of variable $, = 45, 


for A > 0. 
Given that both V (S,, 1) and V(AS;,t), A > 0 satisfy the Black-Scholes equation, the 


price of a European option scales with the underlying stock price. 


. Invariance Property II. Let V,.(S,, t; K,T) denote the Black-Scholes formula at time 1 for 
a European option with expiry T, T > t, strike К, given S, is the spot price of a stock at 
time f, c is the stock volatility, D is the continuous dividend yield, and let r be the constant 


oo 


risk-free interest rate. 
Prove that for any constant a > 0, 


V, (aS, t; K,T) = aV4GCS,, t; K/a, T). 


Solution: By definition 
V4,(S, t; K,T) = 6S,e PTD o(d) —óKe "1 @(Sd_) 
log(S,/K) + (r — D+ 50°\(T -t) 


d, = 
3 сүТ-1 


8- +1 for European сай option 
71-1 for European put option. 
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For any constant а > 0, 


V, (aS, t; K,T) = a5S,e 1 ?dp(6d,) — óKe "1 d(ód ) 
log(a.S,/K)--(r- D+ 10T -1) 


сүТ-1 


log(S,/(K/a)) + ("= D+ о?)(Т - id 


ovT -t 


d, = 


Thus, 


Vp (aS, t; K,T) = a [6S PT Ф(ба, ) — 6(K /ae "7 &(5d_)| 
= aV,,(S;,t; K/a, T). 


N.B. For example in a one-for-two stock split (holder of one share before the split will hold 
two shares after the split), with the introduction of new shares the value of the stock price 
and the strike price will be scaled by half. Thus, the value of the option prices will also be 
halved. 


. Higher Derivatives Property. We consider the value of a European option V (S,, t) satisfy- 


ing the following Black-Scholes equation 


oV +102529 7 ce ps аў - 
дї +2 д5? OS; 


—rV(S,,1) = 0 


where S, is the spot price of a stock at time 1, ø is the stock volatility, ғ is the constant 
risk-free interest rate, D is the continuous dividend yield and Т > t is the option expiry 
time. 

Using mathematical induction show that 


gn lV 
595" 


И/ “8, t) = 


also satisfy the Black-Scholes equation for any и = 1,2, ... 


. (п) п o" V 
Solution: Let W™(S,, t) = S?—_, 
д5! 


For п = 1 we һауе WDS, t)= s% and by differentiation 
1 


() a) 2 
2L шн SC C) E ARR КОВ Оу ы КОК сал 
дї дї \ 95, 95, as, 17795, 98, 777082 


n=1,2,... 
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and 
xag WD _ ð [ду sY 
(uu T эс {эу теті 
95; 95, \ 95, 95' 
2 3 
д5? 9,53 
2 
OS; д5] 
(1) (1) 2ұ/а) 
Substituting и. ширэн апа 529 2 into 
дї 95, д5? 
OW) 1 соди) aw O 1 
-628 - D)S, —— — "(51 
СИ Дай кы M RC 
1 
ууе һауе 
aW 1 ew) aW 
apis i$ —— t€ D)$,—— rW XS, t) 
д; t 
д (av Гос д 20°V д дү дү 
= 42025 +(r—D)S S,— | -rS,—— 
2( <) 27 as ( СЭ qub) 23 Ax) "9:95; 


д 
д 
д (дУ 1 ду aV 
= 5$, — (% + 29 5 562 +r- DS - 22 


Hence, И/ 9(8,,1)- S, x is a solution of the Black-Scholes equation. 
t 


n 
x is also a solution of the Black-Scholes equation such 
t 


Assume that WS, t) = S7 
that 


д (V |1 5.0,9V дү 
87 — + 40 S? — +(r— D)S,—~— —rV(S,,t) | = 0. 
! 05" ( й 2 71082 95, 


ntl 
For the case of W ("+1 (5 pt) = st ey we first differentiate 
ast! 


9: | cn д f V1 220V дү = 
—— |з СЕ Тои = 0 
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and we then have 


п-1 9" [20V 1 228V ди 
ns; 95" СЕ СУ асаа 


95 


1 


o9" [дү 1 228V ov 
57 ЕРІТЕ ( ac 39 5; d 5-5 —г/(5ь1) 
1 1 


= 0. 


By multiplying the above equation with S, we obtain 


п 2 
яах (% + 12252 s += bys, = 22 
1 


o" fav 1 д? ди 
agit (% + 57 S == + (r— D)S, — 25 —гУ(5\,ї) 
1 


and since 


2 
кз (к post se vis. миа) 
4 1 


п+1 2 
Sn д (% + 37975 T (r — р)5, = ШО) = 
[4 


нү 
TE is also a solution of the Black-Scholes equation. 
t 


Hence, W*)(S,, 1) = 5741 


: : қ д" 
Thus, from mathematical induction we һауе shown that S? 4 


1 


satisfies (һе Black— 


Scholes equation for n = 1,2, ... 


10. Let the Black-Scholes equation for the price of a European option V (S, t) оп an underly- 
ing asset priced 5, at time t be 


ПАА 


дү 12.920 да 
ot 2 d 


+ (7 – DS, — —rV(S,t)- 


where o is the constant volatility, r is the constant risk-free interest rate and D is the con- 
stant dividend yield. 
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Show that if 
У(8,0- 765080) 
then 
go [9 Go E- DS fS) —т/(5) 
g(t) 165) | 


Explain why g and / satisfy the following ordinary differential equations (ODEs) 
g'(t)— А80) = 0 
and 


26257 /”(5) + (б — DIS, FS) -C= 0765) = 0 


for a constant 4. 
Hence, conditional on 4 find all solutions of the Black-Scholes equation. 


Solution: If V (S;, f) can be separated as a product V (S, t) = f (Sj)g(t) then 


дү дү А 
Е 76508 (0), aS, = f’(S,g(t) апа 252 = f""(S,)g(t) 


and by substituting them into the Black-Scholes equation we have 


КЕЛ ra uo ms e 
7 + 29 5 282 + (т DIS: rV (S, t) 
= /(5/)в' + 50252 f" Gato + (pr — D)S, /'(5)в@) – rf GS))g() 


= f(S)8') + @) [502527705 + б р), 17650 = 7765] 
= 0. 


Непсе, 


ш (ер (82-06-25, /'(5) – rf 6S) 
g(t) | / (5) 


Given that the left-hand side of the equation is a function of f whilst the right-hand side is 
a function of S,, both equations must be equal to a constant 4. Thus, 


g (0) — 480) = 0 
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and 


55^ 52 у” (5) +(r—D)S, f'(S)-(r- А) f(S,) = 0 


For the first-order ODE g’(t) — Ag(t) = 0, by setting the integrating factor 
Toe fat Lg 


we have 


d, 
77 (6780) =0 
Or 
_ At 
g(t) = C,e 
where C 5 is а constant value. 


As for solving 50252 f" (5) + (r — 2)8,/Қ8)-(ғ- A)f(S,) = 0, which is a second- 
order ODE, we let /(5,) = C.S” where С is a constant. By substituting 


f(S) = CS", fS) = mcs”! and /7(5)-т(т- pos 
we eventually have 
=о2т? + (r — D — som -(r-A)= 


Hence, by solving the above quadratic equation 


-(r- D- 10°) +4/r-D- 502)? + 202(ғ — A) 


т = 
o2 


where we need to consider three cases of roots of m. 
First, if A< r + 220 – р – 59°) then the solution of ће ODE is of Фе form 
б 


765) =A,S,* + BiS 


where 


-(r- D - 102) + үт = D - 40)? + 20%(r 0) 
>0 


o2 


-(r- D - 10°) - Jr - D — 5o?! + 20%(r — 4) 


m шэг эгч гэ эр 
o? 
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— 
- 


and А ;, В, are unknown constants. Thus, 
V(S,.1) = f(S)g() = Сүе 5, + Coe" S?- 


where C, = A, C, and C, = В,С,. 


2 
Second, if A = r + gl (r -р- 362) Шеп 
262 2 


705) = С,57" 
1 12 : 
where m = ——(r — D — =o0~) and С у is à constant. Therefore, 
o2 2 


V(S;,t) = f (Sg) = Ce^ s" 


where C = С,С, 


Third, if A > r + 220 – р – 502) then we һауе complex roots for т so that 
б 


765) = K S} + Ky sa? 


where а = s == 599, p= 2-0 -0- 5639 — 2o? (r — 4) and Кү, K, аге 
62 


constants. 
From the identity e = cos Ө + isin we can write the solution of the second-order 
ODE as 


fS) = CIS? cos (flog S,) + CÈS% sin (flog S,) 
where е” апа e are constants. Therefore, 
V(S,,0 = /(5$)8@) = Сүе S? cos (Blog S,) + Cze” S? sin (flog 5, } 


where С, = Qua and C; = CPC, 


. Discrete Dividends І- Escrowed Dividend Model. We consider at time t a European option 


V(S,, t; К, T) with strike К written on a stock priced at S, paying a dividend 6 at time #;, 
1; « T where T > t is the option expiry time. 
Using no-arbitrage arguments explain why 


5а -5$.-ó, 05555, 


ó 


Vis K,T)= VS, -6,(1:К,Т) 


5,155 go 


where t; and d are the time immediately before and after the dividend is paid, respectively. 
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Hence, deduce that 


И,; ($, —6e 770570, t; K,T) if0<t<t; 
V(S,,t;K,T) = 
V4,GS,, t; K,T) кетет 


where И,,(.5,,1; K,T) is a European option with strike К and expiry time Т written on а 
non-dividend-paying stock S, satisfying the Black-Scholes equation 


Vs 1 2 ФУ, Vs 
1028 +15, —№ И, (5,6 K,T) 20 
i, ЖОЕ hart (5, ) 


тах {.5т —K,0} if option is a call 
У,(5т,Т; К,Т)- 
max{K – 5т,0} if option is a put 


where o is the stock volatility and r is the risk-free interest rate. 
Finally, deduce that if there are и > 1 dividends б, 65, ... , б„ to be paid by the stock at 
time 15 < 15, < +++ < t; , respectively where t < 15, and ts < T then 


n 
Ж (5 - У мака) 0<1<15 «tj < < ts, 
V(S,t; K,T) = i-l 


V5,GS,, t; K,T) ifts «t <T. 


Solution: At time f; the stock pays out a discrete dividend 6 and to ensure there is no 
arbitrage opportunity we need to show 


Ын = S — б. 


Assume that Sj < 56 - 6 Шеп we can sell the stock at t = f, forfeiting the dividend at 
6 
time t = ts, and buy back the stock at time йн Hence, the profit is 


Profit = 56 -6-56 >0 


which is an arbitrage opportunity. 
In contrast, if S;+ > S,- — 6 then the strategy is to buy the stock att = Г, , collecting the 


dividend at time ¢ = 1; and selling it afterwards. Thus, the profit is 
Profit = -5 tóc Ын >0 


which is also ап arbitrage opportunity. Hence, Ын =S pes ô and since S t > 0 therefore 
0<6< ОН 
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Given that the option holder does not receive the dividend, the option value cannot jump 

across time #5. Therefore, 
-. = +. 
Дон 1,:К,Т)- И(5,+,15 ;К,Т). 

That is, the value of the option is the same immediately before the dividend date as well 
as immediately after the dividend date. Thus, the option price remains continuous in S, 
even though 5); is not continuous. 

Since S+ = Ын - 6 therefore 

2 


V(S,-,t5;K,T) = VS, — 6,1; K,T). 


If the option is priced at time 0 < f < f; then at expiry T 
V(Sp, T; K,T) = У„(5т — 6e 179, T; K, T) 


since ô being paid at time f; will grow at a risk-free interest rate ғ. 

In contrast, if the option is priced at f > 1; and because no dividends are paid thereafter, 
the option payoff at time Т is V(S., T; K,T) = V,,(S7,T; K,T). Therefore, by discount- 
ing the option payoff back to time t we can write 


Vp (5, — 6e 70570, t; K,T) if0<t<ts 
V(S,, t; K, T) = 
V4,CS;. t; K,T) ift; «tT. 


Finally, for the case when we have n > 1 dividends, we use an iterative method to prove 
the desired results. 

For the case when ts < t < T and because there are no more dividends being paid, we 
have 


V(S,,t; K,T) = V4,CS, 5 K,T). 
Fort «t; < T and given that a dividend ô, is paid at time 1; , then 


V(S,.t; K,T) = V4CS, — бе n7, t; K,T) 


with spot price reset to 5, =5,- 8,е 77% ті: 


When 7 <1; < ts, < T then, following the same arguments as before 


V(S,t; KT) = Vp (Š, —8, 4e 7, t K,T) 
= V4CS, — ET КСЕ 9- 6,6 "08, Й; t; K, T) 


with spot price now reset to S, = S, — 6, je rapa — бе "0. 
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Hence, for the case when t < 15 < ts, < +++ «t; < T we can deduce that 
n 


V(S,.t; K,T) = И, ($, — буе rt; K,T) 


n 
where $, = S, — > бе "^. Thus, 


ї=2 
п 
Vis (5 - У мект) 0<1<15 «tj < < fs, 
V(S,t; К,Т) = і=1 
Vis (Sht; K,T) ifts <t <T. 


12. Discrete Dividends П- Forward Dividend Model. We consider at time t a European option 
V (S, t; K,T) with strike K written on a stock S, paying a dividend 6 at time #5, tg < T 
where T > t is the option expiry time. 

Using no-arbitrage arguments explain why 


5 =S- -8, 0<6< 5, 


ó 


V(S,-.t5; К, T)- Y(S,- = 9,05 K, T) 


where t; and jT are the time immediately before and after the dividend is paid, respectively. 
Hence, deduce that 


Vj GS, t; К -óe' 172, T) ifüct«tgs 
V(S;, t; K,T) = 
Vis(S t; K,T) ift <t <T 


where V, (S,,t; K, T) is a European option with strike K and expiry time T written on a 
non-dividend-paying stock S, satisfying the Black-Scholes equation 


OV, 
дї 


д?у, ду, 

2 с2 55 58 

5 S, — — rV, (S, t; KT) = 0 
' 952 ғаз 7” (5, ) 


ple 
2 


max{ Sr — К,0) if option is a call 
У,,С9г, T; K,T) = 
max{K — 5т,0} if option is a put 


where o is the stock volatility and r is the risk-free interest rate. 
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Finally, deduce that if there are n > 1 dividends бу, 65, ..., 6, to be paid by the stock at 
time ts, < fs, < +++ < t; , respectively where t < 1; ап41; < T then 


n 


n 
Vps (зох +) ser) 40<1<1; «t5, « < ts 
V(S,,t;K,T) = i=1 


Кб, t; K,T) ift; <t <T. 


Solution: See Problem 2.2.2.11 (page 115) for the first part of the solutions. 
Using the same arguments as in Problem 2.2.2.11 (page 115) we note that if the option 
is priced at time 0 < t < t; then at expiry time T 
V(Sr,T; K,T) = Vp (Sr — ôe 1 9, T; K,T) 


max {Sr -беЧ-%- К, 0) for a European сай option 


max {K — Sp + ôer T-t), 0} for a European put option 


max {Sr - (К + óe'T 712) ,0) for a European call option 


max ( (K + бе"Т-%)) —5т, 0} for а European put option 


у, (5т,Т; К + бе!) Т), 


By discounting the option payoff back to time f, we eventually have 


V, GS, t; K бе), T) if0<t<t; 
V(S,,t;K,T) = 


Following the same iterative analysis as presented in Problem 2.2.2.11 (page 115) we сап 
easily deduce that for и > 1 number of dividends the option price is 


n 


n 
Vis (зох +) ser) if0 X («15 «t5, <= <ta 
V(S,,t;K,T) = i=l 


Рь(5,,5 K,T) ift; <t <T. 
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13. Discrete Dividends Ш - Bos-Vandermark Model. We consider at time t a European option 
V(S,, t; K, T) with strike К written on a stock S, paying a dividend 6 at time 1;, t; < T 
where T' » t is the option expiry time. 

Using no-arbitrage arguments explain why 


5:-45:-6 05555, 


V(S,-. 55; K T) = У(5- — ô, 55; K,T) 


where t; and г} are the time immediately before and after the dividend is paid, respectively. 
By setting 4, е (0, 1], deduce that 


Vps CS, —A,6e 75 t: K -- (1. А,)бе 172, Т) if 0<t < ts 
VG, t K,T) = 
V4,CS;, t; K,T) ift; «tx T 


where V,.(S,, t; K,T) is a European option with strike К and expiry time Т written on a 
non-dividend-paying stock S, satisfying the Black-Scholes equation 


Vos 1 
д 2 


9? V, av, 
2 58 +r bs 2 


2 
oS —— 
282 95, 


105,65 K,T) = 0 


тах {.5т – К,0} if option is a call 
V,(0S7,T;K,T) = 
max{K — 5т,0} if option is a put 


where o is the stock volatility and r is the risk-free interest rate. 

Finally, find the option price if there are n > 1 dividends 6,, 65, ... , 0, to be paid by the 
stock at time /5 < 15, < +++ < 1; , respectively where? < 1; and ts, < T, and am € [0, 1], 
21,23; n. 


Solution: See Problem 2.2.2.11 (page 115) for the first part of the solutions. 


Using the same arguments as in Problems 2.2.2.11 (page 115) and 2.2.2.12 (page 118) 
we note that if the option is priced at time 0 < f < fs then at expiry time Т 


= И,,($т — 6e 0 79, T; K,T) 


max { Sr — бе” 7? — K,0} for a call option 


max {К — Sr + óe'1 5,0) for a put option 
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max { Sr — A,6e' T 7*? — (1 — 4,)бе"Т-15) — K,O} for a call option 


max {K — S, + A,6e' 1 2 + (1— A))8e'1 72,0) for a put option 


max {Sp — A,6e 0 9 — (К + (1 — Agóe' 1 2) |0) for a call option 


max Ск -01- 4,)6е"Ч745)) = (Sr = 4,6е"Ч-45)) ; 0} for a put option 


= V,,(Sp — A,6e" 79, T; К + (1 — A, бе T), Т). 


By discounting the option payoff back to time f, we eventually have 


Vis(S, — Abe), t; К + (1— Abe"), T) 140<1<1; 
V(S,,t;K,T) = 
Vi (5, t; K,T) УТ. 


Following the same iterative analysis as presented in Problem 2.2.2.11 (page 115) we 
can easily deduce that for n > 1 number of dividends and a Е [0,1], i = L2,...,n, the 
option price is 


n п 
V(CS,.t; K,T) LI Vy, (s нэ >, A8, 10570. қ K+ be = ser) 
i=l i=l 


ШО <t < ts, «-- «1; and 
V6GS, t; K, T) = V4GS, 5 K,T) 


ift; <t ST. 


. Discrete Dividend Yields. We consider at time t a European option V(S,,t; K,T) with 


strike К written on a stock S, paying a discrete dividend yield D at time fp, tp < Т where 
T is the option expiry time. 
Using no-arbitrage arguments explain why 


S+ =(1- D)S-, OSD SI 
D D 


V(S,-.t,; K,T) =V((1 — D)S,-, th; K,T) 


гр” р? р” р? 


where Гү, and " are the times immediately before and after the dividend yield is paid, 
respectively. 
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Hence, deduce that 


Vis ((1- D)S,t K,T) if0<t<tp 
V(S,,t;K,T) = 
05,5 K,T) iftp<t<T 


where И, .(,5,, t; K,T) is a European option with strike К and expiry time T written on a 
non-dividend-paying stock S, satisfying the Black-Scholes equation 


OV, дү, 
58 +rs bs 


127 low 
+ 0° S 
t 282 COS, 


àr 7 —rV,,(S;,t;K,T) =0 


max{ Sr — K,0} if option is a call 
Vs GST, T; K,T) = 
max(K – 57,0) ifoption is a put 


where o is the stock volatility and r is the risk-free interest rate. 
Finally, deduce if there are n > 1 dividend yields Р, D», ..., D, to be paid by the stock 
at time їр, < tp, <>“ < tp, respectively where t < tp, and tp, < T then 


V(S,t; K,T) = Vis (855, K,T) 


where fl, = Па sp 


ї=1 


Solution: At time 1 the stock pays ош a discrete dividend 2.5, and to ensure there is по 
arbitrage opportunity we need to show 


S+ = (0 - D)S,. 
D D 


Assume that S,+ < (1 — D)S;- then an investor can sell the stock at t = t p, forfeiting the 
D D 


dividend at time 7 = tp, and buy back the stock at time ns Hence, the profit is 
Profit = S- — DS- - S > 0 
D D D 
which is an arbitrage opportunity. 
In contrast, if S, > (1 — D)S,- then the investor can buy the stock at t = tp, collecting 
the dividend at time t = ір and selling it afterwards. Thus, the profit is 


Profit = -S55n + DS, + Ын >0 


which is also ап arbitrage opportunity. Hence, S+ = (1 – D)S с and since S,+ > 0 there- 
р р 
fore 0 < DS, < 5 ог0< р < 1. 
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Given that the option holder does not receive the dividend, the option value cannot jump 
across time tp. Therefore, 


a6) К,Т)-У(8;,; К.Т). 


гу? Їр? "7D 


That is, the value of the option is the same immediately before the dividend date as well 
as immediately after the dividend date. Hence, the option price remains continuous in Sty 
even though 5), is not continuous. 

Since Ын -(1- D)S,- therefore 


V(S,- £5; K,T) -y(1- р), t5: К.Т). 


If the option is priced at time 0 < 7 < tp then at expiry Т we can set 
V(ST, T; K, T) = (6! E р)5т, Т; К, Т). 
In contrast, if the option is priced at t > їр and because no dividends are paid thereafter, 


the payoff at time Т is V(Sr, T; K,T) = VuGSy, T; K,T). 
Therefore, by discounting the option payoff back to time t we can write 


V ((1- D)S,5; K,T) ifüxt«t; 
V(S,t; К,Т) = 
V4GS,, t; K,T) ТРЕТ; 


Finally, for the case when we һауе n > 1 dividends, we use an iterative method to prove 
the desired results. 
For the case when tp, « t « T and because there are no more dividends being paid, we 
have 
V(S,t; K,T) = V&GS t; K,T). 
Fort «їр, < T and given that a dividend D, is paid at time tp , then 


V(S,t5 K,T) = Vp — Da) Sht K,T) 


with spot price reset to $, = (1 — D,)S;. 
“епі «tp | «tp, « T then, following the same arguments as before 


V(S,t; KT) = V(1 — D, ))$, 5 K,T) 
= V4GI — D, 4X1 — D,)S, 65 K, T) 


with spot price now reset to $, = (1 — D, 4X1 — D,)S,. 
Hence, for the case when! < tp, < tp, <  « tp, < T we can deduce that 


V(S, t; K,T) = У„((1— DS 6 K,T) 
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n 
where $, = 5, | [à – D). Thus, 
і-2 


п 
VS, t, K,T) = Vy, (5 Ia - ро. к, г) 


1-1 


fort «fp, «їр, <>“ <ір «T. 


15. Market Price of Risk. Let {W, : HEX 0j be a P-standard Wiener process on the probability 
space (Q, F, Р). Suppose the stock price S, follows the following SDE 


= (и — D)S,dt + c.S,dW, 


where и is the drift parameter, D is the continuous dividend yield, с is the volatility param- 
eter, and let r denote the risk-free interest rate. 

By considering a portfolio П, holding only one option V (,5,, t) which is only exercised 
at expiry Т > t and using the Black-Scholes equation show that 


dll, — rILdt = oS, s Y (aw, + Adt) 


нэг” х А 
where 4 = Ё is known as the market price of risk. 


с 
Is the portfolio riskless? Interpret the function 4. 


Solution: At time 7 we let the value of a portfolio II, be 
П, = V(S,.t) 
and the change in portfolio IT, becomes 
ап, = dV. 
Expanding V (5,, f) using Taylor's theorem 


10?y 
ay = ar OV as) dS 
+ 3s, +22521 i) + 


and by substituting d S, = (и — D) 5,41 + o.S,dW, and applying Ito's lemma we һауе 


QV 1 зоди Ш ду 
ап, = | ^^ 8: D) S, | dt - o5, aw, 
а ға шаа толы 


1 
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Hence, 


[V | 1 2,502? V дү 
dll, — "Пай = ES + 29 5 252 TUES DNs —rV(S;,t)| dt 
oV 
цаа UA 
and from the Black-Scholes equation 
oV 1 o? 28V oV 
5; — D)S,— —rV(S;,t) = 
ap t37 2 0) = (8,1) = 
we have 
дү oV 
ап, — rII,dt = (4-5, AER C dM 
oV H—r 
= 05,2 (aw, + а) 
" 2 ET 
=oS 55 K (dW, + idt) 
where 4 = E, 


с 
Given the presence of dW,, the portfolio is пої riskless. 


я : ; =r Е 
By accepting а certain level of risk, A = E can be interpreted as the excess return 


above the risk-free interest rate. 


. Black-Scholes Model with Transaction Costs. Let {W, UE 0) be a P-standard Wiener 


process on the probability space (©, F, P) and let the asset price S, follow а GBM with 
the following SDE 


nr = (u — D)dt + cdW, 
S 1 
where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter, and let r be the risk-free interest rate from a money-market account. 
We consider incorporating a transaction cost in buying or selling the asset which has 
three components: 
(1) a fixed cost at each transaction, x, 
(1) a cost proportional to the number of assets traded, x»|v| 
(iii) a cost proportional to the value of the assets traded, x;|v|.S, 
where ку, ко, кз > 0, v > 0 (for buying assets) and у < 0 (for selling assets). 


Show that Е (10,1) = = 


2.2.2 Black-Scholes Model 


By considering a hedging portfolio involving buying an option V (S, f) which can only 
be exercised at expiry time Т > f, selling A numbers of asset S, plus transaction costs, 
using Ito's lemma show that after a time interval ôt > 0, V (S; t) satisfies 


OV 1.2.29?" oV кү 
— +> 252 — -D 5, - — = 
525255 Г 052 +(r 259.5, - rVCS;.t) 5 0 
where 
-1 
12 |шу| (әу 22 2 [2 oy 
D=D+ = а = 6 – шан M 
Кб 25 252 (=) and o 0^ — K30 jen 252 
such that sgn(x) = 


Can the option price following a transaction cost model be negative? 


Solution: For the first part of the problem, given W, ~ N (0, t) then from Problem 1.2.2.11 
of Problems and Solutions in Mathematical Finance, Volume 1: Stochastic Calculus, |W,| 


follows a folded normal distribution, |W,| ~ М 7 (0,t). Therefore, E(|W,|) = 25 
л 


At time t we let the value of a portfolio П, be 
П, = VCS,1) – AS, 


where it involves buying one unit of option V (S,, t) and selling A units of 5,. The contin- 
uous dividend yield is defined as the proportion of the asset price paid out per unit time. 
At time interval ôt > 0, since we receive 2,5,6 for every asset held and the change іп 
transaction costs is ку + x5|óA| + x3|óA|S;, the change in portfolio П, is 


6П, = ôV — A(6S, + 05,00 — (кү + к>|6А| + кз|5Д[.5,). 
Expanding У(5,,1) using Taylor's theorem 


дү дү 18V 2 
ôV = — ôt + — ôS, + 2 — (55 2 
opt 95, 2 282 (55) + 


апа by substituting ôS, = (и — D) 5,61 + o S,ô W, and subsequently applying Ito's lemma 
ууе һауе 


WV тои av av 
= | 4 1626 +(u-D)S +05 
(и - 2) 526 ТЯ 


óW,. 
й 2 7052 1 
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Substituting back into ӘП, and rearranging the terms we have 
9 1 49 0?V дү дү 
oll, = | — + 5057 — + (и - D) S, — | 6t+ oS,— dW, 
(% ЕЕ VET dd 
—A [(и- D) 5,61 + o.S,8W;] — ADS,5t 
-(кү  k3|óA|  ks|óA|S;) 


OV 1. 202У ү дү 
=| — 5 р) S AS, |бї 
-( +50 252 t(u- D) ‘OS, =H ) 


1 


ot 2 
1 
ди 
+05, ae OW, — (кү + k9lóA| + кз|54[.5,). 
t 


To eliminate the random component we choose 


7 28, 


which leads to 


We 1 9 PV дү 
П, = ( at ae 5; 252 -DS 5 ôt — (кү --к,|54| + кз|б6А | 5,). 


To find |6A| we note that 


бА = IY S ФАБ age 
95, 


oV oV 
= —(S,,t дэ Е S, t = —(S,,t 
às, pt) + T (5,1) + a )+.. aS, ph 


019.5, 


—as V (s nai 2 es aL 
952 pt) às, rt) 


and because ôS, = с8,фу/51 + (67) such that ф ~ N (0, 1) we һауе 
2 2 
BN Sos Гео Nos. ГТ 
д5? д5? 


Thus, the expected number of assets bought ог sold becomes 


БАр) = 05,40 25 22 


eV 
as? |` 
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Under the no-arbitrage condition the expected return on the amount II, invested in a risk- 
free interest rate would see a growth of 


Е(ӘП) = rE(IL)ót 


апа hence we һауе 


2 
Е 
5 
| 
| 
+ 


oV 1025207 pg 2V. бї 
ді 2 д5; 95, 


-(Кү- ко Е(6А|) + кзЕ(|64]|)5,) 


"(У(8,0-48)6- (% В сэрдэг ) бї 


ðt 2 ease 108; 
2 2 
– { ку +K 0S, 26r hae 30 5 zer у 
V х |252 л |082 

дү ди 1 5,20V дү 

Р (58:40:52 etg = ps E 

r( en) е) CUP ie 009708 
е. № 2 | _ 652,2 |6 
ôt (лб |952 | 27" Үл |282 


and after rearranging terms we finally have the Black-Scholes equation with transaction 


costs 

oV 1-2 292" oV Кү 

deron c cbe DS РУ(8,0---- 0 

дї 2° tas? иж 9s. ШАЙЫ т? 
where 

-1 
122: ду | (ду 52202 2 ду 
р = D + кос "Y 252 ЕЗ and 6° = с – кзс cape 252 : 


By considering the case when к) = кз = 0, the Black-Scholes equation with transaction 
costs becomes 


90V 1 220V aV K] 
— + 5055: — + D)S V(S,t) – — = 0. 
ar 2° °F 052 их нас 
The solution to the above equation can be negative Бу setting V (S,, 1) = ы < 0. 


rot 


17. Merton Model. Let (Q, F, Р) be a probability space and let {W, : t> 0} be a P-standard 
Wiener process and {N, : t> 0} be a Poisson process with intensity 4 > 0 relative to the 
same filtration F,, t > 0. Suppose the stock price S, follows а jump diffusion process with 
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the following SDE 


dS, 
vo =(и- Буи + odW, + (J, ам, 
В 


where 


dN. = 1 with probability Adt 
210 with probability 1 — Adt 


with и being the drift parameter, D the continuous dividend yield, o the volatility parameter 
and J, the jump size variable. Let ғ denote the risk-free interest rate and assume that J,, 
W, and М, are mutually independent. 

By considering a hedging portfolio involving both an option V (S, t) which can only be 
exercised at expiry time Т > t and a stock ,5,, and assuming that the jump component is 
uncorrelated with the market, show that V (.S,, t) satisfies 


oV 1 
Ure 


HAE, [V (4,5,.0) - V CS, 0| 20 


дү aV 
Sia +|r-D-E,(J,-1)| 5:55. —rV(S,,t) 


where the expectation E ;(-) is taken over the jump component. 


Solution: At time 7 we let the value of a portfolio II, be 
П, = V(S,t) - AS, 


where it involves buying one unit of option V(S,, f) and selling A units of S,. Since we 
receive DS,dt for every asset held and because we hold —A,S,, our portfolio changes by 
an amount A D S, 41 and therefore the change in portfolio П, is 


ап, = dV — А(а5, + 05,41 = dV — Ad S, — ADS,dt. 
Expanding V (S,, t) using Taylor's theorem 


2 
aye р Eas te osa 


at 25, 21052 3! 053 


45 
апа substituting a =(u—D)dt+odW,+(J,—1)dN, where S,- = S, and subse- 


t 
quently applying Ito's lemma we have 
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dV = Karp X -- s [и - D) S,dt + oS,dW, + (J, — 1)5,а М, | 
+ ose (6 P - IY S2aN,] + 2. e ; le - 1) SjaN,] + 
2 Ё + зааг. RE 223 dt + "m 
+ | - 085% + 3 - зб + a^ - 137: +... | ам, 
= E 4 9 8 247 +H 223 dt 4 05, IW, 


+ [V(J,S;,1) – V(S,,0] dN 


Substituting back into 4П, and rearranging terms we have 


aie ВЕЕ 825228 eu D)S Шы СУ IW, 


ot 2 : 108; aS, 
+ [VQ,8S,.0 —V(S;,0)| dN, -А [(и- D) S,dt + oS,dW, + (Л, – DS,d N,] 
—ADS,dt 
OV. 1 5,20?V дү дү 
-|-- 5: D)S AS, | dt - oS, | — — — ^| dW, 
E +2° T ар ma Y | Шы | | i 


+ ЕК t) —V(S,,t) – АС, — DS; ам 
To eliminate the random component so as to ensure the profit or loss is riskless, we choose 


ee 
95, 


апа һепсе 


ди | 1 5,20V дү 
ап, = | £— + 202520 — ps, 9* | at 
i ВЕЕ 952 795, 


oV 
+ ЙГ t) — V(S;,t) – (Ј, – 10555 
t 


ам, 
Given that the jump component is uncorrelated with the market and under the no-arbitrage 


condition, the return on the amount П, invested in a risk-free interest rate would see a 
growth of 


Е (АП, = "Па! 
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and because J, 1. М, we have 


QV 1 220V 
mare | + 202522 – ps й 
"M ВЕЕ ! 9.52 &| 


+E, ШІ — V(S,,t) - (J, - DS ла F (d N,) 
V 


9913s; 
д 1 2.202У/ oV 
V(S,t) -AS,] dt = 4 — + 50 S: —— — DS, — 
r [V G0 – A5] { г 2° “tag? ‘95, 


-AE;(J, – 0555 + AE; [И(7,5,,0) — V GS). 0] | dt 


OV] V ,1 5,,2?v aV 
V(S,2)—$, —| = — + -о°52— — DS, — 
| ee) ра дг 2° "rasa FU 
-AE; QU, -DS + AE, s VOS- 005,0) 
and finally 
OV 1000 - ди 
559 Noo ігі 1G 7 D| Sis - rV Gn 


HAE, [V (4,5, 0) - V CS, 0| 20 


which is the partial differentiation equation of V (S,, t) under the jump diffusion price pro- 
cess. 


18. European Option Valuation on Merton Model. Let (©, F, Р) be a probability space and let 
{W, : UE 0) be a P-standard Wiener process and {М,: UE 0) be a Poisson process with 
intensity A > 0 relative to the same filtration Z,, t > 0. Suppose the asset price S, follows 
a jump diffusion process with the following SDE 


45, 
vo =(и- D)dt + odW, + (1 — DAN, 
E 


where 


ам = 1 with probability 441 
0 with probability 1- Adt 


with и being the drift parameter, D the continuous dividend yield, o the volatility parameter 
and J, the jump size variable which follows а log-normal distribution log J, ~ (uj, сі). 
Let ғ denote the risk-free interest rate and assume that Ј,, И/, апа М, are mutually 
independent. 


2.2.2 Black-Scholes Model 


By assuming that the jump component is uncorrelated with the market, using Ito's for- 
mula show that under the equivalent martingale measure @ м the conditional distribution 
of Sr given S, and Nr. , = n, n = 0,1,2,... and t < T can be expressed as 


log Sr| (5, Np, =n} ~ N [los 5, Y: (-5-:% )а-», sq -1)| 


2 
noy 


~ mn 1 o? n 1 
where р--4(е7 ii — 1) - Toy ; (us 597 ) апа? = о? + 
Hence, show that the European call Solon price at time t € Т with sme K > 0 and 


expiry time T is 


00 4Т-1) п 
т е [A(T — ї)] 
CCS; t; K, T) =e N > — r ини ГОЛ t; K, T) 

520 п: 

where 

C,,(S, t; K,T) = Se В-Ф, ) — Ke" @(_) 
2 _10205,/0)+ r- Dx 5 152)(Т -1) х j Hos 
such that 4, and Ф(х) = e 2“ du 


ovT-t —00 ул 


Solution: From Problem 5.2.4.4 of Problems and Solutions т Mathematical Finance, Vol- 
ите 1: Stochastic Calculus, under the equivalent martingale measure @ м we can express 
the jump diffusion process as 


dS, Е үр 

m -(r-D-AQU -1))dt+odW,+(J,- DaN, 
E 

к= 


с 


m 1 ~ 
where J = EP (J) = ел +203, И,=Й,— ) is а Qyy-standard 


Wiener process and №, ~ Poisson(At). 
Using the results of Problem 5.2.2.3 of Problems and Solutions in Mathematical 
Finance, Volume 1: Stochastic Calculus we can write 


NT-t 
12 
S, MC E жаа 112: 
ї=1 


where J; ~ log-N (иу, 07), i = 1,2,..., Мт_, is a sequence of independent and iden- 
tically distributed random variables and Wr; ~ N(0,T —1). By independence of J;, 
i = 1,2,..., Nr. ,, Wy. , and N,. we have 
1 
log Sr| (5, Np, = n) = N [log S, (r -D-4 (зе = 1) 224 ) (T — 1) 


+пиу, o’ (T —t)+ пс? | ; 
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By setting 


1... 


log Sp| (5, Np, =n} = М [log 5, + (r- Б-58 22) (т -p,8r – 7 


where D and @ are the “continuous dividend” and “volatility” of the asset price S, follow- 
ing a GBM process we can therefore set 


(r- D- 52? )T-)= (r- D-a (eà 21) - 502) T= mu 
F(T -t)= o°(T – t) + по?. 


Solving the equations simultaneously we һауе 


no? 


T-t 


РЕ 12 
бер+ (е9 -1) - (+50?) апа 52 = 62 + 


From the definition of а European сай option price with strike К > 0 and expiry time 
Т »ї 


С„(5,, 5: К,Т) = e "Eu [max{ Sr — K,0)| 7) 


=e 77-9 Ў, Ом(М№т_, = п)Е®м [max{ Sp — К.0 F, №, = n] 
n=0 


- grt 2 и 


хЕЗм mem - K,0}| Я, Nra — n] 


ЕИ. ыг ғ” 
where the term — ss the probability of n jumps in time period (t, Т]. Since 


п! 
the conditional distribution of Sy given S, апа №т_, = п can be written as 
log Sr| {Sp №, = n) М [ов 5, «(r- b- 55 82) то), гт - 7 


therefore from Problem 2.2.2.5 (page 101) the conditional call option 


Е®м [max{ Sp – K,0)| 4, Nr = n] 


is simply the Black-Scholes call option price with dividend D and volatility б 


Е®м [max{Sp — К,0 Я, №, =n] = C, GS,. t; K,T) 
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19. 


where 
С,(5%,;К,Ту- Se T 0d) — Ke Tdo) 


~  log(S,/K) + ("= Dx 56° – t) 
with d, = — a. 
сҮүТ-і 
Hence, the explicit solution is 


00 —А(Т—1) ACT — гу" 
CASK Tae Y еги 


п=0 


5 С,(5,;К,Т). 


Digital Option (PDE Approach). Let {W, UE 0) be a P-standard Wiener process on the 
probability space (©, Z, Р) and let the stock price S, follow a GBM with the following 
SDE 


dS, 
—. = (и- D)dt + саи, 
S, 


where и is the drift parameter, D is the continuous dividend yield, с is the volatility, param- 
eter, and let r denote the risk-free interest rate. 

A digital (or cash-or-nothing) call option is a contract that pays $1 at expiry time T' if 
the spot price S; > К and nothing if S7. < К. 

By denoting C,(S,,t; K,T) as the price of a European digital call option satisfying the 
following PDE with boundary conditions 


ӘС, 1:5 507€; 0C, 

—4 --0552--2 4 (r — D)S, — — rC (Spt, KT) 20 
й 2° "tag атк ) 
C,0,5K,T) 20, Cp, T; K, T) = Пк) 


and letting the solution of the SDE be in the form C; (S,, t; K, T) = e*X*P* u(x, т) where 
x = log (5/К) and t = 502(Т — 1), show that by setting 


1 1 
а=-5 and p= -3% - kg 


where Кү = З- D _ 1 апа Ко = тог the Black-Scholes equation for Су(5,,1; K,T) is 
27 2 
ди _ ðu 
a a u(x, 0) = f(x), хе (-оо, оо), т> 0 
дт ax? 


1 
where f(x) = e2^* у. 
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Given that the solution of u(x, т) is 


1 со _ (er? 
u(x,t) = у Гсде = dz 
4/ -со 


2лт 


deduce that 


log(S,/K) + ("= D— sour -1) 


сүТ-1 


Cj S, t; K,T) =e" @ 


Solution: Let C,(S,,t; K,T) = e*X*P* u(x, т) where x = log (5/К) апат = 502(Т — 1). 
We һауе 


0C, дСа дт l 2 ах+Вт Е | 
ТТТ” 


ðS, дх OS, S, 


oC oC ах+Вт 
4 - И 0% ° E + au(x, v) 
x 


and 


92С ах+Вт 
d _ _д E [uc o 1) 


oS? 05, S, дх 
ейх+Вт д2и ди 
= @ Ж E + (2a — 15: + а(а — Dues) : 


By substituting the above expressions into the Black-Scholes equation for C4CS,, t; K,T), 
we eventually have 


1 2 („2и ди) Шар 2 | 
- ----- — |-0(20 – 1 -D 
29 3d 22 + 3x 59 Qa-1)+r 


+u [Бока - 1) - В] +a(r— D) -r] = 0. 


ina ди 
To eliminate the terms он and и we set 
x 


50°20 1) +r—D=0 


Зо“ ша - D)-f]-a(r-D)-rzz0. 
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By solving the equations simultaneously we have 


1 1 
«——;k, and 8--184-% 


where k, = = — 1 and kọ = Tr 
27 29 
Thus, 
1 1,2 
Cj(S,, t; K,T) = e 2197 GE т) 
such that 


1 1 
u(x,0) = e? * C (Sp, T; K,T) = ео). 


Writing the solution 


1 © NS 
u(x,t) = 1 Үсде = dz 


24/лт 


1 [з=н 
2\/лт JO 


2 
—(х+Күт) 

(x+k т)2—х? оо a z-GcHk 7) 
озо 1 2 Уз 4 
е т е 2 

0 


24/лт 
шиг 1 ig 
— т 
_ Окут) 2 y 
Vie 5 


(кит)? =x? х + К T 
=e 4т Ф 1 
V2t 


C4S,, t; K,T) = e" P u(x, т) 


в дно ol * + т 
V2t 
= eoo х + Күт 
V2t 


1 1 
where а = —>k, and f = а = К. 


һепсе 
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Finally, by setting x = log (5, /К ) апат- 562(Т - 1) ме һауе 


log(S,/K) + ("= D— sour =f) 


oNT —t 


С,(5,,1:К,Т)- e "ТЭФ 


N.B. Using the same techniques, for a digital (or cash-or-nothing) put which pays $1 at 
expiry time Т if the spot price Sy < К and nothing if Sy > К we can also show that the 
cash-or-nothing put price at time 7 < T is 


-108(5//К)-(7-0- sour -40) 


oyT -t 


P (Spt, K,T) =e"? %® 


20. Digital Option (Probabilistic Approach). Let (W, : t > 0} be а P-standard Wiener pro- 
cess on the probability space (О, F, Р) and let the stock price S, follow a GBM with the 
following SDE 


45, 
KA = (u — D)dt + cdW, 


1 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter, and let r denote the risk-free interest rate. 

A digital (or cash-or-nothing) call option is a contract that pays $1 at expiry time T if 
the spot price Sy > К and nothing if Sy < К. In contrast, a digital (or cash-or-nothing) 
put pays $1 at expiry time T if the spot price Sy < К and nothing if 5т > К. 

By denoting C,(S,,t; K,T) and P,(S,,t; K,T) as the digital call and put option prices, 
respectively at time f, t < Т show using the risk-neutral valuation approach that 


С,(8,;К,Ту-е 4-9Ф(а ) and P,(S,,t;K,T) Se" T ?d(-d ) 
where 


log(S,/K) + ("= D— LXT if) 
ee o ud us 


1 ! 2 
1 oyT -t V 2a - –ә 
Verify that the put-call parity for a digital option is 


ОКЕ t; K,T) = аг 9. 
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Solution: From Girsanov’s theorem, the spot price SDE under the risk-neutral measure Q 
is 


dS, о 
-с--(ғ- D)dt+odW, 
5, 


where we =W,+ (£—) t is a Q-standard Wiener process. 
б 


By definition 


С,(5, 4, K,T) = eT PE? (nis |) 
=e'T9)[1.Q(Sp > K|F,) +0-О(5у < K|F,)| 


= "7-00 (Sr > K|%). 
From 1075 lemma we can write 


e Spet 2-30 TD Wp, (eT. 


Hence, 


1 
Q (Sr > K| F,) = Q сас > к 2 


log(K/S,) — ("= D — 56?Y(T – t) 
-0(И2>--------: 


wa 
т oO 


Q 
PE А0, 1) and hence 
T —t 


Given that WẸ ~ N(O,T - t), Z = 


WE, _ log(K/S,)-(r- D- о? {Г -1) 
Q(S7>K|F) = © > 
VT -t сүТ-1 
3 


( log(K/S,) – ("= D— 40°)(T = 1) 
тэнэгээ 7 


s) 


ovT -t 


= Ф(4_) 


log(S,/K)+ ("= D— sour =f) 
where d_ = 
ovVT-t 


С2(5,, 5 К,Т) = е" -0Ф(а ). 


. Therefore, 
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In contrast, for a digital put option price, by definition 


P(S, t; K,T) = e” TEA ( ЦЭР я) 


=e" [1.0 (5. < К] 9,) +0.0 (5. > К|,)| 


=е "То (Sr < K| F) 
and using the same techniques we can easily show that 
Q (Sr < K| F,) = ®(-d_) 


and thus P,(S, t; K,T) = e"7-9@(-d_). 
Finally, given that b(d )-Ф(-4 )-1 


C4 (S, t; K,T) + P(S t, K,T) = e 0. 


21. Asset-or-Nothing Option (PDE Approach). Let {W, UE 0) be a P-standard Wiener pro- 
cess on the probability space (О, F, Р) and let the stock price S, follow a GBM with the 
following SDE 


45, 
t = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter, and let r denote the risk-free interest rate. 

An asset-or-nothing call option is a contract that pays Sy > 0 at expiry time T if the spot 
price Sr > К and nothing if Sr < К. In contrast, an asset-or-nothing put pays Sy > 0 at 
expiry time Т if the spot price Sy. < К and nothing if Sy > К. 

By denoting C,(S,,t; К, T) as the price of an asset-or-nothing call option at time t < Т 
satisfying the following PDE with boundary conditions 


ðC, | 
or 2 


592 с +(r—D)S 0C, С (5. t; KT) = 0 
22 BUR r ығы =F * 5 , = 
' 952 ' д5, ny 


С,0,5К,Т)-0, C(Sp, T; KT) = Spes x 


and letting the solution of the PDE be in the form C,(S,, t; K,T) = К e*t P7 (x, т) where 
x = log (S,/K) and т = ;oXT — t), show that by setting 


1 1 
а=-5 and p= -zki — ko 
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where Кү = = — 1 and kọ = ЕТІ the Black-Scholes equation for Су(5,,1; K,T) is 
(93 - 


2 2 
— = —, и(х,0) = f(x, хє (-оо, оо), т> 0 


where f(x) = eG шин ТЯ 
Given that the solution 


1 22 _@—0° 
и(х,т) = / fe ^ dz 
ү2лт - -% 


deduce that 


log(S,/K)+ (r — D+ ZONT ы») 


ovVT -t 


C,(S;, t; K, T) = 56-5Т-0ф 


Solution: By setting C(S,,t;K,T) = Кейх+Рти(х,т) such that x = log (S,/K), T= 


562(Т — 1) and using the same steps as described in Problem 2.2.2.19 (page 134), we 
can show that 


ди  O*u 1 
üp д?” u(x, 0) 2 eG un HE sais x E (—оо,со),т > 0 
1 1 
мһегеа---А,Й---А2- Ко, ky = zo 
2 4 16 l5 
2 2 


By solving the heat equation we have 


1 со | (zy 
и(х,т) = | fie = dz 
24/лт JO 


96. 1 (х-2)2 
eG tDz- 4 dz 


І 
EV 


z—(x*(5 kj +1)7) 

e a epo?! о ү (cem) 

=е 4т | е й dz 
0 2 


e a epo? oo 
> LT wx ly 
= 4 2 
е [s a ——e dy 


= 


CH ge EDP? (х ш +1)т 
=е & 0Ф|--4---1. 
V2t 
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Therefore, 
C(S,,t; K,T) = Ке“? u(x, т) 


1 
— Kerthi-kot Drm C tGk + =) 


V2r 


where a = 5 and f = -14 — Ко. 


r= 


By substituting k; = 2 — 1 and Ко = = the asset-or-nothing call option price is 
20 


1 
29 2 
log(S,/K)+(r-D+ ZNT E 


сүт -t 


CAS), К.Т) = 5,6-9Т-9ф 
М.В. Using the same techniques we can also show that the asset-or-nothing put option 
price is 


-log (5,/К) = (r -D+ 102) (T —1) 


ovT -t 


PIS, t; K,T) = Se P1709 


22. Asset-or-Nothing Option (Probabilistic Approach). Let {W, UE 0) be a P-standard 
Wiener process on the probability space (©, F, P) and let the stock price S, follow a GBM 
with the following SDE 


45, 
—! = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter, and let r denote the risk-free interest rate. 

An asset-or-nothing call option is a contract that pays 57 at expiry time T if the spot 
price Sy > K and nothing if Sp < К. In contrast, an asset-or-nothing put pays 57 > 0 at 
expiry time Т if the spot price Sy < К and nothing if Sy > К. 

By denoting C,(S,,t;K,T) and P,CS,, t; K, T) as the asset-or-nothing call and put 
option prices, respectively at time f, t < Т show using the risk-neutral valuation approach 
that 


C,GS,, t; K,T) = Se 24-9%(а4,) and P,(S,t; K,T) = 5е-24-9а(-а,) 
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where 
log(S,/ K) + (r — D+ 5e^XT - 0 i ТТ 
4Чл--------<:-О:--- ad Ф(х) = --/ e 2" du. 
oyT —t V 2z 4-со 


Verify that the put-call parity for an asset-or-nothing option is 
С,(5, t; K, T) + P (S; t; K, T) == ree PEL Ur 


Solution: Using Girsanov's theorem, the spot price SDE under the risk-neutral measure 


Q is 


dS, ü 
—! = (r — D)dt+odW, 
5, 


EY. Я ы 
where we =W,+ (£—) t is a Q-standard Wiener process. From Ito's lemma we can 
с 


write 
Sue Spet P30 MT DOW, 1<T 
such that 
5715, ~ log-N [log 5, + (r cp 50°) (T -f,cXT — 2] ; 

By definition 

CS, t, K,T) = eT ER (5-,>к/| я) 

zogen / i S, f(Sp|S,) 457. 
K 

such that 


1 16:23 
/(5т15,) = ——————е 859977, Sp > 0 


Sroy2a(T — t) 


where m = log S, + (r - D- 162) (T — t). 


Hence, we can write 


co 1( log Sp—m 
NP 1 -Ң ) 
C(S,t;K,T) = е" 2) ——е *\ CP M 5 
АЖ к суят 2) 
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| 108.57 — т 
and by letting и = ——————- we have 
сүТ-1 


ет- r(T-t) 1.2 
C, t K,T) = gi toT 


ET = т 


Using the sum of squares 
2 
- -сиүТ-і- -3 (С —oNT — 1 - c^(T — 1 


we can simplify the integral to become 


2 

d ud om—r(T-1) A : jo ov T г) от J " 
i 25% 5 = / log К-т 

2л ovT-t 


2 
= ет-"Т-0+50?(Т-9 = cbr 51. сүТ- г) а 


P m /2 


Finally, by changing the variable once again with v =и-с\Т —t and substituting 
= 109,5, + ("= D—- 502)(Т - 1) we eventually һауе 


log(S,/ K) - (r — D + sour -1) 


oyT -t 


CAS), t;K,T)= S,e DT-09 


As for the asset-or-nothing put option price, using similar arguments we can easily show 
that 


PS, КУТ) Ee (5-15, я) 


К 
= eT?) / Sp /(5т|5,) 457 


-108(5/К)-(-04- sour эр 


ovVT-t 


= Se 24-0ф 


Thus, 


C,(S,t; K,T) = 5-2Ч-04(4,) and Pj(S,t; KT) = Se PT %@(-d,) 
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where 
logGS,/ K) + (r - D+ sour ca 


сүт —t 


Because of the identity Ф(4,)--Ф(-4,) = 1, the put—call parity for an asset-or-nothing 
option is 


d, = 


CS, t; K,T) + P,(S,1; K,T) = бе PF, 


23. Black Model. From the Black-Scholes assumptions the price of a futures contract maturing 
at time Т > f on an asset with price 5, at time 116 


F(t, T) = SeT- 


where D is the continuous dividend yield and r is the constant risk-free interest rate. Here, 
under the risk-neutral measure Q the asset price is assumed to follow a GBM process 


45, © 
— = (r- D)dt + cdW, 


where (wa UE 0) is a Q-standard Wiener process on the probability space (Q, F, О) 
and с is the asset volatility parameter. 

By considering a hedging portfolio involving both a European option on futures 
V(F(t, T),t) and a futures contract F(t, T), show that the Black equation is 


2 20 
Сш x F(t, ту 2-5 Y VFG, T), t) = 


Solution: Let the value of the portfolio at time t be 
II, =V(F(t,T),t)—AF(t,T) 


where it involves buying one unit of an option on futures V (F(t, T), t) and selling A units 
of F(t, T). The jump in the value of the portfolio in a single time step is 


АП, = dV — AdF 
where, by expanding V (F(t, Т), f) using Taylor's theorem 


ди 13V 5 
ан бак 
бр oo TA 
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dS, 
Given F(t,T) = 5, е(-0ХТ-1) and — $ =(r—D)dt+ сам we сап write 


dF = d (SPC) 
2 А S, -(r- D)S,e"- PT dt 
= QU DT [0 — D)S,dt + 0 S,dW,| — (т — D)S,e" P? dt 
= c S, e 007-0) aw 
-cF(t, T)dW?. 


From Ito's lemma 

(aW? y = а, (dt? = аиа = dtaW? =0 
ууе һауе 

(аЕ)? = с?Е(1,Т)?аї and (АЕ) = 0, у>2. 
Therefore, 


LOY do 
dV = Xar oT dF + S (dF 
2 ЭЕ?“ ) + 


WV 15 20V V a 
= (24 ier TY |а + сва, т) awe. 
^ +50 22 23 ааг ту 


By substituting dV into dII, and rearranging terms, we have 


am Car 50? FQ. трек о) dr ек, т) (5 - A) аи. 


To ensure a risk-free portfolio we set 


which leads to 


ап, = (243 26 o F(t, rz? os at 


Since it costs nothing to enter into a futures contract the cost of setting up the portfolio at 
time 116 only V(F(t, T), t), and therefore 


ап, = rV(F(t, T), t)dt. 
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Thus, 
ди 15 202/ 
V(F(t,T),t)dat = | — + -0o F(t, Т) — | dt 
rV(F(t, T),t) (2 S ET S 
ог 
wv 1.5 ,9 v 
— + 2o^F(t, TY — —rV(F(t, T),t) = 0. 
Эр 27 О opa VEET) A 


24. Consider the value of а European option V (S,, t) satisfying the following Black-Scholes 
equation 


2 
И а (r— D)S. ий 


1 
= 2” (5,0-0 
12. 282 ‘aS, d 


where S, is the spot price of a stock at time f, с is the stock volatility, ғ is the constant 
risk-free interest rate, D is the continuous dividend yield and Т > 118 the option expiry 
time. 


Given that the price of a futures contract maturing at time T on an asset with price S, at 
time f is 


F(t, T) = SeT- 


derive the Black equation for a European option written on a futures contract V (F(t, T), t). 


Solution: Let V (S, 1?) = V(F(t, T),t) so that 


ОЙ ду , 90V OF 


Ot | Ot OF ðt 
2 OV jc psp с nor 
дї | дЕ 
дү aV 
= -(- D)F(, Т) 
a TCT РЕТ) 
90 _ ov дЕ 
95, ДЕ OS, 
= et -DT-)9V 
дЕ 


_ (к@,т)\ ду 
UX & /дЕ 
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and 
QE. ð Cd 
aS? 95, OF 
= p(r-D\T-1) oy дЕ 
дЕ? 95, 
— pAr-D\T-1) ду 
25 
F(t,T) 
5, dpt 
2 
By substituting YS, t), — 0 T and P imo 
ð 1 2 202) ӘЙ “аа 
5: - D)S V(S,,1) = 0 
ór 526 нэг р Би 
we һауе 
2 
дү 1 0252 F(, T)N 8V 
c реа ЕШТЕ + 20'S ша 
a v туар +59 165: OF? 
F(t,T) 
- D)S V(F(t, T),t) = 
+(r s (ZP) X - aer. =0 
or 
oV 


ur + 36 o F(t, туу -ТУ(Е(,Т),1) = 


25. Let the price of a futures contract maturing at time Т > Гоп an asset with price S, at time 


t be 
F(t, T) = Spe DC 
where r is the constant risk-free interest rate and D is the continuous dividend yield. For a 


European option written on a futures contract V (F(t, Т), t) it satisfies the Black-Scholes 
equation 


ats + -0° F(t, туу —rV(F(t,T),t) = 
F(t,T 2 
Show that ш ) 124 ( т Т Ту ) is also a solution of the Black-Scholes equation for any 


constant B. 
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Show also that the prices of a European call option C(F(t, T), t; К,т) and put option 
P(F(t, T),t; K, v) on a futures contract with the same strike К and expiry time 7 < T (1.е., 
the options expire before the futures contract maturity) have the following property 


CUFT). кл = 60р ( K? T 


K 


: ЕТ) /д А B? | 
Solution: Let W (F(t, T), t) = тош (Ға,Т),1) where F(t,T) = Fan By differ- 


entiation we have 


ow _ FG, T) ov 
i В ðt 


F(t,T 
Ws Yves OVE 
дЕ В В ЭВдЕ 

А Е(,Т 2 
Lys Mor БЕ; 
B B of \ FGT) 
В ОУ 


F(,T) of 


= zv. T),t)- 


and 


PW _ 10V0F B oV B Vof 
ƏF? ВӘЁӘР FT) oF  F(,T)of20F 


тү жуд, йд 2 “дү 
BN FG, FT? ӘР FTP ar NF(,T)) oF? 


_ B \ av 
" \FOT)) of? 


Since 


ow ders | рү, ти —rW (F(t, T),t) = 


therefore 


F(t, T) ду 2 2 В ov F(t, T) m 
ae oF lgrq.,T) m 7) T -(52 )v (атм) 


2 
UT) V Р 2Р@, ту 
ot of? 


B +50 — rV(F(t, то} 


= 0. 
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Hence, 
^ 2 ^ 
Ой lf, rp 2v —rV(F(t,T),t) = 0 
ді 2 ӘР? 
2 
which shows that ы V (=; ) is also a solution of the Black-Scholes equation 


for any constant B. 


Finally, to show that C(F(t, T), t, К,т) = 


F(t, D, ( К? 


— — ,; К,т | at the option 
K F(t, T) 


expiry 7 


дон K? Ка) = ET) max [к o} 
K Е(т,Т) К 
шах(Е(т,Т)-К| 


= С(Е(т,Т),т:К,т). 


By discounting the payoffs back to time t we have 


С(Е(,Т), tK, t) = ШОГ» (ки) | 


[s] 


26. Consider the price of a futures contract F(t, Т) with delivery time Т on a stock with price 
5, at ime t (t < Т). Throughout the Ше of the futures contract the stock pays discrete divi- 
dends б,, i = 1,2, ..., nwheret < f; < t5 < +» < t, < T. Under the no-arbitrage condition 
the futures contract price is 


n 
Е@,Т)= SUN eT 
ї=1 


where ғ is the risk-free interest rate. 
By considering a European option on the futures V (F(t, T),t), show that the Black- 
Scholes equation is 


" 2 
9 1: (ra) 29V 
A o F(t,T) + У 6, й |) L-—rVG(GGT)020 
Lee (тел эрт V (FG, T), 0 
where o is the stock volatility. 

Solution: Let V (5 pt) = V (F(t, T), t); differentiating with respect to t and S, we have 


= — -rse 


av aV  дУдЕ_ OOV gerard 
ot ot OF OS, ot OF 


9P _ WV OF _ т-д 
05, 9205, дЕ 
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and 
д Gas — nt OV OF _ grr- V 
95? 95, дЕ дЕ? д5, OF? 
Given that 
9 1 2.29? ð „ 
c^ S +rs —rV(S,, 1) = 0 
й 2 1952 ‘aS, і 
we һауе 
дү TDV , 1 22 онт 02У т-ӘдУ _ 
ie "бе" "S + 39^ S;e " К 77 +rS,e" т —rV(F(t,T),t) 20 
or 


Е 2 
9 1: „т-)\ 29V 
Байх Е@,Т)+ У 6, і —— — rV(F(t, T),t) = 0. 
Lee (reme ae И 


. Let the price of a futures contract maturing at time Т on an asset with price S, at time f, 
1« T be 


F(t,T) = S,e"-DXT70 
where r is the constant risk-free interest rate, D is the continuous dividend yield and o is the 
asset volatility. For European сай C(F(t, T),t; K,T) and put P(F(t, T),t; K, T) options 
written on a futures contract with expiry time T' and strike price K, show that 
C(F(t, T), t; K,T) = e "17? [F(t, T)®(d,) - КФ(5)| 
and 


P(F(t,T),t; K,T) = e "7 [KO(-d5) — F(t, T)®(-d,)| 


where 


log (F(t, T/K) + 56*(T — 1) ы ТЕ; 
3 апа ox) = | 


di2 = e 2 du. 
oyT -t У?л 


Show that the put—call parity relationship for options on futures is 


C(F(t,T),t; K,T) - P(F(t,T),t; K,T) 2e" [F(t,T) – К]. 
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Solution: For European call C(S,,t; K,T) and put P(S,, t; K,T) options written on S, 
with strike price K and expiry time T', we have 


C(S,t; K,T) = Se P7? o(d,) — Ke" dd ) 
and 
P(S,t; K,T) = Ke"? @(-d_) – Se PT-0d(-q ) 
where 


log(S,/K) + (к— D + 402\(T —1) 
fe 2 | 


1 сүТ-1 


Since F(t, T) = S,e"-DXT-0. by substituting 5, = F(t, T)e- "DT —? we have 


C(F(t, T), t; K,T) = e "17 [F(t,T)®(d,) - КФ(а,)] 
and 
P(F(t,T),t;K,T) = e" 1? [K®(—d)) - Е(@,Т)Ф(—а,)] 
where 
log (F(t, T)/ К) + 502(Т 0) 

42 = f? = —^ у 

Given the identity Ф(4,) + Ф(-а|)- 1 and Ф(а,)-- Ф(-4.) = 1 therefore 
C(F(t,T),t; KT) — Р(Е(і,Т),; KT) =e" [F(t,T) - КІ. 

М.В. From the expressions of C(F(t, T),t; K, T) and P(F(t, T),t; K,T) we can deduce 


that options on futures contracts are independent on an asset that pays a continuous divi- 
dend yield. 


28. Arithmetic Brownian Motion. Let {W, {1> 0} be а P-standard Wiener process on the 
probability space (©, F, P) and let the asset price S, follow an arithmetic Brownian motion 
(ABM) with the following SDE 


dS, = (и — D)dt + od W; 


where и is the drift parameter, Р is the continuous dividend yield and o is the volatility 
parameter. Using Ito's lemma show that under the risk-neutral measure @ the conditional 
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distribution of S. given S, is 


2 
г m С _ = 
5815, MON (se DXT 9, 2-5 [er D)(T-t) _ 1) 


where ғ is the risk-free interest rate and Т > 1. 
Using the risk-neutral valuation approach show that the European call option price at 
time ¢ with strike K and expiry time T is 


С(8,5 K,T) = (Se PT – Ke") o (d) + ôO (d) 


and from the put-call parity deduce that the European put option price at time f with strike 
K and expiry time T' is 


P(S, t, K,T) = 69 (-d) - (Se P079 — Ke") Ф(-а) 


S,e 24-9  Ке-(С-9 е-21(Т-4) — с-2Т-0) 
аз----------б-6,/----5:-Ы- 
б 2(r — D) 


and Ф(х) is the standard normal cdf 


Е 1 
Ф(х) = / La du. 
-ю \/2л 


Solution: From Girsanov’s theorem, under the risk-neutral measure О the asset price fol- 
lows the process 


where 


dS, = ("- D)S,dt + cdW 


и "5, 
с 


where we =W,+ t is a Q-standard. Further details on this change of mea- 


sure can be found in Problem 4.2.3.7 of Problems and Solutions in Mathematical Finance, 
Volume 1: Stochastic Calculus. 
From Taylor's theorem and from the application of По 8 lemma 
d(e CD's) = -(r — Dye 0P} S, е 245, 
+50 - Dye *P's (qr +... 


--(ғ- Р)е (РУ s gt 18 e C-Di(( _ D)S,dt + odW,°) 


= се“ Рау | 
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Taking integrals 


T T 
-(r-D -(r-D 
Т 469-955) = / се””-Эмдүүд 


1 1 


T 
gos. m gu S, = o f e C Puagwe 


t 


or 


T 
зе S, e DT-0 +o 1 eo -D)(T-u) awe. 
t 


T T 
Since / eC РГ уу д ~ М (о | ед этед) therefore 
t t 


2 
2 = Oo 2: = 
5115; 5У N (se DXT D 22-5) G D)(T-t) _ 1) | 


| g2- DXT-1) — 
By writing т = S,e"-DT-0 and s = с Sp so that the conditional pdf of 
EG 


т given S, is 


1 т-т\? 
ат) 


svV 2л 


then from the definition of a European сай option 


C(S, t; K,T) = e "T E? [max{ Sp — K,0}| F,] 


=e tT) / (Sp — К)/(5т|5)45т 
K 


=h-h 


where I, = e7'(1 70 / $т/($т|5) d Sq and I; = Ke7'(1 7? ji f GS) 451. 
K K 
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Sp – т 


we can write 


со -тү2 
1, = pr EN | ) dS, 
K 5\/2л 


99 1 
2 ET SZEM E jz 
Ке" 2r 


со 2 1.2 со 1 12% 
= UE e 27 dz met f e 2 dz 
сэр к 


=e to) [mo (2-5) + so (езі 1 
5 5 


For case Г and by setting z = 


Using similar techniques for case I, we have 


со 1{5т-т 2 
h= келч l 22. =) а5т 
К 


2(7-ЮХТ-4) — 
By substituting m = S,e"-DXT-0 ард s = с pour we have 
2(r — D) 


т-К Sec DT 70 -К 


р, eX(r-D\(T-t) _ | 


2(r = D) 


DT T 
7-0 (585, UO = Rar 9) 


e2(r-D\(T-t) — 1 
2(r — D) 
S,e D(T n). Ke r(T—t) 


б 


е-24ХТ-4) — e-2r(T-t) ; : : : 
where б = с — D and hence the European call option price at time f is 
r- 


C(S,,t; K, T) = 1, - Г, 


= [on oe (27E) sso (275) 


= (S,e P179 — Ke") o (d) + ê (d) 


S,e- DT-0 — Kg-r(T-0 
where d = ————————————. 
б 
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29. 


Finally, from the put-call parity relationship of European options 


C(S,,t;K,T) - P(S,,t; K,T) = 5-24-90 -Ке--09 


the equivalent European put option price at time f is 


P(S,,t;K,T) = C(S,,t; K,T) - Se PT + Ket) 
= (S,e P179 — Ke") (© (d) — 1) + 69 (d) 
= éd'(-d) - (Se PT — Ke) Фа) 


1.2 


since Ф/(х) = e 2" is ап even function. 
2л 


Let {W, : > 0} be a P-standard Wiener process on the probability space (Q, F, Р) and 
let the stock price S, satisfy the following GBM process 


48, 
—. = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility param- 
eter and let ғ denote the risk-free interest rate. 

We consider a European-style option contract with strike К written on the stock ,5, that 
pays amount 


4 (57) = 1 Pr 
т) = log So -К 


at the expiry time Т > t where Sp is the initial stock price. 


Using Ito's lemma find the SDE for log S, under the risk-neutral measure Q. 
Hence, show that the price of the option struck at time f is 


$ 
V(S,. t; KT) = ет") | (2) + (r -p- 55?) T-t- к| | 
0 


Find the hedging ratio, the number of stocks to hold апа the amount of cash needed to 


invest іп a risk-free money market in order to hedge this option contract at time 1. 
Finally, by considering a European contract that pays 


4 (57) = |l PE 1 
r) = |log So -К 


at expiry time Т what is the option price of this contract at time 12 


156 2.2.2 Black-Scholes Model 


Solution: From Girsanov's theorem the SDE of S, under the risk-neutral measure © is 


45, о 
— =(r—- D)dt+odW, 
5, 


where we =W,+ (2) t is а Q-standard Wiener process. 
б 


From Taylor's expansion 


45 


400 Auc ul 20 E 
ЕЗИ 25, i 


and using Ito's lemma we eventually have 
d(log S,) = (r -D- 502) а: + саи/®. 


Taking integrals 


such that 


log (2) SN IG -D- 599) (T -fyeXT — 7 | 


[4 


Hence, the option price at time 2 is 


V(S;,t;K,T) =e TE. | (5) F] 


= e -0pQ 


At time f, 


V(S,t K,T) = 6,5, + v, 
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where ф, is the number of units of S, and y, is the amount of cash invested in the risk-free 
money market. By partial differentiation with respect to 55, we therefore have 


дү eT) 
70808, 


ф, 
апа һепсе 


y, = V(S,G65 K,T) - ф,5, 


5 
= eT) ice (2) + (r-D- 309) (pus | | 
0 


5 2 
For the case when the payoff is #(S7) = [vs (%) -К | , the option price at time 1 is 
0 


: 5 1 
V(S,,t;K,T) =e r(T-0EQ (о (%) -к) 
50 
А 5 5 2 
== rT—t) FQ 1 -T 1 ши? -К 
СВЕ 
: 5 
= е-"Т-0Е@ (ы (%) - (r-D- 40) T -9 


x 


ЕО | (8) + (5-р дег) а-о -к 
0 


Since 
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therefore 
2 
log (2) E (r-D- to?) 7-0) 
2 
~x (1) 
oyT-t 
with 
2 
5 
log (=) 2 (r-D- to?) T -0 
Q 5, 2 [ея 
Е Е | = 1 
ovVT -t 
or 
< 2 
E? [C (%) = (r-D- 265) -0) 2 = оТ - t) 
t 
Hence, 


V(S,,t;K,T) = e "170 {ee -t) 
а «(-р-12)т-0-К| 
8 So r 29 , 


30. Merton Model for Default of a Company І. At time 1, we assume the asset А, of a company 
satisfies the SDE 


Г] 


dA, 
— = udt + od W, 
А, 


where и is the drift parameter, с is the volatility and (W, : t > 0] is a standard Wiener 
process on the probability space (Q, F, P). Let r be the risk-free interest rate. 
In financial accounting the asset A, is a combination of equity E, and debt D, so that 


A, = E,+ Р, 


where at time T, t < T the debt holders will receive an amount F > 0 which is the face 
value of the debt if Ат > F and the equity holders will receive the rest of the value of the 
company. Otherwise, the company will be in default and the debt holders will receive Ат 
and the equity holders will receive nothing. 

By constructing the payoff diagrams for Ет and Dy, find the values of E, and D, for 
all t < T under the Black-Scholes framework. 
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Solution: At time Т, for the debt holders 


Е ІШАт->Е 
Dr = 
Ар ifA;<F 
and hence, for the equity holders 
Er = Ат - Dr 
Е ШАт>Е 
= Ar- 
Ат НАт<Е 


Ат-Е НАг>Е 


0 if Ap < F 


= max{ Ár — F,0}. 


At terminal time Т, the payoff diagram for equity shareholders is given in Figure 2.1. 
Mathematically 


Ет = max{ Ar - F,0} 


is the payoff of a European call option on the assets with strike equal to the face value. 


Payoff 


F Ар 


Figure 2.1 Payment to equity holders at time Т. 
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Given that A, follows a GBM process, the amount of equity E, at time f is 
E, = C(A, 5 F, T) 
where 
C(A, t, F,T) = A,®(d,) — Fe" dd ) 
such that 


log(A,/F)+ (r + „о?)(Т -1) " 
d, —————À— аа оо) = | 
oNT —t —oo 


In contrast, the payment to debt holders at time T' is 


lcd 


e 3" du. 
ул 


+ 


Е НА >Е 
Dr = 
Ат ifAp<F 


= шіп | Е, Ат} 


or 


Е ШАр>Е 
Рт = 
Ат ifAp<F 


Е ШАт>Е 0 ШАт>Е 


Е ifAp<F |Е-Аг ifAp<F 


= F —max{F — Vr, 0}. 


Therefore, the payoff diagram for the debt holders is given in Figure 2.2. 
Thus, 


Dr = min(F, Ат} = Е —max{F - Ат,0) 


which is the difference between the face value and the payoff of a European put option 
with strike price equal to F. Thus, at time t the debt is equal to 


D, = Fe' 17? — P(A,,t; F,T) 
= A, — C(A,,t; F,T) 
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Payoff 


F As 


Figure 2.2 Payment to debt holders at time Т. 


where, from the put-call parity 


P(A,,t; F,T) = C(A,,t; F,T) - A, + Fe ' 079, 


31. Generalised Black-Scholes Formula. Let (W, : t > 0} be a P-standard Wiener process 
on the probability space (Q, F, P) and let the asset price S, have the following diffusion 
process 


48, 
E = (и, 2 D,)dt + o,dW, 
t 


where и,, D, and с, are time-dependent drift, continuous dividend yield and volatility 
functions, and let r, be the time-dependent risk-free interest rate from a money-market 
account. 

Under the risk-neutral measure ©, deduce that the European option price at time f, writ- 
ten on S, with strike price К expiring at T, T > t is 


V(S,.t; K,T) = àS,e- Л 0:4“ф(64,)-6Кет/ '“Ч@ф(54_) 
where 


log(S,/K) + f. (r, = D, + 
+ = 


JE о24и 


8- +1 for call option 
71-1 for put option. 
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Solution: Under the risk-neutral measure Q, S, follows 


45, b 
EN = (г, = D,)dt + бау, 
1 


1 
Hy — Ги 


where иЗ = М, + du is а Q-standard Wiener process. 


0 
Hence, from Ito's lemma 


S; 


= (r, – D)dt + o, dW} — 5020 
= (ғ -D,- 309) dt + са. 


Taking integrals 
or 


Since we can also write the Ito integral as 


Т n-i 
/ o dW? = lim У о, W8- WP) 
: і-0 


where t; =t+i(T —t)/n, t2 tg «(| € t5 < «t, 4 «t, = T, n € № and due to the 


stationary increment of a standard Wiener process, each term of Wo — we ~ 
i+ i 


N (0, тч) is normally distributed multiplied by a deterministic term, therefore we сап 


deduce that 
T T 
1 б, ау MON (о / 22 
1 1 
апа һепсе 
S. T 
log (%) ~ N |/ (ғ, -D,- 502) а. f 6; 2 

ог 


log (=) ‚М [(+-2- 38) (T -1), 27 — 7 
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where 
1 [Т 1 x 1 [Т 


r= ғ, йи, = oe D, du, o = — o? du. 
T —t " T-t t T-t t 2 


By analogy with the risk-neutral pricing methodology (see Problem 2.2.2.5, page 101), 
we can substitute the constants ғ, D and с of the Black-Scholes formula with 7, D and c, 
respectively so that the price of European call C(S;, t; K,T) and put P(S;, t; K,T) options 
with strike K are 


C(S,. t; K,T) = 5 е P T-0gd,) — Ke" @(d_) 
P(S, t; K,T) = Ke“? @(~-d_) — 579Ч-0Ф(-4,) 
such that 
log(S,/K) -(r- D+ 10737 =) 
OE шшш = ee = 
i сүт-і 
Substituting the values of 7, D and 5? we finally have 
C(S, t; K,T) = Se Л Раифа) — Кет "“чақа ) 


P(S, t; K,T) = Se f. 0:Фф(-4,)-Ке-/ niod) 


where 
logGS;/ К) + [Те -D,c 302) du 


а, = 
Т 
J, о24и 


32. Non-Dividend-Paying Asset Price as Numéraire. Let { W, : t > 0} bea P-standard Wiener 
process on the probability space (Q, F, Р) and let the asset price S, һауе the following 
diffusion process 


48, 
ER = (и, = D,)dt + o,dW, 
t 


where u, D, and o, are time-dependent drift, continuous dividend yield and volatility, 
functions, and let ғ, be the time-dependent risk-free interest rate from a money-market 
account. : 

Show that under the risk-neutral measure Q, 5, elo Райи follows a non-dividend diffusion 
process of the form 


d (510 ЗӨ = rS,elo Ричи р + o,S,el р,дидүү 9 


t 
-r 
where w^? =W,+ / Pu Ta y is a Q-standard Wiener process. 
0 б, 
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By definition the price of a European-style option with payoff (57) at time t < Т is 


V(S,,t) = E? le Л пау.) s 


where under the risk-neutral measure Q, the risk-free money-market account acts as the 
numéraire. | 

By denoting Ос as the equivalent martingale measure where the asset price Seh 
is used as the numéraire and using 


D,du 


-1 
Х, = (5,4244) elo "иаи 


as the discounted money-market account, show that under Ос the asset price S, now 
evolves according to the diffusion process 


45 
= = (r, = D, + oddt + od Ws 


t 
where wes = №9 = f с, du is а Ос-вїапаага Wiener process. 


0 
Hence, show that for a strike price К the price C,(S,,t; К, Т) of a European asset-or- 
nothing call with terminal payoff 


Sp if Sp > К 
Y(Sr) = 
0 ifSr<K 
is given by 
. cas ape р,ди 
C,GS, t K,T) = Se л Ф(а| 
where 


lx 


log(S,/K) + f, (r, — Du + 102) du ES 
= e 2" du. 


х 
d, — LU ow f l 
VJ; o2du -оо ү2л 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q, 5, follows 


dS, Ч 
C = (г, x D,)dt + бау, 
1 
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t 
Hr 


where we =W, + ‘ du is а Q-standard Wiener process. From 11078 lemma 


0 б, 


а (567 ne = D,S,eho Dydu gy + elo Pudud § 


t t 
= D,S,elo Puta + elo Put U(r, — D)S,dt + od Wf] 
$ 
- r,S,elo Dudu gt + o,S,elo Бфау/2. 
Given that S,elo P.4" is а non-dividend-paying asset and strictly positive, thus it can be 


used as a numéraire. 
Under the change of numéraire for a payoff Ф(5т) 


P(S P(S. 
no -QD ыг 4 = N® оо сн) | 
Мт Мт 


where for i = 1,2, N“ is a numéraire апа Q® is the measure under which the asset prices 
discounted by N are Q-martingales. 
Under the risk-neutral measure Q we have 


t T: 
NO = elo "4и and NO = elo rtu 
and under ће О; measure 


t T 
NO = Seh Di" and NO = Spel Patu, 


Hence, 
И(5,1) = E9 | i "tms 4 
= elo r,du cQ WO) Ж; 
al r,du 
= бей ринро | OD |2) 
Spel D,du 
Given 
Sr Ш5Тт>К 
V(S,)— = Srlis sk) 
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T 
= Sh Эмир, ШЕ ЕЙ 


the asset-or-nothing сай price under Ос is 


С,(8,;К,Т)- S,ef Put 


-Qs | ӛт Iis, kj 


T 
S. elo D,du 


= Se I" Pig (Sp > K|F,). 


Under © $ the discounted money-market account is defined as 
t ak к 
Х, 25 (514 padu) elo ди 
where X, is a Q.,-martingale. Using 100° lemma 


d X, = а (S efi Doe) 
-(ғ- Dj); Тель 0044; + ед Ри (5-1) 


= (r, = Dj)S; elo Pugs 4 S7 eho а даи -F + (5) + 2 


1 
= (r, - D)X, dt - X, |(r, - D, dt + саи + о? X,dt 
= -о,х,ай/® + o? Ха! 
= -0, X а 5 


1 
where wes = №9 - ] о, du is a О < -ѕѓапдага Wiener process. 
0 


By substituting dw? = aws + o,dt into dS, = (r, — D,)S,dt + oS, dW? the asset 
price diffusion process under О < becomes 


45 Q 
S. = (r, - D,  o2)dt + o,dW, 5. 
To find the distribution of 5, we note that 
d(log S,) = 202112) m 
og 5,) = 97246 ке 


= (r, - D, +.0?)dt + c,d — 5020 


= (ғ, – р, + 502) dt + o,dWwos 


and taking integrals 


T T 
log Sr = log 5, + f (ry- Dy +502) dus f б, dws, 
t t 
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Since wes is a Q c-martingale we have 


T 6 T 
1 ва ~w (0, f гіш) 
t t 


T T 
log Sr ~ N (igs, f (в-2,%5 | au, f 20 


апа һепсе 


Therefore, 


T 
С.(5,5К,Т)-8е-/ 2405 (Sr > K| F,) 
T 
= Se ^ 04040, (log Sp > log K| 95) 
= Seh D,du 
log К — 1055, — SE (ғ, — D, + 102) du 


xQs| ce a 7" jgz 
ЇГ o2du 


u 


where Z ~ N (0, 1). 


Thus, 
Тра 
C,GS, t; K,T) = S, e7) Энд “ф(а,) 
where 
T 
log(S,/K) + f, (п, = Du + 102) du хор аы 
pa AA  adeo)- f e 3" du. 
SE о24и 79 ү2л 


33. European Option Price Under Stochastic Interest Rate I. Let {w,s :t > 0} and {W7 : t> 
0} be P-standard Wiener processes on the probability space (О, F ,P) and let the asset 
price S, have the following diffusion process 


4S, " 
75. = (и, — D,)dt + o,dW, 
t 


where и,, D, and с, are time-dependent drift, continuous dividend yield and volatility 


functions and the risk-free interest rate ғ, is assumed to follow ап Ornstein-Uhlenbeck 
process (or Vasicek process in the interest-rate modelling world) 


dr, = k(0 — r)dt + ad W7 
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where к, 0 and а are constant parameters. In addition, we assume ws and W/ are corre- 
lated with coefficient p € (—1, 1), 


dW’ а” = pdt. 


Assume in the market there is a family of tradeable, risk-free zero-coupon bonds whose 
price at time 1 is P(t, Т) where they deliver a unit of currency at maturity Т, P(T,T) = 1. 
The zero-coupon bond has the process 


dP(t,T) 


= ut, T)dt t,T)dW, 
PUT) ира, T)dt + o,(t,T)dW, 


where Ира, Т) is the drift and o (t, T) is the volatility. 


(a) By defining (Y, : t > 0} as a P-standard Wiener process where Y, L W,", show that 
we can write 


5 
ИР = РИ + у1—р?Ү,. 
(b) At time f, we consider a trader who has a portfolio valued at II, holding ф, units of 


risky asset 5, and y; units invested in zero-coupon bonds. Using the two-dimensional 
Girsanov's theorem, show that under the risk-neutral measure Q, 


45 да; 
— = (r, - Dydt + саи 5 
S, 
d P(t, T) — 
PET) = r,dt + ot, T )aW/ 


dr, = (к(0 — rj) – ay,) dt + аай" 


1 [4 
where WS = pi¥ + VT- T W = wy | паў ка | А, du аге Q- 
0 0 


" Ира, Т) =". $ 2 А 
standard Wiener processes, у, = ат. is the market price of interest risk and 
б 
pits 
-r 
ру, + V1- 024, = СШ, 


1 
(c) Using Ito's formula, show that the zero-coupon bond price P(t, Т) satisfies the follow- 
ing PDE 


1 oP 
— + 29 —— + (к(0 -ғ)- ay,) dr -r,P(t,T) = 0 


дР 02Р 
t дг? 


Р(Т,Т) = 1. 


2.2.2 Black-Scholes Model 169 


(d) Using the Feynman-Kac formula, state the price of the zero-coupon bond P(t, T) at 
time 1 as an expectation. 

Assuming the market price of risk y, is a constant value y and by setting CEST LA ; 

к 


show that the solution of P(t, Т) сап be written in the form 


P(t, T) ше eA (Dr, BO;T) 


where 


Їл 1(а 2 a? 2 
АФ, Т) = (5- 3 (2) )воту-т+0- = BUT), 


к 


BET) = + (1-е 4-9) and с,4,7)--4(1-е-)), 
K K 


(e) By denoting Оу as the T-forward measure where the zero-coupon bond price is used 
as the numéraire, show that under the Оу measure, the risky asset 55,, zero-coupon 
bond P(t, Т) and the interest rate ғ, follow the diffusions 


45 2 
Ec = (r, — D, + poo, (t, T)) dt + ой 
1 
dP(t,T) К E 
PT) = (r, +o,(t,T) )dt+o,(,T)dWw/ 


dr, = (k(0—r,) + alot, T) — у) dt + аай" 


t t 
where WS = И/5 -/ po,(u, T) du and W/ = wr- | o,(u,T) du are Qr- 
0 0 


standard Wiener processes. 
(f) Finally, under От show that for a payoff 


V(S7) = max {Sr - K,0) 
the European call option price with strike price K under stochastic interest rate is 


T 
Ciocig S ri t; K,T) = S,e Dudugy(q |) — KP(t, T)®(d_) 
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where 
$ 1 
log (S,/(P(t, T)K)) — / (р, F 250. Ty) du 
d, = АЕ. 
SE c(u, T)? du 
c(t, T) = 4/0? + o, (t TY. — 2p0,0,(t,T) 
c(t, T) = = (1 — g T9) 
Ж 
Ф(х) = / l a di: 
-œ \/2л 
Solution: 


(a) By writing ws РИ’ + УТ - p? Y, we have the following properties 


EWS) = E (pW) + VIZ PY, ) = EO!) + VI = PEY) = 0 


and 
Var(W,*) = Уаг(рИ// + V 1— р?Ү,) = p°Var(W,") + (1 — p*)Var(¥,) = t 


since W/ L Y, 
Given both W/" ~ N (0,1), Y, ~ N (0, t) and W 1 Y, therefore 


pwr + УТ = PY, ~ М0, 0). 


From 11075 formula and taking note that W” L W, 


dW, aW! = d(9W/ + V1- рҮ): ай” 
= (pdW + V1 - p?dY,) dW 
= p(dW/) + V1- p?dY, dW,’ 
= pdt. 


Thus, we can write ws = pW) + V1- pY,. 


(b) We first define, 


wm 


where 4, is the market price of asset risk and y, is the market price of interest rate risk. 
Since Y, L W/ therefore we can easily deduce Y, L W7. 
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From the two-dimensional Girsanov’s theorem, there exist a risk-neutral measure Q 
on the filtration ¥,, 0 < s < t defined by the Radon-Nikodym process, 


1 ff. t 112 t 
— = 2, =e 2/0 Жаи-1 Aud Y, -е 2 Л у24ш-/, ау 
аР 


so that Ү, апа Wr are Q-standard Wiener processes and Y, L w; р 
Let the portfolio П, be defined as 


II, = ф,5, + w,P(t, T) 


where ф, units are invested in risky asset ‚5, and y; units are invested in zero-coupon 
bond P(t, T). Given the holder of the portfolio will receive D, S, dt for every risky asset 
held, thus 


ап, = $, (dS, + D,S,dt) + v,d P(t, T) 
= ф, (u,S,dt + o,S,4W 5) 
+, (ut, T)PE, T)dt + c(t, T)P(t, T)aW?) 


= rIl,dt + $,5, | - гда + о, (pdW; + У1- 1232) 
+y,P(t,T) [(uyt. T) — п) dt -о,(,ТуаУ//| 
By substituting 
dW/ = dW! — y,dt 
dY, = dY, – да! 
into 4П, we have 


ап, = Па! 
%ф,5, (Gu, — гра 
+o, СА — py,dt+ V1 раў, - V1 — 2121 
ey, Pa T) | (uy T) — п) dt +0,(,T) (dw — па! )| 
= гПа! 
t$,S, ІС =r,- (or, +V1- p) 2 Ш 
+o, (гай + V1- гаї, )| 


+ PUT) (и) п = not. Т)) dt + оа, Td w; |. 


By writing В, = elo "adu so that dB,=r,B,dt, and under the risk-neutral measure 
Q, both W” and W, are Q-martingales. In order for the discounted B7 ITI, to 


172 
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be a Q-martingale, 
d(B; IL) = —r,B; ! II,dt В Тап, 
= B, !9,5, ІС -ғқ- (or, кУ1- o) 2 dt 
+o, (гаў/ +у1- (2321 
B7 y,P(, T) 11722 T)—r,-7,0,(t,T)) dt + o, (i, T) W/" 
we require 


Ш г; MT) ^ r, 
and y, = ————— 


ру, + М1 - pA, = 


Hence, by substituting 


dW; = dW! — y,dt, 
dY, = dY, — A,dt, 


Ш Г; 
ру; + V1- 224, = —— 
б, 


into 
dS, = (и, – D,)S,dt + 0,5, (paw; + y1- pay, ) 
we have 
dS, = (и,— D,)S,dt 
+05, СА — py,dt + УТ- pay, - y1- pdt) 
= (m — DS dt + си, CIA зайг Ра?) 
—o,$, (2 +у1- 9) dt 
= (m — DS, dt + 0,5, CIA + y1- Ра?) 
-0:5, Е ^^) dt 
б, 


= (r, — D,)S,dt + 0,5, CIA ITE pa) 


= (r, - D)S,dt + 0,545 


where ws = pwr -Tyl- р2У.. 
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On the other hand, by substituting 


dW! = dW? — үй, 
" H(t. T) = P, 
ШЕГЕТІН 


into 


d P(t, T) = uy(t, T)P(t, T)dt + с (а, ТУР, T)aW/, 
dr, = k(0 — r)dt + ad W7 


the zero-coupon bond price and the instantaneous interest rate under the Q-measure 


become 
dP(,T) = uy, T)PQ, Т)  o,(t, T)PQ,T) (di; - yd) 
= m(t, T)P(t T)dt o, (t, T)P(t, T)aW] 
H (t, T) Е 
—-о,@,Т) ( “=” 
c, (t, T) 

= r,P(t, T)dt + o,(t,T) Pt, TAW; 

and 


dr, = (0 -rdt + a (4W; — ridt ) 
= (K(0 — r) – ay,) dt + аа". 


(c) From Ito's formula, 


др, ӘР 18P., > 
арР@,т)у= ард & dr, + ч 
(T) = Spat e к. 

_ oP ðP —,] 1 20?Р 

E s (к — r) - ay) dt + adW, | + 54 ол“! 
ðP 1 208P ðP дР = 

= [2-4 5422. (KO — r,) – ay,) | dt +a aW". 
E 2" ag (Оттон) 4 ов 


By equating coefficients with 
dP(t,T) = r,P(t,T)dt + 0,(t, T)P(t, Та! 


we will have 


2 
он + seas + (к(0 -ғ)- ay,) 


ОР 
— —r,P(t, T) = 0 
t or? t i 


or 
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and 
oP 21 
1,Т)-а--Р(,Т 
yt. T) = a PUT) 
with boundary condition 
Р(Т,Т) = 1. 


(4) From the Feynman-Kac formula, under the risk-neutral measure О, the solution of the 
PDE at time f is given by 


T T 
P(t,T) = ЕФ |e Л pq T) 4 = 9 | Ji таи 


~ а 
By setting y, = у where у is а constant value and writing 0 = 0 — ша we therefore 
K 
have 
dr, = к(0- rdt + аа". 


Solving the SDE directly, 


T NM T 
E («8- ro) qua f aw 
t t t 
T 


T 
rear = xb - n7 || ru duta f dW; 
t t 


which we finally have 


T 1 E d T p 
-/ ry du= Ley -r)- Gr f а. 
t K K Jr 


From Problem 3.2.2.10 of Problems and Solutions of Mathematical Finance 1: 
Stochastic Calculus, we can write 


T 
rp = ке 07048 (1- e Xt) t / ae «T qw 
t 


and substituting it to the above equation 


T _ „-к(Т—-ї) 2, _ o-k(T-t) 
-/ „а= (E507) a (158 т.) 
t к к 


+Ž | (eT — 1) di 
k J, и 
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or 
T ~ 
-/ r, du = —r,B(t, T) -0(B(t, T) - T +1) 
t 


на |. (es T= — 1) аў! 
k Ji 


where B(t, T) = 1 (1 2 gm, 
K 


Taking mean, we have 


T 
2 -/ r, du 
t 


d = -" ВТ) + 6 (B(t, T) — T +t) 


since 


d -0 


[4 


Т 
cQ БІ (esT Е 1) аў! 


апа уапапсе, 


2 


Pe [em 
) po / (e T= -1) au d 


а 2 1 —е-кТ- 

= —— -T +t 
=) ( K 

2 


а 1 е 2k(T —t) 2e k(T —t) 
EU UE RM d 


I 
E 


11 
| 
— “із 


2 2 
5 (2) (B(t,T) -T +1) - Č Ba, Т). 
k 2k 
Since rp ~ M аш +@(1—е*@-0), a [1 - p we can deduce 
K 


that 


T: 
-f r, du~ N (-т.80,Т)--0(80,7) -T4), 
1 


Е Ён (ВТ) тч) а во, гу) | 


176 


2.2.2 Black-Scholes Model 


Thus, 
T 
P(t,T) = E |e Jj тди Fr! 
py 1(а 2 а2 93 
_ ог"ватуйвату-т+)-3(5) бВвал)-тад-45 ват) 
= (АСТ), BUT) 
where 
» 2 2 
Aq T) 2 (8-1 (2) (B(t, T) - T +1) Č Ba, TY 
2\к 4к 
апа 
В(,Т)- 1 (1-2 6-0), 
К 


Thus, the volatility of the zero-coupon bond is given as 


oP -1 
ot, Т) = УТЫ, Т) 
= —aB(t, T) 


29€ (1. ,-kT-t) 
= 20 е ). 


(е) Under the risk-neutral measure О, the discounted zero-coupon bond Вг ІР, Т) 18 а 
Q-martingale. Hence, we can deduce 


B.P(,T)  P@,T) В, PGT) В, 
= rdt + о„@,Т)а4ЙЎ? — паи 
= oy(t, T)aW/ 


а(ВГ\Р@,Т))  dP(,T) dB, dP(,T)dB, (2) 


is a Q-martingale. 
From 11075 formula, 


d B!P ‚Т а BP T 2 
d (log (B7! Pqt,T))) = SUN AM : (TA 


-1 -1 
B; P(T) B. P(T) 


~ 1 2 
-о,(1,Ту4И// — 5 p(t, TY di 


and solving the differential equation we have 


| ВГІР(1,7) | (ат) dW Үд шт)? d 
о — |= с (и, -- б (и, и 
5 Bo! РО, Т) о” он 
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or 
zd 
B, Р@а,Т) " ol ou, DAWE- fy ори TY du 
В P(0, T) 


where Ву = 1. 
From Girsanov's theorem, we can define a T-forward measure От, given by the 


Radon-Nikodym derivative 


4От| _ Ра,Т) / B, 

dQ |z, Р(0,Т)/ Bo 
_ Br! P(t,T) 
B,'P(,T) 


9,24% Дори Т)а г 5 Ja oy Qi TY du 


1 
so that W” = W/ — / c (u, T) du is a От-згапдага Wiener process. 


In a similar vein, we can also set 
—, œs iz 
Wy = pW + ү1- р 2, 
where ws and 7, аге Q-standard Wiener processes and ws 1 Ж 
Thus, we can write 


dP(t,T) = r,P(t, T)dt + o,(t, T) P(t, T)dW/ 
= r,P(t, T)dt + c(t, T)P(, T) (215 жа pdZ,) 


and we can deduce 


d(B;!P(,T) | ( (B7! P(t,T)) ) + 


а (log (B; ! PQ, Т))) = - шэг E 
d ВГІР(1,Т) 2\ Bo! P(t,T) 


~ 1 
= 5 2 2 
== po,(t, T)dW,? — 27 о, (1, Туға 


*V1- p?o,(t, T)dZ, – 50 - pot, T? dt 


and hence 
a Lr 
B, PT) ШИН 0 TW, -5 [o phu TP du 


Bj! P(0, T) 
xe Ју V1-glo,(u.T)d Z,— fo (0-0 вушТ du. 
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From the two-dimensional Girsanov's theorem, there exist a T-forward measure От 
on the filtration F, 0 € s < t defined by the Radon-Nikodym process, 

dQr 28, /1С-өвушлуу 5 -3 o popu, T) du 
dQ 
sum Ше 1=p?6,(u.T))dZ,—5 Ла-р?в,(ш.Т)?аи 
so that WS = И — / po,(u,T)du and Z, = 2, – » V1 - p?o,(u, T) du are 
От-ѕќапаага Wiener processes and 5 12 Ü 
Hence, under the От measure, 
45, сус 
omn Dod +o, (div, + po, (t, та) 
= (r, – р, + po,0,(t,T)) dt + o dW, 
d P(t, T) A 
"үтү = 4 +9061) (aW? +о„а,Т)й!) 
= (r, +с,0.Т)?) dt + о„@,Т)ай?” 
апа 
dr, = (k«(0 — 7) - ау) dt+a СА +00, та) 
-(к(0-ғ)%а(,(,7)-у)) dt + ad WY. 
(f) Under Фе change of numéraire for a payoff V(S7-) 
NOEP VGST) | могао | POST) 2 | 
0) ; d (2) t 
Мт Мт 


where for i = 1,2, МӘ is a numéraire and Q is the measure under which the asset 
prices discounted Бу N“ are Q?-martingales. 
Under the risk-neutral measure Q we have 
T 
м? = elo "udu and М? = elo r,du 
and under the T-forward measure От 


NO —P(,T) and NÊ = P(T,T)=1. 


Hence, with the change of numéraire from the risk-neutral measure Q to the T- 
forward measure От, the European call option price at time 1 under stochastic 
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interest rate is 


. = FQ / rudu = c 
Ciocug (So roti K,T) = est тах {57 — K,0}| F, 


— „Лара ES - К,0) | d 
efo rudu ! 

аг ee 4 
P(T,T) 4 


= Р(,Т)ЕЗт [р к : 


P(t,T)E 


From Ito's formula, 


а(Ра,Т)8) 45, _ аРа,Т) _ ($) (gem) П (D) 
Р(,Т):15, S, PT) 5, Р(,Т) Р(,Т) 


- (r, - D, + po,o,(t, T)) dt + о,4 5 
- (r, + o,(t. T) dt — о„@,Т)аЙў” – po,o,(t, T)dt 
toy(t, T dt 

= —D,dt + оа — o, (t, T)dW] 

= -D,dt + o(t,T)dV, 


where 
c(t, T) = 4/07 +0,(t, TY — 2p0,0,(t,T) 
and 
UR od — o, (t, T)dW7 
= 


ys? + o (t, Ty - 200,6,(, Т) 


is a От-ѕѓапаага Wiener process. 
Hence, by solving the geometric Brownian motion process, 


Р(Т,Ту lS, т 1 | T | 
(20000) шы (- / (2. + 29041) )а. f olu, T) au). 


Following Problem 1.2.2.7 of Problems and Solutions in Mathematical Finance, 
Stochastic Calculus, Volume 1, the European call option price at time f under stochastic 
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interest rate is 


T 
Cochin G5. ri. f; K,T) = Seh 24“ф(4,)- K P(t, Т)Ф(а_) 


where 
T Ж 1 3 
log (S,/(P(t, T)K)) — (2. = 5o. T) ) du 
d, = ——————— — ———————————————, 
т o(u,T)? du 
c(t, T) = 4j o2 +0,(t,T) – 2po,o, (t, T) 
and 


Е _@ _ „—к(Т—1) 
o (t. T) 2 (1 е ) $ 


34. European Option Price Under Stochastic Interest Rate II. Let {w,s : t > 0} and {W7 : 
t > 0} be P-standard Wiener processes on the probability space (О, Р, Р) and let the asset 
price S, have the following diffusion process 


dS, 5 
"S = (и, = D,)dt + o,dW, 
t 


where и,, Р, and б, are time-dependent drift, continuous dividend yield and volatility 
functions and the risk-free interest rate ғ, is assumed to follow an Ornstein-Uhlenbeck 
process (or Vasicek process in the interest-rate modelling world) 


dr, = k(0 — r)dt + ad W7 


where x, 0 and a are constant parameters. In addition, we assume ws and W/ are corre- 
lated with coefficient p € (—1, 1), 


dW а” = pdt. 


Assume that in the market there is a family of tradeable, risk-free zero-coupon bonds whose 
price at time 1 is P(t, Т) where they deliver a unit of currency at maturity Т, P(T,T) = 1. 
The zero-coupon bond has the process 


d P(t, T) 


= и (t, T)dt t, T)aW? 
PET) Mpt, T)dt + o,(t,T)dW, 


where ира, Т) is Ше drift and o (t. T) is the volatility 
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(а) By considering a hedging portfolio involving an option V(S,,r;,¢) under stochastic 
interest rate which can only be exercised on the option expiry time Т > 1, a risky asset 
S, and a zero-coupon bond P(t, Т) show that V (S, r;, t) satisfies the following PDE 


OV 122024 1 28V ду дү 
—+-= — + >a — + S,—— +r,- ”,)5, —— 
Ыс ay ae ae 7 Кшт 
712 
%(к(6-ғ)-оу)---"У(5,ғ,0-0 
дг, 
with boundary condition 
V(Sp,rp, T) = %(5т) 
Ира, Т) E , у . Ё 
where у, = ет. is the market price of risk of the interest rate апа %(.57-) is 
o (f. 
the option payoff. 
(b) Using Ito's formula, show that the zero-coupon bond price P(t, Т) satisfies the follow- 
ing PDE 
ðP 1 59?P дР Е 
t + 24 ad (K0 — rj) – ау, } or, —r,P(,T) -0 


with boundary condition 
Р(Т,Т) = 1. 


~ a 
(c) Assuming у, = y where у is a constant value, 0 = 0 — 27. and writing the price of a 


к 
zero-coupon bond maturing at time Т in the affine function form 


P(t, T) = eAGT)—r, BLT) 
with boundary conditions 
АТ,Т)-0, В(Т,Т)-0 


find the functions of A(t, Т) and B(t, Т) by solving the PDE satisfied by P(t, T). 
Hence, show the volatility of the zero-coupon bond to be 


oy, T) = S (1 -= eT), 


(d) To reduce the dimensionality of the PDE satisfied by V (S,,r,, t), let 


ES, 


V(S, r, t) 
1 P(nT) 


d У(5,)- 
ad УВЕ тт) 
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and using the zero-coupon bond price PDE, show that fS p t) satisfies 


A of, 
аў 1 lg S? эд" =0 
ді as? as, 
with boundary condition 


f (S, T) = 457) 


h ET) 2 /02 LT) -2 t, T) and (5. хн 
where c(t, Т) = 4/07 + o, (t, T) — 2p0,0,(t,T) ап T) = втту 


(е) Finally, for a payoff 
V(S7) = max {К – 57,0) 
deduce that the European put option price with strike price K under stochastic interest 
rate is 
T Dd 
Р,осшь OS) rot, K,T) = KP(t, T)b(-d ) - Sieh 4““Ф(-4,) 
where 
А 1 
log (S,/(P(t, T)K)) — | (2, + 50 (и, ту) ди 
d, = : ; 
VS с(и,Т)2 du 
olt, T) = y/o? + o, t, T? — 2p0,0,(t,T), 
o,(t,T) = -2 (1 — eT) 
K 
and 
* 1 
Ф(х) = Жа du. 
-œ \/2л 
Solution: 


(a) We let the portfolio at time f be 
II, = V(S, rj, t) - 415,- A;P(t5 T) 


where it consists of purchasing one unit of option, and selling A, and A, units of risky 
asset S, and zero-coupon bond P(t, Т) respectively. Since the holder of the portfolio 
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receives D, S,dt for every asset held and because the investor holds —A,S,, the port- 
folio changes by an amount —A, D,S,dt and therefore the change in portfolio П, is 


ап, = dV — A,(dSS, + D,S,dt) — Ad P(t, T) 
= dV — Aid S, - A,D,S,dt — Ad P(t, T) 
= dV — A, (u,S,dt + саи) 
—A» (u,(t,T) P(t, T)dt + o, (t, T) P(t, T)aW ) 
= dV - (Дуи,5, + Аҙи,(1,Т)Р(,Т))41- A10, 5,4W5 
—Ajo,(t,T)P(t,T)dW,’. 


Expanding V (S,, r,, t) using Taylor's theorem 


av... wv ди 
dV = ба dS d 
Ho aS one 


19V,,., ду 
TLLA (dry + —— 
2 2, т + 295, 


18V, 2 107 
ағу + 
2 ор ( ) 2282 


CRAH 
ду 
(ағха8,)-- ағ, ат) 


ay 
25 854. 
tIS ar, Adr + 


and substituting 45, = (и, — D,)S,dt + ЖУЛ and dr, = k(0 — rj) + ad W7, and 
applying Ito's lemma, 


дү 


Ж(и,- та 


av ƏV s дУ 
ГЭ Чанга сыш шта 


Substituting back into 4П, and rearranging the terms, we һауе 


95 


9v 
‘aS, 


OV 15220204 10У ду 
dll, = | — + 50252 — + 50 — Е 
t (% + 359; я 2707 7 + ра - 


дү 
и = D)S Ss + KO = г)=— — Au, — Aut TPC, n) dt 
1 


56,5, E: Е м) dW’ + («9 - Asoy(t, T)P(t, n) dW, 
t t 


To eliminate the random components, we set 


дү Е _ 
Ау = 25 and A, =ao,(t,T) | P(t,T) 


10V 
Or, 
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leading to 


2 2 2 
an= |% 32У “лай дү 


a^ —— + pao,S,—— — 
as? 2 д? di 


I =) av x] 
+ 0- dt 
(x r) – c t, T) дг, 


Under по arbitrage condition, the return on the amount П, invested in a interest rate 
would see a growth of 


i 
й 2 


dll, = гПа! 
and hence we һауе 
ди а oV 
V(S,,r,,t) - 5,— — — |dt 
^i ( Gp rif 7 е c, (t. T) x) 


90V 1 228° V ‚1 20°V д? дү 
-|---Һ--6282------а---. %---------- D 
| дї 22 4 252 2% дг? рас; 


беш 
108,0, © "aS, 
и,0,Т)ү дү 
0-r)- — | dt 
+(x n) 6,7) J дг, 


Removing df and rearranging the terms we finally have the Black-Scholes equation 
under stochastic interest rate 


дү 


дү 2202У 
1 


I pi E ao, S, — — 
à 27713827 2 ga P 
oV 
+ (к(0 -rn)- ау,) — Ж -rV(S,r,t)- 


with boundary condition 


VGSr, rz, T) = (Sr) 
u(t, T) — Ї 


where y, = ——————— is the market price of risk of the interest rate. 
ча Т) 


(b 


wm 


To find the PDE satisfied by the zero-coupon bond P(t, Т), from Taylor's theorem 


арат) = Pars 7 a Нээх 


and substituting dr, = k(0 — r,)dt + adW," and using Ito’s formula 


oP oP 
0—r)— 14! —dw’. 
ЕТ 7 ap + K( ry) з + “б ; 
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By equating coefficients with dP(t,T) = ира, T)P(t, T)dt + сї, T)P(t, T)dW/ we 


have 
дР 1 50?P дР _1 
„Т)=| — + 0 —— 4к(0-ғ)-- | POT 
uy, T) (2 irm к( SE n ) 
and 
oP 
= -1 
o KL. T) = aP(t, T) or,” 


Substituting the expressions of Ир, Т) апа o (t. T) into the market price of risk 


formula 
2 Ира, Т) = P, 
n= 0Т) 
we will have 
дР 1 50?P дР = 
Еэ + 24 52 + (к(0 — rj) – оу,) Э -r,P(, T) 20 
with boundary condition 
Р(Т,Т) = 1. 


~ a 
(c) By setting у, = y where у is a constant value and writing 0 = 0 — 2 we therefore 
K 


have 


дР ,0?P 
DT. Pune E 


1 à др 
Е "m )5-- P(,T)-0 
dE + (к {ртс ис 


with boundary condition 


P(T,T) = 1. 
By substituting 
дР дА OB дР д2Р 2 

- = РТ), —=-B(t,T)P(t,T), “---8В(,ТУР(,Т 
(GG) PGT. 5,5-ВЬТРЫЛ. Sy =В@ТЎРИ,Т) 


into the PDE and equating coefficients we eventually have 


OB 
---кВ(,Т)-1 
y PBUT) 


ðA ~ ia j 
2^ = KOB(t,T) - =a? B(t, TY. 
ap (t, T) 24 (1,Т) 
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Solving ей — кВ(ї,Т) = —1 we let the integrating factor be T = е“, and thus 


а (- - 
di (е B, T)) = -e* 
e Kt 
e™ B0, T) = +C 
where C is a constant. 5 
-К 
At time t = T, В(Т,Т) = О and hence C = — x . Thus, 


ват) = (12-67 7-9); 
к 


Solving a = KO BUt, Т)- а? Bü, ту and because А(Т,Т) = 0, we have 


1 Т шүт 
A(t,T) = te f В(и,Т) du -<3 | B(u, T) du. 
1 1 


2 
біпсе 
Т 1 Т 
| В(и,Т) du = if (1 — eT) du 
t K t 
= (т-:- 1 (1- вт) 
к к 
= L (T -1 - BET) 
к 
апа 
Т 1 Т 
1 В(и, TY du = 5| (1 рең Vek Tu) + pup du 
t K^ Ji 
1 1 ]—e «0-0 
= —(T-t-2B(t,T = 
a (t Эжэ ( x 
= (т-:- В(,Т)- EBET?) 
к? 2 
we һауе 
а V? к 23 
А@,Т) = (2) (т -- B(,T) - É BGT) ) (т -:- B(t,T)) 
к 


1 

5 
= 2-1(4у (ва ту тад Ba, TY 
B 2 їк d 4k , І 
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Therefore, the bond price is 


P(t, T) = eAT)—1, BUT) 
where 


[х lfa 2 a? 2 
Ай,Т)- (5- 5 (=) ) валу-таа- BET) 


and 


BE, T) = -(1- e *77). 


a l= 


Furthermore, the volatility of the zero-coupon bond is given as 


ot, T) = go P T) 


_@ Ре?) 
» (1 e ). 


(d) By setting 


ЭЭ: 


Он V(S, rj, t) 
Р(,Т) 


Р(,Т) 


and V(S,,t) = 


we have the following 


di ла OP av av OS, 
азер DE + PET) Ее PET 
дї (oon TUR ое Тын. 
РТ р 5 р 
= куат о, cc аа ан 
дї ðt PTP 05, д 
^a OP 97  aoP OP 
Sy d Puy 
ді ді 95, ді 
Эа pers. 
95, 95, 95, 


у о (90 \ 2795 1 о? 
282 oS,  P(tT) as? | 
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095 4.4 
T pen pus ДЕ 
or, po Or, дг, 
S, aP рес ДӘР 
2 LVS.) 
di n S PET) or, (Sr or 
p" п 
95, 
av др o(ooN 2095 _ 5 Pop 
95,дг, 07,95, or, \ 9$ 282 дг, P(t, T) 282 дг,” 


àv 8127: с 9v oP од PP 00 98 ӘР 


= sA ae ERA QU eS 
òr? Or, aS, 9 "arag, 0r, "98, д2 205 д", Or, 


__ (Sap \ ә? әр 5 a (#) батар 
ОР де, as, or, Р(,Т) as? or; 98. or? 


av (0S, ЭРЭР | s ØP 
2 — +Р(5)— 
as, OP or, дг, дг? 


20% PP(aPV сәдр оо ФР 
Р@а,Т) 252 Var, ; 


Substituting the above expressions into the Black-Scholes model under stochastic 
interest rate, dividing it by P(t, Т) and taking note that с nu T)=aPtt, DE ЭР. уе 

дг, 
will eventually have 


oV 1/5 5 "TA а дЁ 
+= (o; + ор(1, TY — 2p0,0,(t, т)) 2° ae DS ye 
àt 2 7282 95, 
дР 1 202Р др PG, 
+| + 0 “(к(0-ғ)- — —nPGI 
| pas or? ы or, 24 ) FUTT) 
ӘР 1,0 дР 5 of 
ee ye 0- - — —r,P(tT — = 0. 
( ar 2° др шаға ла ) PUT) 03, 


біпсе 


ðP 1 „д?Р дР Е 
es 29 oe + (к(0 Е ay,) o -r,P(t, T) = 
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therefore we have the reduced Black-Scholes equation of the form 


with boundary condition 
PST) = KS) 
where 


11572) 


o(t,T) = o? + o,(t, TY —2po,o,(t, T) апа Ҹ(57) = Р(Т,Т)` 


(е) By writing BS, t; K,T) as the European put option price at time f satisfying the 
reduced Black-Scholes equation with payoff 


Р,.($т,Т;К,Т) = тах {К — 55,0) = max(K — $y} 


1 
Р(Т,Т) 


X ST 
where Sy = RIO P(T,T) = 1, К is the strike price and Т > t, then the solution 


can be deduced as 
B, (S, K,T) = КФ(-а)-бе-/ Рифа.) 


log( S / K) — a (р stow 19^) du 
1 : и 2 ? 


үл c(u, T)? du 


Hence, by setting back $ = P(t, T)-.,, the European put option price at time t under 
stochastic interest rate, Pg (S5. rnt; К, Г) is 


HF 


Pong Si ri t: K T) = Pt, T)P,S, t; K, T) 
= КР@,Т)Ф(—4_)— $ Pat, Te): 2гф(-4,) 
zu D,du 
= КР(,Т)Ф(-4.)-5,67/| Рифа.) 


where 


2 


үл c(u, T du 


T 
log (S,/(P(t, T)K)) — / (2. = Кер ту?) du 
1 


190 2.2.3 Tree-Based Methods 


c(t, T) = y/o? + о„@,Т) – 2po,0,(t,T), 


and 


= 9€ (1 „-к(Т-0 
o (t. T) = (1 е ) : 


2.2.3 Tree-Based Methods 


1. Risk-Neutral Approach. At time t, the value of the stock is S, and at time T > t, the price 
has moved to either uS, or 45,, 0 < d < и. We assume under continuous compounding 
that there is a risk-free interest rate r and the stock pays a continuous dividend yield D 
where it follows a GBM process 


dS, 
— = (и- D)dt+odW, 
5, 


such that и is the drift, с is the volatility and {W, : t > 0} is the P-standard Wiener process 
on the probability space (Q, F, P). 

Suppose 0 < d < e"-DXT-? < и, show that the risk-neutral probabilities for upward 
and downward movement of the stock price are 


er- DXT-0 _ d 23 u — ей DXT-0 
== с ы PEU ep 
respectively. 
Prove that 0 < л < 1. 
Hence, find the market price of a European call option V(S,,t; K,T) which expires at 
time T' with strike price K. 


Solution: We first need to find the risk-neutral probabilities z, 1 — z for upward/downward 
movement of the stock price where, under the risk-neutral probability measure О 


Е® ( Sr| S,) = Spe T, 


Since the stock price would grow to either uS, with probability л ог 4,5, with probability 
1 — z, we therefore have 


ли, + (1 л), = Se" DXT70 


such that 


et -D\T-1) -4 d и- e DXT-0 
л= ап -r = ——————— 
и-а и-а 
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Since 0 < d < e"-DXT-D < u we have 
е"-РХТ-9 __d>Q and и-4>0 


and hence, л > 0. In addition, because 0 < e"-DXT-0 — 4 < u — d, therefore л < 1. 
Hence, the European call option price at time f is 


VG, K,T) = е" 0-90 | max {Sr – K,0}| | 
= e 07? [л max {Sr — K,0} + (1 — л) max {Sp — K,0]] 
(r-D)(T=1) _ 
= e T7 (5225) тах {и 5, аж K,0} 


(r- D)T-t) 
u—e 
+ oe) max (45, — ко) 5 


О 


2. Self-Financing Trading Strategy Approach. At time f, the value of the stock is S, and at 
time Т > t, the price has moved to either uS, ог4,5, 0 < d < и. We assume under contin- 
uous compounding that there is a risk-free interest rate r and the stock pays a continuous 
dividend yield D. 

Suppose 0 < d < еб-ЭХТ-9 < и. Denoting V(S,, t; K,T) as the market price of a Euro- 
pean put option which expires at time T with strike price K, show by setting up a portfolio 


Ү($,,1; K,T) = 6,8, +, 


where ф, is the number of units of S, and y; is the amount of cash invested in the money 
market that 


d, =e PT ЕЕ 5 sn 
Зе His SEO A эу нши 


(u — d)S, 


and 


тах |4487? – dV (u 5.7) 
іш 


и-а 


Hence, find the price of a European put option V (S;, t; K, T) which expires at time Т with 
strike price K. 


Solution: At time 1, the portfolio is worth 
V(S,, t;K,T)= Ф,5, + ш; 


where ф, is the number of units of S, and y, is the amount of cash invested in the money 
market. 
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Given that S, pays a continuous dividend yield D, then at time Т the number of stocks 
and the amount of cash will grow to ф,е?(Т—9 and we"7—, respectively. Because Sy can 
either be Sy = uS, or Sy. = 46), we can write 

V(uS, T; К,Т) = peP T us, + we" 
and 


V(dS,T;K,T)-— $,eP dS, ES wert, 


Hence, by solving the two equations we have 


мэл ин K,T)-V(dS,,T: кт) 
ын 


(и — 4)5, 
and 


y, = e" (V(uS, T; K, T) — фе? TuS) 
erT- [ees K,T) – dV (uS,T; e| 
u—d | 


Finally, because 
V(uS,, T; K,T) = max(K —uS,,0}and V(d S, T; K,T) = max{K — dS,,0} 
therefore 


V(S,,t;K,T) = pS, +; 
(-4ХТ-1) _ d 
шөл эй 220200 К-и5,0 
е ( 2-3 ) max 1 и), ) 


и- e DXT-0 
oo) max {К 45,9) 5 


3. Ву referring to Problems 2.2.3.1 and 2.2.3.2 explain why, when we drop the assumption 
0«4«себ-0ХТ-0 < и, there is an arbitrage opportunity. 


Solution: To show that there is an arbitrage opportunity if we drop the assumption 0 « d < 
e"-DXT-0 < y we first assume d > е07-2Х17-9 then, at time t, a speculator can borrow from 
the money market in order to buy stock worth S,. At time Т, the stock price is worth either 
uS, or d S, which is enough to pay off the money-market debt since и > d > e-DXT-0, 
Hence, this provides an arbitrage. 

In contrast, if u < eC -DXT-0 a speculator can short sell the stock worth S, at time f 
and invest the proceeds in the money market whilst paying dividends to the owner of the 
stock. By time Т, the money invested is worth 5,е -РХТ-0 and by replacing the cost of 
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the stock, and since d < u < еб-РХТ-0 the profit would either be S, (e0 D(T-0 — u) > 0 
ог ,5.(е4-РХТ-0- d) > 0 which is also an arbitrage. 
L1 


4. Cox-Ross-Rubinstein Method. At time t, the value of the asset is S, and at time f + Af, 
At > 0 the asset price is either increased to 15, or decreased to 4,5,,0 < d < u. In addition, 
under continuous compounding there is a risk-free interest rate r and the asset pays a 
continuous dividend yield D. By assuming the asset price follows the geometric Brownian 
motion such that under the risk-neutral measure О 


5 
log ( ем) ~N [6 -D- 399) At,c^Ar| 


t 


where o is the asset price volatility, show by using the first two moments of S,, A, given 
S, that 


ли+ (1 — z)d = e^ 


Tu d= л)а? = е00—-)+о?)А 


where л and | — л аге the risk-neutral probabilities of upward апа downward movement 
of the asset price, respectively. 


By setting и = 5 show that 


gU DAL q 


и-А-УА2-1, а-А-УА2-1 and лэ 2 
^UE 


where A — ; g C DA ү ofr—D+o?)Ar] 


By expanding и and d up to ©(Ат) show that 
и = e^ V^ and 4 - есум 


and to ensure z, 1 — z € (0, 1) deduce that 


5 
Solution: Since log (= ~ М IG -р- 309) Ат, в? мї , therefore the expectation 


t 
and variance of S;,,, given S, are 


E? (Siarl S,) = Spet es 


and 


Var? (Siarl 5)) - 52е? Рм Сан = 1) : 
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Thus, 


2 
En (5, | nm 5,)] 
= 52 20 DA ( eo _ 1) 4 52 e2r—D)At 


— «2,Q(r-D)-o2)At 
= Sre олақ 


| 5) = Var? (Sa 5) + | 


As the asset price at time f + At could grow to either uS, or 4,5, with risk-neutral proba- 
bilities л and 1 — л, respectively, therefore 


9 (5,4,5) -ли5,%(1-л)45, 
cQ (52 


2 arl Se) = mes? + (1 - л)а?5]. 


Hence, by equating the continuous risk-neutral random walk and the discrete binomial 


model we have 


From 


we have 


In addition, because 


we can also write 


Thus, 


or 


ли+ (1— z)d = e~ 


ти? + Gis л)а? 25 сС(г-Фуко2дуАг 


ли + (1— z)d = e"-D^t 


e 7 DAt -4 


2 
ли? + (1 И z)d? = e2r-D)+o )At 


e(2(r—D)+07 At — d? 


Л = 
ic 
g-DAt _ 4 e(2r—D)+07 At — 42 
и-а u2 — d? 
(20 Рр)+о2)Аг _ 42 
TL em мы шы 


e(r—D)At — 4 
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1 
By setti =-, 
y setting и = -, 


Q(r-D)*o2)At _ 72 
d e(r-D)At — 4 
or 
а2-2А4%1-0 
where A = 5 хаш + ене Непсе, 


а= А+ъжУА2 – 1 
and because 4 < и we can therefore set 
4-А-УА2-1 and и-АФУ42-1, 
From Тау!ог 8 theorem we can expand А апа А? ав 


re H | g 07 DA, И 


= : [1 - (0 — D)JAt - 1 (r— D o5)At  G(AC)] 


=1+ 502 + (ДР) 


апа 
ad 1 Ё -(r-D)At ү o- 220 

= le -3(-D)At | 365^ At у аш 

24 1! — 2(r — D)At + 2(1 +o At) + 1+2- D+0°)At] + ©(А??) 

= » o At + OAC). 
Therefore, 

а=1- сүл + (Аг) and и-140үА 4 Ó(Ar) 

or 


а-е“УМ and и=е°У^ 


since the terms 1 — o y At + O(At) and 1 + o y At + O(AD) agree with "БАГ! апа ег V Ar 


up to O(At), respectively. 
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Finally, to ensure 


(r—D)At _ 
0< РЕ ЕЙ <1 
и-а 
ОГ 
e DAL. e oV 
0<---------<1І 


er yA 


and by solving the inequality we have 


2 
0<ar<( 9 ) | 
р 


p 


5. Jarrow-Rudd Method. At time t, the value of the asset is S, and at time t+ At, At > 0 the 
asset price is either increased to uS, or decreased to 4.55, 0 < d < u. In addition, under 
continuous compounding there is a risk-free interest rate r and the asset pays a continuous 
dividend yield D. By assuming the asset price follows the geometric Brownian motion 
such that under the risk-neutral measure С) 


5 
log ( ны) ~ N IG -D- 502) Ат, в? мї 


1 


where с is the asset price volatility, show by using the first two moments of 5, д; given 
S, that 
ли+ (1-л)а = е“ РА! 


2 
ли? + (1 ЭР z)d? = e2r-D) +o )At 


where z and 1 — z are the risk-neutral probabilities of upward and downward movement 
of the asset price, respectively. 


By setting л = 2 show that 


d = e DA (1 — Мета р) апа и= е0 (1+ Мем — 1) 


and to ensure 0 < d < e"—P)At < u, deduce that 


log2 
0< At < —. 
E) 
Solution: To show 
ли+ (1-л)а = e"-D^t 


ти? + (1- лла? 2. e(2(r—D) +07 Ar 


see Problem 2.2.3.4 (page 193). 
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By setting z = 5 we һауе 


utd = 2е- 0) 
u? + d? = Je(2r—D) +07 Ar 


and letting и = 2607-0934 — | we have 
d? — 2e - D&tq 4 Qelt—D)At _ o(2(r—D)+0?)At 
Or 
d = é-DA (1 Vera 1). 
Since d « u we therefore have 
а=е D (1 — Ver At — 1) and и = eC D^! (1 + Уезд — 1) 
Finally, to ensure that 0 < d < e"-D^! < и, 


0<е ЭМ (1 - V ec? At — 1) eer БА? 


and solving the inequality we eventually obtain 


log2 
0< At< —-. 
с 


6. Boyle Method. We consider a trinomial model where at time f, the value of the asset is S, 
апа at time f + At, ДЕ > 0 the asset price is increased to и,5,, unchanged 5, or decreased 
to d.S,, 0 < d < u. In addition, under continuous compounding there is a risk-free interest 
rate r and the asset pays a continuous dividend yield D. By assuming the asset price follows 
the geometric Brownian motion such that under the risk-neutral measure О 


5 
log ( ex) ~ М IG -D- 399) мод | 


1 


where o is the asset price volatility, show by using the first two moments of 5, A, given 
S, that 
Z,U +m + z4d = el" ОМ 


2 
ти? +m + ла? = е(2("-Р)+в 244 


T, + T + T3 1 
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where л, лз and лз are the risk-neutral probabilities of upward, unchanged and downward 
movement of the asset price, respectively. 


By setting u = 2 and и = еб Ум, A > 0 show that 


( e(2r—D)+0?)At _ ett ya ) eo VAt _ ( gr DA] ) 


J| = 
(ев Ум — 1)(e24e VAt -1) 
( el (r-D)+0?)At _ gD) 2л МА _ ( go DAC 1) go Vr 
д = —— 


(ев Ум 23 1)(e24e V Ar -1) 


T = l — лу — T3. 


S 

Solution: Since log ( ex) MAN IG – р – 502) At, о] , the expectation and vari- 
t 

ance of Spars given S, are 


E? (544 5) EX Spe Мм 


and 
Var? ( S, | Se) = 80620-03М (eat 1), 
Thus, 
? (5: 8) = Var? (54:45) + [EP (Sra 50 


fs s? 20 DA ( eot _ 1) 4 52 e2(r—D) At 


— 92 ,(2(r—D)+o7)At 
= 57е p quM 


As the asset price at time f + Af could grow to wS,, S, or d. S, with risk-neutral probabilities 
лу, Hy and лз, respectively, therefore 


E? (S, i| 5,) = ди, 75; + 7345, 


pa (522 8) - ли? S? + 7, 82 + туа 182, 
Hence, by equating the continuous risk-neutral random walk and the discrete binomial 
model, and with the sum of probabilities of all mutually exclusive events equal to one, we 
have 

ли + лу + лзӣ = ef DA 


2 
ли? + л, + md? = eO DD 


1. 


T, Ел; + 13 
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: 1 : а 
By setting d = — and z = 1 — лу — лу ме сап write the equations as 
и 


z(u — 1) + лз (- - 1) = ни 
и 


z(u? —1)+ T3 (5 Е 1) = 00" )+о?)А 22 | 
и 


or 


mu(u — 1) — z(u — 1) = u (e DA! — 1) 


mw – 1) - ху(и^—1)=и° Сайшшан E 1) | 
By solving the equations simultaneously we һауе 


( eO )+о2)Аг _ ны) гэн ( е ("= DAL _ 1) 


(и — Г(и2- 1) 


( еб@т—Р)+о?)улт _ ум hes ( eU DAL 1) иЗ 


m (и — Da? — 1) 


Hence, by setting u = eo V^! we have 


( o(2(r—D) +0?) At _ R) go VAt _ ( gU DAL 1) 


ЛІ = 
(edo МА! — 1)(e240 V At — 1) 
( e(2r—D) +0?) At _ эм} eor _ ( gr DAL 1) go 
дз = _ c — —— 


(edo VAI — |y(g2ào У! — 1) 


with лу =1 — Лу — T3. 


7. Kamrad-Ritchken Method. We consider a trinomial model where at time t, the value of the 
asset is S, and at time f + At, At > 0 the asset price is increased to и5,, unchanged S, or 
decreased to 455,,0 < d < u. In addition, under continuous compounding there is а risk- 
free interest rate r and the asset pays a continuous dividend yield D. By assuming the asset 
price follows the geometric Brownian motion such that under the risk-neutral measure О 


5 
log ( ем) ~N IG -D- 399) At,c^Ar| 


t 
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5 
where o is the asset price volatility, show by using the first two moments of log (222) 
1 
given S, that 


zlogu + z, logd = (r- р- 599) At 
2 
zlogu)? + 23(log d}? = o2At + (r tpe. 50°) (Аг? 


myi +m +r = 1 


where л, лу and лз аге the risk-neutral probabilities of upward, unchanged and downward 
movement of the asset price, respectively. 


By setting u = 1 and u = ео Var, A > 0 show by taking an approximation up to О(47) 
that 


T = эз э (r-D- 50?) Ум 


212 240 
1 
C 
1 1 1 2 
= — — —(r-D-= \ At. 
537212 246 ( 27 


Finally, to ensure лу, л, z4 € (0, 1) deduce that 


с 135" 
A>1 ам 0< At < 7 (r- D- 50?) 


Solution: Under the risk-neutral measure Q 


5 
log (22а) ~ М IG -D- 502) Ат, в? мї 


1 


and we therefore have 
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By matching the expectations within the trinomial model we have 


=o Art (r-D- 50 ) ao? 
ог 
l 2 
m, logu + mz, 105 4 = БЕ, ум 


тү logu)? + л; (log d? = o2At + (r 2 22 50 2) (А? 


л+л +m = 1. 


: 1 : 
Ву setting 4 = - we сап write 
и 


(лу — л)1ори = (r -D- 50°) At 


(лу + z3Xlogu? = o2Ar+ (r -D- x 2) (At? 


and by substituting u — eo Vt 


лу—лу= = (r-D- 502) Ум 
SE DE: 1-4 
лү+лу = + лыд(7-0-10 ) ж. 


By solving the two equations simultaneously we һауе 


EE 1 rs 1 ШЕ 
м= 5 +5 ("-Р-50 ) Var+ 53 (r- 2- 52) At 


222 226 
1 
аша: 
1 1 La?) 1 ( ley 
= — -— d adus p vA —-D- ic) At 
737532 240 ( 2° 21202 V. 2° 


since m, = l — ду — T3. 
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Hence, by taking an approximation up to О(А/) 


лу = г: : (r- D- 502) Var 


212 210 
1 
кке 
pA lg) 
де Же dq to ARE 
^з = ол no 2° 


To ensure лу, 7:5, л» € (0, 1) we require 
1 1 1 1 2 
0«1--;«1 ам 0< + = ("-Р- 502) Var«i 
л 222 240 \" 2А 


or 


с Loy" 
і>і and 0< м<%(--р-:а) | 


. Continuous-Time Limit of Binomial Model. In а discrete Black-Scholes world we consider 


the binomial method to calculate the price of a European option. At time t where the current 
spot price is ,S;, we build a binomial tree of possible scenarios of future stock prices 


толе 58, 1=0,1,2,...‚ М, j=0,1,2,...,i 


such that Күш = S, N 15 the total number of time intervals, и = есум, d= eno Var At = 
(T —t)/N is the size of the binomial time step, Т is the option expiry time and с is the 
stock price volatility. 

The intermediate option price calculated at the m-th possible tree value and at the time 
step t + nAt where m < n < М is given as 


V (SO г пд) = ет (ру (uS, t+ (п + DAt) + (1 — V (452.14 (9 DAI] 


(r—D)At _ 
where л = 5— — ——— is the risk-neutral probability, r is the risk-free interest rate and 
и- 
D is the continuous dividend yield. 
By expanding the Taylor series up to (9( 412), show that in the limit At > 0 the interme- 
diate option price satisfies the Black-Scholes equation 


2 ди jea 
5 +0 р)5 с Ver0 


дУ 1,002 
5 
д” 25 BS 


where 5 = SU and i = t+ nAt. 
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Solution: By setting S = se» and г = t + nAt then from Taylor's expansion we have 


V (uS,t' + Ат) = VGS + (u— Ps t + At) 


дү 18V 5823 
=V(S,t) + — (u – 1)S ағы ----(и- 15 
(5.7) + Ku- 05+ + Sou 


+O (A) +0 ((и- pis?) 
and 


V(dS,t' + At) = VCS + (d — 1)S,t' + At) 


aV 12y 5525 
= VG. Xa- ns 3j ^t ~—(d-1)S 
С Цагаан! 


+0 (ыў. +0 ((d — 253) 
By substituting Taylor’s expansion into the intermediate European option price 
V (S.i) 2 е7" [zV (и$,!' + At) +(1—2)V (45,7 + At)| 


we can write 


aV (и$,!' + has +A- AV (dS,t' + At) - e'V(S,1’) 


ди 2 231 со ФИ 
Sant l аи 1? (1 ла 17 8552 


+ [z(u — 1) + (1 - z)(d — pst + (1— 8^) V(S,1’) 
+0 ((А)?) + О ((u — 1353) + O ((а- 1353). 


біпсе 


1 - e! = -rAt + O ((At?)) 


z(u—1)-(1—z)d—1)2z(u-d)*-d—-1 
РА | 
= (r- D)At + О ((49?) 
л(и- 1? + (10 z)(d - 1? = z [u—-1? - (a - 1?] + (a - 1) 
z(u— d)(u--d —2)4 (d – 1)? 
- (г-м - 1) СЕ + ec VAL 2) 
+ Саа - D 


= o?At + О ((AtY)) 
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and because 
О(ш- 1353) = О ((413),О ((d – 1353) = О ((At)) 
therefore 


aV (uS,t' + At) +(1—a)V (45,7 + At) – еу, и) 


aV 12 202У 2 
= — At + 02.52 — At - DS Ar VGS, t )At + О ((At 
Эр МЭ Sr Ө сез +(r—D) rV(CS, i )At + О ((At)^) 
TAPER 202У 
- 5 - ps% - V(S,t') -0(А0| At. 
ЭГ +59 9 age tro D) rV(S,t') + О (At) 


Since 
aV (uS,t' + At) +(1—a)V (dS,¢ + At) -e“'V(S,1') =0 
hence we can set 


WV 1 220V 
— +- 5°—— + - DS% - ДЕЛІ O(At) = 0 
АВЛА сер) rV(S,t") + O(At) 


By taking limits At > 0 we have 


дү 


1 оди 
or 2 


0252 
952 


+e- 0059 -vos t') =0 


9. In a discrete-time Black—Scholes world, we consider the binomial tree model to calculate 
the price of a European call option. At time f where the current spot price is S,, we build 
a tree of possible scenarios of future stock prices 


Sp egg s =0,1‚,...‚,п‚ j=0,1,2,...,i 


such that Sy = S, п is the total number of time periods, и = eo VAT, d= "БАГТ At = 
(T — t)/n is the time step, Т is the option expiry date and c is the stock price volatility. 
Here sË ) denotes the j-th possible value of the stock price at time period і (or time step 
t+ iAt). 

Show that the European call option price with strike К at time f is 


n 
V(S,,t;K,T) = g "A 52 (“Уға -лу”/ max{u/d"/ S, — K,0) 
0 \J 
j=0 
e(t—D)At -4 
where л = ——————_ is the risk-neutral probability, ғ is the risk-free interest rate and 


P 
D is the continuous dividend yield. 
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Solution: We prove this result via mathematical induction. 

Let n = 1 where at time T = f + At, S. can either be uS, or 4.5, with risk-neutral prob- 
abilities z and 1 — z, respectively. Following Problem 2.2.3.1 (page 190), the price of a 
European call option at time f under the risk-neutral measure Q is 


У(8,5К,Ту-е”" МЕЗ (шах{5т — K,0}| S) 
=е "079 [л max(uS, — K,0} + (1 — л) тах{45, - K,0]]. 


Hence, the result is true for n = 1. 
We assume the result is true for п = К such that 


V(Sp t; K,T) = e^ X (Әға — x) max {uid S, — K,0} 
p 
= e "^! [(1 — л) max{d*S, — K,0) 
+ Кл(1 — т)! max(ud*-! S, — K,0) 
4 ara - zy? тах{и21 25, — K,0} 
+ -= + z" max{u* S, — К,0}| 
= eU [(1- mV (d4 S, t + КАЕ K,T) 
+ Кл(1 — x)! V (ud! S, t +kAt; K,T) 


k(k —1 
+ ( ) 20 — ax)? yqa*?8, t + kAt; K,T) 


ob a Va 51+ kAt; К,Т)) 


where И(и/ 4-і 51+ КАБ K,T) = шах {u/ dk~J — K,0} is the option's intrinsic value at 
time step f + kAt, j = 0, 1, 2,..., К. 

For n = К + 1 we then have К + 1 possible stock prices at time step t + (k + 1)Af where 
SU = dS, SC = ий®5,, SQ wd s БО er s. Therefore, 


(k+1) 
V(d*S,,t + kAt; K,T) = е" [x max(ud* S, — K,0} 
+(1 — z)max{d**!s, — K,0}| 
V (ud S, t + kAt; K,T) = e "^! [s max(i?a* S, — K,0} 
+(1 — л) max (ud*S, — K,0}] 
VG? d*? S, t  kAt; K,T) = e "^ [п max (iP d" ^5, — K,0} 
+(1 — л) шах(и:45:15,-К,0)| 


V (i^ 51+ kAt; K,T) = е" [s max(u*! S, — K,0) 
*(1 — z)max{u*d S, — K,0]] 
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and by substituting the values into 


V(S,t; K,T) = e [(1 — л) (а, + kAt; К,Т) 
+ka(1 — л) V(ud ^58, t + kAt; K,T) 
k(k — 1 
De — a) (u? dS, t + КАЕ K,T) 


+ + a VQ 5,1 + КАБ К,Т)| 
we һауе 


V(S,.t; K,T) = е TDA [(1 — лу — z) max(a** S, — К,0) 
+(k + 1)л(1— z)* тах{и4®5,— K,0} 


k 4 Dk 
Ara — л)! штах(и245:15,-К,0) 
+e + л! max (u^! s, — K,0}] 
k+1 
=е DAI >, hr ea - луі! max (u/d**17 S, — K,0). 
zr j 
j=0 


Hence, the result is also true for n = k + 1. Thus, from mathematical induction we can 
deduce that the European call option price with strike К at time t is 


n 
V(S,, t; K,T) =e"! % (“ға - x)! max{u/d"/S, — K,0} 
j 


j=0 


where nAt = Т—1. 


10. In a discrete-time Black-Scholes world, we consider the binomial tree model to calculate 
the price of a European call option. At time f where the current spot price is S,, we build 
a tree of possible scenarios of future stock prices 


SP Set PSU us j=0,1,2...,i 


such that sO = S, n is the total number of time periods, u = eo VAr, d= "БАГТ At = 
(T — t)/n is the time step, Т is the option expiry date and o is the stock price volatility. 
Here sY ) denotes the j-th possible value of the stock price at time period і (or time step 
t+ iA). 

Let the European call option price with strike K at time f be 


n 
C(S, t; K,T) = e "^t > (“Уға —л)" 7 шах{и/4" 75, — K,0) 
Md 
j=0 
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(r—D)At _ 
where z = Сам is the risk-neutral probability, ғ is the risk-free interest rate and 


pe 
D is the continuous dividend yield. By setting 


2 
2 
ж 
З 
11 
(% 
Э | 
S 
ы 
1 
1 = 
P um 
= 


Уға xr 


>т 
п 
Кет") C) (1- л)") 


where 7 = лие” “А, 
Finally, from the asymptotic property of а binomial distribution Z ~ Binomial(n, p), 
0<р<1 
lim Z ж N (np, np(1 — p)) 
noo 
show that 
lim C(S,,t; K,T) = Se 7?4-9Ф(а,)- Ke" ?o(d ) 
noo 
where 


108(5,/К) + ("= D+ 502) -1) 
d, = — ~ F 
% oNT -t 


and Ф(х) 1s the standard normal сағ 


* 1 
ф(х) = l e73 du 
-ю \/2л 
lo К 
: 5 ЖЕТІ 
Solution: By writing т = ————— —— so that 


“(9 


шах(4/47-75,-К,0|- |. Jam 


uid" iS, -K j>m 
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and setting nAt = T — f we can write 


n 
C(S,,t;K,T) = e 1-0 Y (“Уға - x)" max{w/d"/S, — K,0) 
j 


j=0 
n 
= e T-0 2 (^) a! (1 — л)" (и! а" S,- К) 
jam M 
n 
xl x ЭЭ (") (ли)! (1 — z)d)"? 
jam М 
п 
-Ke (070 C) (1 — 2)? 
n 
= 5727 У 5 (ruet -DA ((1 — л)ае м)" 
jzm M 
n 
-Kg 708 C) (1 — xy. 


By setting z = лие (РА! therefore 


1-7 = 1 – rue C УА 


= eo (r-D)At ( et DAC ли) 
-егб ММ (z(u — d) + d — zu) 


= (1 — z)de “М, 


Hence, 


n 
CERTES RT (^) gl - zy 
J 


jzm 


n 
-Ke T-0 2; (“Уға —л)" 
J 


jzm 


= бе DT-0p(X »т)-Ке” Ч Эрүү > m) 


where X ~ Binomial(n, z) and Y ~ Binomial(n, л). 
Since 


lim X & A'(nz,z(1— z) and lim Y 5 A'(nz,naz(1— z)) 
noo now 
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therefore 


lim C(S,,t;K,T) = Seo (=) -Ке-Т-Оф (25) 
пә оо 


\/пт(1— я) 4/пл(1-л) 


105(5,/К) + nz log (u/d) + nlog 3 


log (u/d) үн (1 — 7) 


х Би /K)+nr log (u/d) +nlogd ) | 


log (u/d) y nz(1 — r) 


= S,e P7709 ( 


From Taylor’s expansion 
e"-D^t — 1+ (p — D)At+O (саг) 
e C-DAC — 1 ("- D)AtT+ © (саг) 
ev оул = вм +0 (см) B) 
(ao 


e? V^ суді + soar +0 (( 


and taking limits 


(r—D)At _ 
lim n |тюг(4) + logd] tay We log (5) +nlogd 
noo d noo и-а а 


Ca 2 er) lim — y^ 
"Heo eo V Ar Эг eo VAL 


= lim n 


noo 
— lim noy At 
noo 
3 
= lim |n (r - D- 509) At + no AE + nO (an? ) 


naw 


х lim ЖУА _ — шп по\/ At 


по 25 At + O(At) "79 


-(r- 0-58 )а-» 
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lim n [Flog (5) + log 4| - Іші [плце-е-®м log (5) + nlog 4| 
noo d noo d 
(r- D)At _ 
zum и eire DA log (5 ) + nlogd 
noo u—d d 


| 
5 


| и—е-т-Эм T 
im fa( 8 log (4) + nlogd 


(e oVAt 2-4- ВЭ) M uo ЖЕ 
MEZO eo VAt cR eg oV Ar 


ЇЇ 
- 
8 
3 


— lim nov At 
3 
= lim [ (r -D+ 399) At +noV At + по (can?) | 
noo 


x lim O ovn — lim no At 


779 06V АГ-- (ДГ) "7% 


= (r- D+ 50? )а-» 


: u \]? | е(-Ф)л _ q u — e DA и\12 
элла -ө| (9 Беген (857) Boe (5) 


2 
1 а 
= Jim n (e Ar нэ 4) (и — "авна [ее 
= limn са - Чан (е сум _ eU pan) 
noco 


log (u/d) | 
«| u-d) | 


20 / At | 


3 
= lin (А + oar?) lim 
noo п | 20/1 + (ДИ) 


= oT - 1) 
and 


2 2 
lim nz(1 — £) [log (4 ) = lim ил(1 — лде РА! [log (2) 
n>% d n>% d 


2 
= lim пл(1-л) [log (2) lim e 2*-DAr 
поо 


noo 


= oT – 1) 
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such that using L’ H6pital’s rule 


26 VAt 20 


lim = lim 


——————— — =l. 
779 26 Ат+ (А) "7° 20+ O(N Af) 
Hence, we can write 
lim С(8,; K,T) = Se В -9Ф(а,)- Ке-"©-9Ф(а_) 
noo 


where 


log(S,/ К) + (r — D + 40?\(T — t) 


d, 
i сүТ-1 


11. Consider a binomial tree model for an underlying asset process {$„:0< n € 3} where 
So = 100. Let 


uS, with probability л 
S п+1 = 
45, with probability 1-л 


where и = ег Ум апа 4 = 1/u, with о the volatility and At the binomial time step. Ву 
assuming the risk-neutral interest rate r = 5%, continuous dividend yield D = 1% and 
volatility c = 10% we wish to price a European call option with strike К = 95 and expiry 
time Т = 1 year in a 3-period binomial tree model. 

(a) Find the risk-neutral probabilities z and 1 — z. 

(b) Find the price of the European call option. 


Solution: 
(a) Given Sọ = 100, К = 95, г = 0.05, D = 0.01, с = 0.1 and time step At = i, then 


ол 
mg ола = 1.0594 
апа 
E 
d =е-°УМ = e V5 209439. 


The risk-neutral probabilities are 


(r—D)At _ 
БЭЭР eeu - d 06019 


и = 
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“> So 
и So 
ud So 
So ud S 
ud? Sy 
425 
d? Sa 


Figure 2.3 А 3-period binomial tree model. 


and 
1— хл = 1— 0.6019 = 0.3981. 
(b) The binomial tree in Figure 2.3 shows the price movement of S in a 3-period binomial 
model. 
By setting 
SSeS ЖЭЛ аш. j=0,1,...,i 


the European call option price at each of the lattice points is 


G) „г (+1) G) 
Сайн ane ачин AU 


such that 
y) = HOS) = max {SY – K,0) 


where i = 0,1, ...,n and j 20,1, ..., i. 
Hence, at time period n = 3 


(0) _ (0) 
py eus 
max (43.5) — К,0) 
— max(0.9439? x 100 — 95,0] 
=0 
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Vi eu) 
= max(ud? S, — К,0) 
= max{ 1.0594 x 0.9439? x 100 — 95,0} 
-0 
ү = SP) 
= max(u^d So — K, 0} 
= max { 1.0594? x 0.9439 x 100 — 95,0} 
= 10.9366 
yi (өс) 
= max{u>Sy — K, 0} 
= max{ 1.05943 x 100 — 95,0) 
= 23.8995. 


At time period n = 2 


ATE dp БШ 


0.05 


=e 3 [0.6019 x 0 + 0.3981 x 0] 


(D... ,-rAt Q) a) 
Sec БХ *ü-zV, | 


0.05 
=e 3 [0.6019 x 10.9366 + 0.3981 x 0] 
= 6.4739 


VP =e Lav +(1- л)? 


0.05 


=e 3 [0.6019 x 23.8995 + 0.3981 x 10.9366] 
= 18.4292. 


At time period n = 1 
VO 2 e (= v" 
0.05 
—e 3 [0.6019 x 6.4739 4- 0.3981 x 0] 
= 3.8322 
(D) _ „РА (2) (1) 
V =e r БА +(1 – я), | 


0.05 
=e 3 [0.6019 x 18.4292 + 0.3981 x 6.4739] 
= 13.4438 
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and finally at time period n = 0 


үү) = e [av ® +a - v? 


0.05 
=e 3 [0.6019 x 13.4438 + 0.3981 x 3.8322] 
— 9.4585. 


Therefore, the price of the European call based on a 3-period binomial model is үг? = 
9.4585. 


N.B. Take note that we can also obtain the same result by utilising the formula given 
in Problem 2.2.3.9 (page 204) 


n 
ИО ем » (^) x! (1 — r)" шах(и/4"7755-К,0) 
j-0 


3 
даг (oor x 0.398177 x у? 
уо M 
= e 095 [0.3981? x 0 + 3 x 0.6019 x 0.3981? x 0 
+3 x 0.6019? x 0.3981 х 10.9366 + 0.6019? x 23.8995] 
— 9.4585. 


12. Consider a binomial tree model for an underlying asset process (S, : 0 < n < 3} where 
So = 100. Let 


uS, with probability z 
S п+1 = 
dS, with probability 1-л 


where и = e? V^! and d = 1/u, with c is the volatility and At the binomial time step. By 
assuming the risk-neutral interest rate r = 5% and the volatility o = 10% we wish to price a 
European call option with strike К = 95 and expiry time T = 1 year in a 3-period binomial 
tree model where the stock price pays a discrete dividend 6 = 1.00 at time period 2. 

(a) Find the risk-neutral probabilities л and 1-л. 

(b) Find the price of the European call option. 


Solution: 
(a) Given Sọ = 100, К = 95, r = 0.05, 6 = 1.00, с = 0.1 and time step At = L, then 


ол 
и = e? V^ — ev5 = 1.0594 


2.2.3 Tree-Based Methods 215 


and 


E" 
d = e77 E уа = 0.9439. 


The risk-neutral probabilities are 


and 


1 — хл = 1 — 0.6312 = 0.3688. 


(b) The 3-period binomial tree in Figure 2.4 shows the price movement of Sọ with discrete 
dividend payment at n = 2. 


By setting 


” uidi So i=0,1j=0,...,i 
саа ТЭ?” 
и/42-18,-6 і= 2, ј = 0,...,і 
апа 
SO = d(d?Sy — 6), 50) = и(4? Sp — б), SO = d(udSy — б) 
$ = ulud So — б), S = d? So – 8), SO = щи? 5% — 5) 


иси? So - 6) 


аси? S, = 6) 
u(ud So — 6) 


4(425% - 6) 


Figure 2.4 А 3-period binomial tree model with discrete dividend payment at time period n = 2 
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the European call option price at each of the lattice points is 


Gj) _ ,-rAt (j+1) G) 
We uae +- ий 


where i = 0,1 and j = 0,...,i 


VP =e [av +(1- хуу] 


үр =e sv? к-у | 


VP =e sv? +a Vy" 


such that 
Vj? = WSP) = max { SP - K,o} 
an ҮТ. 34- 3 2 
for j =0,1,...,5. 
For time period п = 3, the payoffs are 
Vx = max (d(d2, — 8) – K,0) 


= max (0.9439(0.9439? x 100 — 1) — 95,0) 
=0 


Vx? = max (u(d? Sp — 5) — K,0} 
= max (1.0594(0.9439? x 100 — 1) — 95,0} 
=0 


VO = max (d(ud Sy — 6) — К,0) 
= шах(0.9439(0.9439 х 1.0594 x 100 — 1) — 95,0) 
=0 


у) = max(u(ud So — ô) — К,0) 
= max (1.0594(1.0594 х 0.9439 x 100 — 1) – 95,0) 
= 9.8772 


Vi? = шах (4(и? Sp — 6) – K,0} 
= тах {0.9439(1.05942 x 100 — 1) — 95,0] 
= 9.9927 


ИС = max (и(и? 5% — 6) - K,0} 
= max (1.0594(1.0594? x 100 — 1) – 95,0} 
— 22.8401. 
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At time period n = 2 
(0) -rat БР (0) 
Vy =e ту +(1- v? 
_ 005 
=e 3 [0.6312 x 0 + 0.3688 x 0] 
=0 
(D) _ „—гАг (3) (2) 
v, рс faz %(1- жР; 
2005 
=e 3 [0.6312 x 9.8772 + 0.3688 x 0] 


= 6.1314 


(2) _ „—гАг (5) (4) 
И =e К faz +- жР; 
20% 
=e 3 [0.6312 x 22.8401 + 0.3688 х 9.9927] 
- 17.8028. 
At time period и = 1 
v =e zv? + - v? 
_ 005 
=e 3 [0.6312 x 6.1314 + 0.3688 x 0] 


= 3.8062 


(D) _ „РА (2) (0 
Ир =e БА ТОГ, 
2005 
=e 2 [0.6312 x 17.8028 + 0.3688 x 6.1314] 
= 13.2753 
and finally at time period n = 0 
VO = ын [av ® +(@-жу® 
_ 005 
=e 3 [0.6312 x 13.2753 + 0.3688 х 3.8062] 


= 9.6214. 


Therefore, the price of the European call with discrete dividend based on a 3-period 


binomial model is V® = 9.6214. 
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2.2.4 The Greeks 


1. Let 


log(S,/K) + (r — D + 40?\(T - t) 
Е сут -t 


where S, is the spot price at time t < T, Т is the expiry date of the option, К is the strike 
price, r is the risk-free interest rate, D is the continuous dividend yield and o is the spot 
price volatility. 

Show that 


Е 


4 -4,-сүТ-1 


апа 
-1а2 ити 142 
S,e PT 9-34 = Ке-"Т-Ост-а6-, 


Hence, deduce that 


да, 94. 
95, 28, 
да, да. 
OK OK 


5,е 07-090) _ үе-нт-й 200) 
às, às, 


and 


дФ(4,) ner IPA) 


5 e PT -1) 
у дК дК 


where Ф(-) is the cdf of a standard normal. 


Solution: From the definition 


log(S,/K) + (r — D + 40?\(T – t) 


oyT -t 


log(S,/K) + (r — D — 502)(Т – 0) 


B oyT -t 


+ 
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we сап write 


log(S,/K) + (r — D+ 102)(Т —1) 


—oNT -t 
ovT -t 
log(S,/K)+(r— D+ 50° \(T -1)-04Т-1) 


сүТ-1 


log(S,/K) + ("= D — 502)0Т — 1) 


ovT -t 


4,-осүТ-1- 


Непсе, 


d —d,—oNT -t. 


As for the second result we note that 


5 (a cu dodo Tae pe 2 


log(S;/ K) + (r - DXT — 0) 


1 
2 (41-42) 


from which follows that 


172 2 
Se ы = Ker o de 


From d_ = d, —o\/T – and by differentiating with respect to S, and К we һауе 


od, 0d. 
08, = 95, 
апа 
да, да. 
OK ок 
Since 
дФ(а\) TE ШЕТ” 1 -1%9й, 
= — ----е 2 dx = ——e 2“+ — 
98: Cas Ju alae i 95, 
ebd. и guo cd: ГА 
95, 95, 


2923) e ae E EUN 2494, 


oK wu улт ул 


oK 


2л 
е 
ES улт У?л 95, 
2л 
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дФа) ð 


1.2 1 -1а:94- 


X 
2^ dx = ——e 


d. NN 
——— —— e 
9К К МЖ as Rm 9К 


1,2 uM -142 -1g2 
and by substituting the terms е 24% and e73% into 5үе P (T-0e734^* = Ке-”Т-06734- 
да, да да, 94. 


95, ƏS, ӘК OK 


,"br-099 4.) _ gertn?) 


and taking note that , we have the relations 


S, 
95, 95, 
апа 
фе-0(7-4) дФ(а,) = Ke-'T-0 дФ(а_) 
ок OK ` 


2. Delta. Let the Black-Scholes formulae for a European call option C(S;, t; K, T) and а 
European put option P(S,, t; K,T) be 
C(S,,t;K,T) = Se PT @(d,) — Ke" @(d_) 
Р(8,5К,Т)- Ke" @(-d_) - Se PT &(-d,) 


with d, given by 
log(S,/K) +(r-D+ 562ХТ -t) 


oNT -t 


such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, T is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 

Without explicitly computing the partial derivatives of d, show that the delta of a 


а, = 


European call, Ac = and a European put, Ap = ор A 
; 1 


Ас-е?4-9%(а,) and Ap=e PT-P(ó(d,)— 1) 
respectively. 


Solution: Using the properties of Problem 2.2.4.1 (page 218) we note that 


дС 
дс == 
СУЛЛАЖ, 
дФ(а_) 


Ke "(1-0 


оФ(а 
= e PTV a@(d,) + Сун €: E 


1 T 
mu Od.) 
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Taking note that 


Ф(-а.) =1-Ф(а.) 


һепсе 
ОР 
А = 
Р 9S, 
ть д и _ р 8 
= Ke T -(1-Ф(4_))- e 0 -9e(-d,) - Se 0179 —- (1 — (d) 
= Lk, (0-099 E е-РТ-%Фф(—4,) + S,e- DT-0 дФ(а_) 


95, 


1 
= -е 24-94(-4;) 
= eP (Ф‹а,) - 1). 


3. Gamma. Let the Black-Scholes formulae for a European сай option C(S,,t; K,T) and а 
European put option P(S,, t; K,T) be 


C(S, t; K,T) = Se PF @(d,) – Ke" Tod ) 
P(S,,t;K,T) = Ke"? @(-d_) — Se PT IOa) 


with d, given by 


log(S,/K)+ ("= D + 502)(Т - f) 
d, ЕЕ MEG 
Е oyT -t 


such that ®(-) is the cdf of a standard normal, S, is the spot price at time t < T, T is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 

д2Р 


Show that the gamma of a European call, Гс = ve and a European put, Гр = 352 
1 1 


аге equal such that 


12 1,2 
e 2-0 759+ = Кет" Т-00754 


oS,V2a(T -t) о524/25(Т-1) 


where Г = Гс = Гр. 


Solution: Using the results of Problem 2.2.4.2 (page 220) for а European call, the gamma 
is defined as 


ac дА д _D(T-1) —DT- да, 
= — = = ---- Ф а = (Т да” а ----. 
e 952 05, ƏS, (e (d,)) =e ( 5728, 
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Using similar steps, the gamma of a European put is 


= д-Р = P = д (e "9 (@(d,) a 1) 2! жинс СЭ сн 
1 


^" aS? 98, д5, 
Непсе, 
да 
Г, = Гь = e 2T d) 
С Põe (d) 95, 
db {йй es 
and by manipulating às, 
да, ә (lo«S,/K)*(- D o?)T -0 | 
95, 95, oT -t oS,VT —1 
Therefore, 
e D(0T-09y d —D(T-t) -1а2 
Ге-Гь- SCAN л? ӨВ а ы жил 
о%,ҰҮТ-і oS, y2r(T – 1) 
, -1x2 
where Ф(х)- е 2 
2л 


In addition, from Problem 2.2.4.1 (page 218) we have the identity 
ра 
and thus we can also write the gamma ав 


142 
Ке"Т-— ео 54- 


РТ — 
о824/21(Т — t) 


Гс-Г 


4. Dual Delta. Let the Black-Scholes formulae of a European сай option C(S,,t; К, T) and 
a European put option P(S,,t; K,T) be 


C(S,,t;K,T) = Se PT @(d,) — Ke" @(d_) 
P(S,,t;K,T) = Ke"? %@(-d_) - 5 е-9Ч-9ф(-4,) 


with d, given by 


log(S,/K) + (r — D + 502)(Т — 0) 


ovVT -t 


а, = 
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such that Ф(.) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 


Show that the dual delta of a European call, 26 and a European put, ыг аге 


дК дК 
9C =e T oa) and 25 =. "06а ) 
OK OK 


respectively. 


Solution: Taking partial derivatives with respect to the strike price K 


дС —D(T-1) 0 -r(T—t) кт) 9 
— = ---Ф(4,)- Ф(а)-К ---Ф(а 
ЭК ге aK (4,)-е (4.)-Ке ЭК (а) 
апа 
OP -қт-) -r(T-1)_9 -p(r-1)_9 
аге Ф(-4_)+К Z Ф(-4_)-5 o(d). 
к ЕК ое ax ee) 
Fore € {-1, 1}, 
LL 1 CEN 1 
Z (ed,) = oe ey. шу eG Sa E ai 


cK/2z(T — t) OK 6 Ky/2n(T - f) 


and using the properties of Problem 2.2.4.1 (page 218) 
Se PT p34 = Ke 0-947354 


we eventually have 


дС -r(T—t) 
m = Ф(—4_). 
oK e (5452 


-е7Т-9ф(4 4 oP 
e (d_) an ЭК 


5. Dual Gamma. Let the Black-Scholes formulae for a European сай option C(S,, t; K,T) 
and a European put option P(S;, t; K,T) be 


C(S, t; K,T) = Se PT @(d,) – Ke" Tod ) 
Р(5,,1:К,Т) = Ke"? @(-d_) — Se 29-9 Ф(-а,) 


with 4, given by 


log(S,/ К) + (r — D + 562 (Т — t) 


сүт -t 


d, = 
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such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 


continuous dividend yield and o is the spot price volatility. 
2 


Show that the dual gamma of a European call, 28 and a European put, шан аге equal 
К? OK? 
such that 


C gp e (0-0 sig? 
— = =—————(гег 2 к 


oK? 9К? g¢ K\/2n(T —1) 


Solution: From Problem 2.2.4.4 (page 222), taking partial derivatives with respect to K 


eC -қт-д 9 P тру д 
—=- — Ф(4_) and — =е ”1-0-Ф(-4 
ако ° ak (d «nd 55 -e к 
: д —€ -1g2 
and since — (ed. ) = ————————e ?'- fore E€ {-1,1}, we have 
OK оК \/2х(Т —1) 
C _ д?Р e T-0 


2 2 192” 
oK 9К скат — te 2" 


6. Vega. Let the Black-Scholes formulae for a European call option C(S,,t;K,7) and a 
European put option Р(5,,17,К,Т) be 


C(S,,t;K,T) = Se PT @d,) – Ke" T @(d_) 
P(S,,t;K,T) = Ke"? @(-d_) — S,e-PT @(-d,) 


with d, given by 


, log(S,/K) + (r— D + зо2ХТ =) 
Эр oyT -t 


such that ®(-) is the cdf of a standard normal, S, is the spot price at time t < T, T is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 

Without explicitly computing the partial derivatives of 4, show that the vega of a 


European call, Vo = Е апа a European put, Ур = 22 аге equal such that 
б с 


У = ү = Le DT 30 = D Ke 70e at 
л л 


where Y = Ус = Vp. 
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Hence, deduce that 


с PP 


where Г = — = : 
952 д5? 


V = (Т – 0)52Г 


Solution: For a European call the vega is defined as 


= Sie 


—D(T-1) 


дФ(4,)94, | -қт-удФа-)д4 


dd, дс 704. до 


and using the identity d. = d, -с\Т — t we have 


Hence, 


Yc = Ser DEA 


= ин 


да. дау 
— = —- NT -t. 
дс до 

дФ(4,) 


Od, - 


t) 
+ 


(3E тт.) -raro бай 
до 


ETIN 


“да | 


дФ(а,) _ ке-тт-›9®(@-—) дФ(а_) 
E 


дФ(а 
+УТ – rse Pro эн 


E 


_ е-Р@Т-„- T kar onem) 


азоб 


да_ 
до 


142 
00-54% 


42 
e DT- Do7 343 


1-2 172 
: —D(T-1),-54 т) ,- id 
since S,e D De + = Ке-"Т-0е-26-, 


Therefore, 


zm 1 = 1 
= (58 бе РТ-бе—34+ = = Ket Te 3 t, 
л л 


As for the European put, we note that 


$(-d,) = 1-Ф(4,) 


E 
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and hence we can write 


P(S,,t;K,T) = Ke"? (1— ®(d_)) — Se PTA — Ф(а,)) 


= Ke "(070 _ е DT-0 4 C(S, t: K,T). 


Therefore, 


which implies 


Т-і 
2л 


T-t 


2л 


1 2 1,2 
Vp = Se PT 9-344 = Ket e724, 


Finally, by letting V = Ус = Vp and Г = Гс = Гр such that 


12 1,2 
e D-06754 Е Кет" 00754 


oS, y/n- 5-0 


-D(T- 


-142 2142. "E M 
and by setting e 00724 or e-'(T-06757- in terms of T and substituting it into Y we 


have 


У = (Т – 1)82Г. 


7. отта. Let ће Black-Scholes formulae for а European сай option С(5,,5 K, T) and a 
European put option P(S,, t; K,T) be 


C(S,,t;K,T) = Se PT @(d,) – Ke" T od ) 
P(S,,t;K,T) = Ke"? @(-d_) — S,e-PT @(-d,,) 
with d, given by 
log(S,/K) + (r — D+ 50°\(T -t) 
oyT -t 
such that Ф(.) is the cdf of a standard normal, ,, is the spot price at time t < T, T is the 


expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 


а, = 
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дү, 2 дү 2 
Show that the vomma of a European call, == с and a European put, LL Е 
дс c? до до? 
аге equal such that 


OY Sey DT-1), laz d4d- _ T е ақтар; 1424,4 
до 27 Оо 2л С 
д? дУс  0Yp 


where — = = 


с до 
Hence, deduce that 


where У = цэ - 2 

дс до 
Solution: From Problem 2.2.4.6 (page 224), both the European call and put options have 
the same vega 


ОС ОР 
y =—=— 
до до 
where 
У = “= Ese DU 934% = = betta 
л л 


эн 1 
By considering Y = 1/ Sen (7-0 241 and taking partial differences with respect 
л 
too, 
д? _ Т- Ig e DTD 9-344 да, 


ILL іше +4,— 
до 2л + до 


and because 


да, ЖҮЙ -03 = юе(5,/К) + (к= р + 102)(Т - | VT -1 


Qo o?(T – 1) 


therefore 


228 
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oo 


T —t 


192 
2 Ke "(T7067 34- and taking partial differences with 
л 


In contrast, by setting V = 


respect to o, 


ov__/T- t Ке "00-50 1 ôd- 


do 2л ^ до 
and since 


м. -еа-- [їог(5\/К) + (r—D-30°\T – 7 VT -1 


дб o2(T — t) 
d, 
726 
therefore 
др /Т7-1, ne t- 
до 2л o` 
Because 
y- = t S,e-T-0 c4 L- t Ке" -0-50 
л л 


we сап easily deduce 


. Theta. Let the Black-Scholes formulae for a European call option C(S,,t; K,T) and а 


European put option P(S,, t; K,T) be 


С(5,,1:К,Т)- Se PT @(d,) – Ke" T od ) 
P(S,,t;K,T) = Ке""1-9%(-а )— S e 29-9 Ф(-а,) 


with а, given by 


Р log(S,/ K) + (r — D + 502)(Т – 1) 
т ovVT -t 


such that Ф(-) is the cdf of a standard normal, 55, is the spot price at time t < Т, Т is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 
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Without explicitly computing the partial derivatives of 4, show that the theta of а 


European сай, Өс = ас and a European put, Өр = = are 


1,7 
Oc = | рФа,)--22--- | SeT- — Ke" @(d_) 
V/ 8a(T — 1) 
and 
6 
Өр-"Ке""17-96(-а)-( рФ(-4,)--2---- | 5 е 79, 
V8z(T — 1) 


Solution: By definition 


дС -0(1-4) _pr-t 99 (44) Od, 
9E DS Ф(.)-5 004.) 004. 
дї 1e (оз да, дї 
дФ(а )да 
ous "ar" 


-гКе”Ч-94(а ) — Ke 1-0 


Using the identity 4_ = d, — o VT — t we have 


да dd, Ж 


FEES уг 


and since 
дФ(а;) ENSE. 
0d, Үү s 
and 
E = ket-te 
we have 
дС 


— = DS,e~PT %@d,) — rKe "1 @(d_) 


ot 
E TC e) 


ул Цагт 9% Г 


-lq? 
= DSe PT @(d,) - 2 + xu Ke 'T-0 


V 8z(T — t) 
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or 


1,2 
Е ( рф(4,)- rin) Spe DT-0 _ Ке-"Т-0ф(д 5. 


дї BaT — t) 


From the put-call parity equation 


Р(5,;К,Т)- Ke" — Se DT-0 + C(S,. t; K,T) 


we have 
DES Ке") — psg D(T70 + 22 
ot ot 
-542 
= | r@(—d_) - S——_ | Ke"T-9 — DS,e- 9 -9Ф(-а,) 
V8z(T — t) 
ог 


—142 
OP = ке”"Т-Оф(-4 )- СЕ = =) Sig DEO 


дї BaT — t) 


9. Rho. Let the Black-Scholes formulae for а European call option С(5,,1; K,T) and а 
European put option P(S,, t; K,T) be 


C(S, t; K,T) = Se PT @(d,) – Ke" T od ) 
P(S,,t;K,T) = Ke"? @(-d_) — S,e 29-9 Ф(-а,) 


with 4, given by 
log(S,/K) - (r = D + 502)(Т =f) 
oyT -t 


such that Ф(-) is the cdf of a standard normal, ,, is the spot price at time t < T, T is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 

Without explicitly computing the partial derivatives of 4, show that the rho of а 


а, = 


European сай, р = < and a European put, p = ав аге 
T r 


р. = (Т – DKe "T od ) 


and 


p, = -(T-DKe"U?o(-d ) 


respectively. 
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Solution: Differentiating C(S,, t; К, T) with respect to г, 


= se 01-0994.) 94+ — Ke T-D дФ(а_) да_ 


— T - )Ke "T od ). 
ar да, or gui цг 69) 


Using the identity 4_ = d, — o VT — t we have 


да да, 
ór дг 
and since 
дФ(а,) 1 æg 
= e 
0d. ул 
and 
S,e- PT 9-34 = ке-"Т-9е-з®. 
we һауе 
зс 1 (зерта РЕ 
or 2л дг 


+T —t)Ke" 9 @(d_) 
-(Т-а)Ке”Ч-94(а ). 


Using the put-call parity 


P(S,,t; KT) = Ke"? — Se DT-0 + CCS 1; K,T) 


we have 


дР -8Т- 
Эг = -0Ке” -0(1-4(4.) 


--(Т-/)Ке”"1-%а(-а ). 


10. Psi. Let the Black-Scholes formulae for a European сай option C(S,,t; K,T) and а 
European put option P(S,, t; K,T) be 


C(S, t; K,T) = Se PF @(d,) – Ke" Tod ) 
P(S,,t;K,T) = Ке””Ч-9Ф(-4 )- Se PT IOa) 
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with d, given by 


log(S,/K)+ (r -D+ 502)(Т — f) 
" сүт -t 


such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
expiry date of the option, K is the strike price, r is the risk-free interest rate, D is the 
continuous dividend yield and o is the spot price volatility. 

Without explicitly computing the partial derivatives of d, show that the psi of a 


H 


European call, y. =< and a European put, уг, = = 22 аге 


o =T -ASPT Dd) 
and 
= (T —1)S,e- PF @(—-d,) 


respectively. 


Solution: Differentiating C(S,, t; K,T) with respect to D, 


ac DUS - paro 99, да. 
од Ф 5 
Эр, Ой Әде aye ee “да, др 
c centr 4-3 24. 
əd Әр 


Using the identity 4_ = d, — o VT —t we have 


да. Ж да, 
дәр ор 
and since 
дФ(а,) 1 18 
= е 
да, PL 
and 


S,e-PT-De7 542 _ = Кг-"Т-0е-24 
we сап deduce 


= Ke 1-9,5 = З 
др 


Sie -D-D, -442 да, 
2р 
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Thus, 


aC -DT- 
зог -(Т-1)8,79Ч-9ф(4,). 


Finally, using the put-call parity 


P(S,,t; K,T) = C(S,,t; K,T) + Ke"? — 5е PF 


we have 


oP _ 9С -D(T- 

— -— -T-0s,e 24-9 

р 9р + ( ) ге 
= —(Т - t)S,e DT @(d,) + (Т Ёс t) Se РФТ-9 
= T -0ST ТЕСТІ) 


-(Г-05,679Т-0ф(-4,). 


11. Bos—Vandermark Model. Let {W, : t > 0} be a P-standard Wiener process on the proba- 
bility space (©, F, P) and let the stock price S, follow a GBM with the following SDE 


dS, 
KA = udt + cdW, 


where и is the drift parameter, o is the volatility, and let r denote the risk-free interest rate. 
Assume the stock S, pays a fixed discrete dividend А р at time гл, > t. For a strike price 
К, find the differential equation satisfied by the option V (S,, t; K,T) which can only be 
exercised at expiry time T > ty. 
By setting 4, € [0, 1] such that 
S* = S, AA pe “ao 
K* = K + (1 - AJApe'U ‘40? 


show that for < їл, the option premium price is 
V(S,t; K T) = 1,,05*,1; K*,T) 


satisfying 


дү, (rt) Vbs , 2 1 2 = .—t) 12 k ША 
Ар е эь | Apt o? (Ае "5772; -Аь5ў5) хур Е 


where V,,,(-) is the European option solution for zero discrete dividend. 
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By neglecting higher orders of T — t and assuming 5 > К*, show that 


2 
Vs + erT- Vos x o° (T a t) S? д Vis 


987 Әк: г (S7 


and finally by neglecting the contribution of АС deduce that 


Т-і,, 


(8 Pace 


You may assume that the cdf of the standard normal ®(x) can be approximated by the 


Marsaglia formula 
1 x3 x5 x2ntl 
Ф(х) = = + ++ H +... ] n EN 
= во (5 3" 3:5 СЕР 700m 1) / 
1 

where ф(х) = l e, 

2л 
Solution: For the first two results, refer to Problems 2.2.2.3 (page 93) апа 2.2.2.13 
(page 120). 

Since 


S* = S,—A,Ape sr” 
K* = K+(1-A, Ape "ар? 


and from the identity V(S,,t; K,T) = РУ, (Sž, t; К*, Т) we һауе 


oV ду, + ду, 957 + ду, док” 


Ot д OS? Ot  OK* дї 
дү, дУ;; 


- —r(ta y —t) —r(ta y 0) 
“70607058! (rib pe 227? — Apea) 


(-Ape ль!) 
t 


oK* 


дү дү дү 
2 —r(ta 6-0) 58 , —r(ta 6-0) 58 (Тіл) 55 
Е Е as; Ар^ ( b 0S; TUUM =) 


t 


ду И, OSÉ ӘУ, 
95, 05505, OS; 


апа 


ay _ д (2%) = ду, 95; 9?y,. 


as? 05, (95) ASP 05, a(S" 
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By substituting the above results into the differential equation 


V 1. 
t 2 


% (rs, кони 70) 9V —rV(S,,t;K,T) =0 
t 


2020 V 
22 95 
1 


95 


where ó(t — гд) is the Dirac delta function centred at time t -1д,, and after some alge- 
braic manipulation we eventually arrive at 


Vos | rt) Vos үү 2 ( 142 ,-r04,-02 sa \ 2 Vrs 
16:32 эь) a +07 („Ае "oo A - AST) дз = 


Using the property (x) = 1 — Ф(-х) and from Problems 2.2.4.2 (page 220) and 2.2.4.4 
(page 222), we have 


дү, + e 1-0 д» 


= Ф(а,)-Ф : 
587 3k = Ф@)-Ф(4_) 


From the definition 
| log(S7/K*) + (r+ 50°\(T – 0) 


Ы сүт —t 


We can express 


+102 
4% = ( 22 ) VTE + owes; 


1.23.2 
29 


rtz 
Син -( : ) (T — t) + O(log(S*/K*)) 


(а*) = O(T — 0?) + Odog(S*/K*)). 


Using Marsaglia’s formula 


жү _ 1 "IE C 
DAY) = 5 445) | а + des 


1 2 


+ = 
le = )vrzisoa -o 


--O(logGS7 / K*)) 
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and since d* = 4; — o VT —t, from Taylor's expansion 


(d*) = r4 (d*) | d* + су 28 
фд)-24ф40|(4:8-4-4.. 
d* — Т-їр 
- $+ дар -efrco(a ceris гав, .) 
= 5 + (Фа) = оф (d?) үТ-і- 50^ dd XT —)+О(Т- nh) 
r- 102 
| ( 7 Bei OS ов j^») 
1 r- 10? 
ви. ( z ) VT =1+ O(T — 03/2) + Olog(S*/K*)). 
Thus, 


Ф(4%)- Ф(4*) = оф(а*)УТ — t + ОСТ — 93?) + O(log(S7 / K*)) 


БЭЛ Ти тж 
= тер + OT — 0?) + OdogCS7 /K*)) 


= оТ — t)S* ши + OT — 83/2) + O(logGS*/ K*)) 
f avs") к 


у № 
Саа (see Problem 2.2.4.3, page 221). 
OS є$*\/2л(Т – t) 
Hence, 
Vs, 


дү, 9? V, 
rT-07 bs = 60(Т-)855---5 + OCT — 1/2) + O(log(S* / K* 
às; + О | КК (T — 0^) + Ойоғ(8%/К%) 


and ignoring higher orders of T — t and assuming S% > К“, 


2 
Vrs + erT- Vis & o*(T —t)S* д Vrs 
д5* дК" "(82 
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By substituting the above result into 


eS 
oS? — 


д Т- дү, , 21 2 rla yt) 12 * 
Ар (5% + eX era: A, +o (5А е Ар А; — Ар, 4) 


Solving the first-order differentiation function, 
log 4, я —log(T -—t)+C 
where C is a constant. Since the discrete dividend A p is paid at? = гд, therefore 4, = 1. 
D 
Hence, we һауе С = log(T — t Ap) and so 


T-t ` 


Аж 


. Delta Hedging. Assume we аге іп a Black-Scholes world where on day 1 = 0 a stock is 


trading at Sy = $35 per share. The stock price volatility is с = 25% and it pays а contin- 

uous dividend yield D = 2%. Suppose the writer of a European option sells a call option 

with strike K = $33 on 1000 shares with time to expiration T = 180 days. 
Given the risk-free interest rate r = 5% per annum, calculate the following. 

(a) The call price and the corresponding delta at day 0. What is the writer’s risk by selling 
a сай option? 

(b) The writer’s trading strategy to maintain a delta-hedged portfolio on day 0. How much 
money does the writer need to borrow/put in a risk-free money market on day 0 in 
order to maintain a delta-hedged portfolio? 

(c) The writer’s profit if the stock price increases to $35.50 on day 1. Calculate also the 
cost to keep the portfolio delta neutral. 

(d) The writer’s profit if the stock price falls to $34.80 on day 2. Calculate also the cost to 
keep the portfolio delta neutral. 


Note if Z ~ N(O,1) then the cumulative standard normal distribution function in the 
range [0, x], x > 0 can be approximated by 


1 хх х! х? ) 
Р0< 7 <x) = (х- + - 55+ 5 <x<l. 
\/2х 6 40 336 3456 


Solution: 
(а) On day 0 we have Sọ = 35, К = 33, r = 0.05, D = 0.02, с = 0.25,T = a. From the 
Black-Scholes formula we can write the call option price as 


C(S,,0; K,T) = Sge PT Ф(а|)- Ke" o(d) 
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where 
log (55/К) + ("= D+ 50°)T 
d, = ——$ e 4 
сүт 
log (35/33) + (0.05 — 0.02 + 0.5 x 0.257) L 
Е 180 
0.25 х = 
= 0.5072 
апа 


dy = d; — o VT = 0.5072 — 0.25 x 4/ zs = 0.3316. 


Hence, from the polynomial approximation 


3 5 7 9 
= 1 1 (072 " 0.5072 + 0.5072 " 0.5072 0.5072 ) 
2. 2л 6 40 336 3456 
= 0.6940 
апа 
Ф(4,) - : P(0 < Z < d3) 
3 5 7 9 
= 1 1 0.3316 — 0.3316 4: 0.3316? 0.3316 5 0.3316 
2 2л 6 40 336 3456 
= 0.6299 


Therefore, on day 0 the сай option price is 


180 180 
СС5,,0:К,Т) = 35 x e 92556 x 0.6940 — 33 x e 255365 x 0.6299 
= $3.7712 


and the corresponding delta is 
180 
Ay = е-?ТФ(а,) = e 292556 x 0.6940 = 0.6872. 
The risk of the call option writer is rising stock prices with respect to the option written 
on 50. 


(b) On day t = 0, let the hedging portfolio be 


По = -С(50,0; K,T) + А5, 
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where the сай writer sells an option and buys A number of Sọ. To maintain а delta- 
hedged portfolio we need 


Ol 
224. 
95, 
so that 
oC 
А = — = 0.6872. 
9,5, 


That is, for each call option sold, the writer needs to buy 0.6872 units of Sy = $35. 
To calculate how much money needs to be borrowed/put in a risk-free money market 
we replicate the derivative as 


C(So, 0; K, T) = Ao So + Wo 


where yo is the amount of cash injected into the money market earning a risk-free 


interest rate r = 5%. 
Given C(S9, 0; K,T) = 3.7712, Sọ = 35 and A, = 0.6872 we have 


Wy = C(So,0; K, T) — AgSp = 3.7712 — 0.6872 x 35 = —$20.2808. 


Thus, on day 0 the writer’s trading strategy is to borrow 1000 x $20.2808 = 
$20,280.80 from the money market at r= 5% interest rate and purchase 1000 x 
0.6872 = 687.20 units of Sọ = $35. 


(c) On day 1, S5, = 35.50 where ôt = = The call option price is then 


C(S5,6t; K,T) = Sge PF -@(d,) — Ке "-0Ф(а,) 


where 
log (S/K) + (r- D + 50? ХТ - 61) 
Lee aM 
oNT — бї 
log (35.50/33) + (0.05 — 0.02 + 0.5 x 0.25?) = 
MET 
0.25 x 36s 
= 0.5887 
and 


dy = dy — oT — 8t = 0.5887 — 0.25 x ү32 - 0.4136. 
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Hence, from the polynomial approximation 


Ф(ау- 2 Р(0<7<4)) 
3 5 7 9 
= 1 1 0.5887 — 0.5887 a 0.58877 0.5887 0.5887 
2 2л 6 40 336 3456 
= 0.7720 
апа 
Ф(4>) = : P(0 < 7 < 4,) 
3 5 7 9 
T 1 1 04136 — 0.4136 Ч 0.4136" 0.4136 m 0.4136 
2 2л 6 40 336 3456 
= 0.6604 


Therefore, оп day 1 the сай option price is 


179 179 
C(S5,.5t; K,T) = 35.50 же 992565 x 0.7720 — 33 же 25535 x 0.6604 
= $4.1155 


where 


Gains on option price sold = 1000 x (3.7712 — 4.1155) = —$344.40 
Gains on share price purchased — 1000 x 0.6872 x (35.50 — 35) 2 $343.60 


1-Day interest = 20,280.80 х (1 — e) 993 ) = —$2.7783 
so that 
Total profit on day 1 = —344.40 + 343.60 — 2.7783 = —$3.4783. 
The delta of the call option on day 1 is 
As, = e PT e@(d,) = 70902555 x 0.7220 = 0.7150 
and to replicate the option 
C(S5,,0t; K,T) = Ag, Ss, + Wor 
we have 


Woe = С(5,,, бї; K,T) — Дубы = 4.1155 — 0.7150 x 35.50 = —$21.2670. 
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(а 


М7 


Thus, оп day 1, the writer needs to buy an additional 1000 x (0.7150 — 0.6872) = 
27.8 units of 5,, = $35.50 and borrow an additional 1000 х (21.2670 — 20.2808) = 
$986.20 from the money market at r = 5% interest rate. 
On day 2, 5;;, = 34.80 where ôt = ==. The сай option price is defined as 


C($55,,28t; K,T) = Soge 29-2 Od) - Ke) @(d,) 


178 


365 


log (34.80/33) + (0.05 — 0.02 + 0.5 x 0.252) 


178 
0.25 x Vere 


where 
J log (555/K) + (r — D + 202)(Т — 260) 
1 = ———— 
ovVT — 251 
= 0.4753 
and 


dy = d, — o VT — 26t = 0.4753 — 0.25 x үз2 = 0.3007. 


Hence, from the polynomial approximation 


Ф(ау- 2 Р(0<7<4)) 
3 
1, _1 (o 4753 _ 0.4753 
2 2л 6 
= 0.6870 
апа 
1 
Ф(4,) = 2 Р(0<7<4) 
3 
ЕТТЕН (0.3007 _ 0.3007 
2 2л 6 
= 0.6182. 
Therefore, оп day 2 the сай option price is 


0.47535 _ 0.47537 
40 336 
0.3007° _ 0.3007” 
40 336 


178 
C(S55,,28t; K,T) = 34.80 x e 4925565 x 0.6870 


—33 x e 9*3 х 0.6182 
— $3.6182 


0.4753? 
3456 


) 


0.3007? 
3456 


) 
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where 


Gains on option price sold = 1000 x (4.1155 — 3.6182) = $497.30 
Gains on share price purchased = 1000 x 0.7150 x (34.80 — 35.50) 
= —$500.50 


1 
1-Day interest = 21,267 x (1 — езе) = —$2.9135 


so that 


Total profit on day 2 = 497.30 — 500.50 — 2.9135 = —$6.1135. 


The delta of the call option on day 2 is 


Дор = e DT-3909(q,) = e73 x 0,6870 = 0.6761 
and to replicate the option 
C(S»5,, 261; K,T) = А526 + Vos; 
ууе һауе 
Wost = С($зв, 261; K,T) — Аз; 


= 3.6182 — 0.6761 х 34.80 
= —$19.91008. 


Thus, on day 2, the writer needs to sell 1000 x (0.7150 — 0.6761) = 38.9 units of 
S55, = $34.80 and invest 1000 x (21.2670 — 19.91008) = $1356.92 into the money 
market earning г = 5% interest rate. 


13. By referring to Problem 2.2.3.11 (page 211) find the trading strategy to hedge the option 


at the initial time period. 


If the asset price moves down and up at time period n = 1 and n = 2, respectively, cal- 


culate the trading strategy to hedge this option. 


Solution: At time period п = 0, let фо and wo be the unit of the underlying asset So and 
the amount of cash invested in the money market, respectively. At time period n = 1, the 
asset price can either be sO = 45у or St = и and yo will grow to woe’. Thus, we 
can write 


0 0 r^ 
1 1 rA 


Hence, 


(1) (0) (1) (0) 
Vi -vi 2 -v 


фу = = 
о? A av uSo E 45, 
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апа 
Wo = gr _ $1. 


By substituting У = 3.8322, V = 13.4438, SO 245,29439, S =и5 = 
105.94, r 2 0.05 and At — 1 ууе һауе 


Фо = 0.8322 and wo —73.4817 


which implies we need to buy 0.8322 units of the underlying asset Sg and borrow $73.4817 
from the money market at 5% interest rate. 

At time period п = 1 we have S; = S m = 450 and by setting @, as the number of units 
of the underlying 5) and y, as the amount of money invested in the money market, we 
can write the replication portfolio as 


(0) (0) А 
V, = pS tyne 

(1) (1) А 
У,”-фі5; жүре. 


Непсе, 
(1) (0) (1) (0) 
due y -y Е Vo -ny 
4 50-50 ий59-425; 
апа 


- 0 0 
wi =e нү ) -фі5% )). 


By substituting V1 = 0, V1? = 6.4739, SS” = 425 = 89.09, SS” = ud Sp = 100, r = 
0.05 and At = i we have 


фу = 0.5936 and yw, —52.0360 


where at time period n — 1 we now need to sell 0.8322 — 0.5936 — 0.2386 units of the 
underlying asset S4 = $94.39 and invest 73.4817 — 52.0360 = $21.4457 into the money 
market earning 5% interest rate. 

For time period 2, we set S, = 15 d = ud? S, and we let $; be the number of units of the 
underlying S, and уг be the amount of money invested in the money market. To replicate 
the payoff we have 


(1) (1) ^ 
L^ = Ф»5, + үе” É 
(2) _ (2) А 
L^ = Ф»5, + үе” d 
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and hence by solving the linear equations we have 


(2) (1) (2) (1) 
V; me V; -Ү, 


сэн 80440 7 u?2d Sg —ud2So 
and 


= 1 1 
у = е ЕСА PE hS! )), 


Substituting VX” = 0, V(? = 10.9366, 57 = ud? = 94.39, SY = и?45% = 105.94, 
r = 0.05 and At = i we have 


ф = 0.9469 and y = —89.8998 


where we need to buy an additional 0.9469 — 0.5934 = 0.3535 units of the underlying 
asset S = $100 and borrow an additional 89.8998 — 52.0360 = $31.8638 from the money 
market at 5% interest rate. 


14. At time t the stock price is trading at S, = $40 with delta A, = 0.4127 and gamma Г, = 
0.1134. Estimate the new value of delta 18.5, ;, = $42.75 at time t + бі, ôt > 0. 


дА 
Solution: By definition, Г, = ae which can be approximated by 
t 


Hence, 


Arst © А, + Г,(5 — S) 
= 0.4127 + 0.1134х (42.75 — 40) 
= 0.7246. 


15. Consider а stock trading at S, = $49 with volatility c, = 35% at time t. А European put 
option P(S,,t) on the stock is priced at $2.3217 with vega Y, = 0.3796. If the volatility 
increases by 0.5% at time t + бі, ôt > 0, find the new put option price. 


Solution: By definition, Y, = ас which сап be approximated by 
о, 


ә, POS t 80 — PCS, D 
ЯС ; 


66/7 Ot 
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Hence, 


P(S, gi ET 1) = Р(5,,1) + (очи — с) 
= 2.3217 — 0.3796 x 0.05 
= 2.3407. 


16. At time 1, we have an asset price S, = $37 which pays a continuous dividend yield 
D = 1.2% with volatility o = 30%. By setting the risk-free interest rate r = 8.5% we let 
C(S,,t; K,T) be the European call option price having a strike price К = $35 with time 
to expiry T — t = 90 days, where Т is the option expiry time. 

From the information given in Table 2.3 find the price of the European put option at 
time f. 


Table 2.3 European call option Greek values. 


European Call Option Greeks Value 

А, 0.7110 
Г, 0.0620 
Y, 0.0624 
O, (per calendar day) —0.0146 


Solution: From the Black-Scholes equation 


C +50 


ФС С 
t t 


д 
5—2 + (r — D)S,— —rC(S,,t; К,Т) = 0 
252 (ғ 9553s; rC(S, ) 


Or 
Ө, + 50252, + (r — р), А, – rC(S,,t;K,T) = 0. 
Given that ©, = 0.0146 is quoted рег calendar day, then per year 
Ө, = —0.0146 x 365 = —5.3290. 
Therefore, the call option price is 


C(S,,t;K,T) = i (ө, + 502527, + (л = D)SA,) 
ғ 


EE! 
~ 0.085 

+(0.085 — 0.012) x 37 x 0.7110) 
— $4.8344. 


(—5.3290 + 0.5 x 0.3? x 37? x 0.0620 
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From put-call parity, the put option price is 


P(S,,t; K,T) = C(S,,t; K,T) — Se Pf + Ke 


= 4.8344 — 3770012: + 3570085535 
= $2.2178. 


17. Let (И, : > 0) be a P-standard Wiener process on the probability space (Q, Z, Р) and 
let the evolution of the asset price S, һауе the following SDE 


1 


45 
----(и- D)dt + od W, 
5, 


where и is the drift parameter, Р is the continuous dividend yield and o is the asset price 
volatility. By setting r as the risk-free interest rate, a derivative security written on this 
asset has price V (S, f) with payoff © (57) at expiry time T. 


А ЗЕ: OV |... А : : 
Show that the interest-rate sensitivity p(S;,t) = Эр satisfies the differential equation 
(4 


дү 
Ев«1Р(5,01- VCS,. 1) — 5:2, 
with boundary condition р(5т, Т) = 0 where £ gs denotes the differential operator 


9 1.0? д 
Lgs = Sac pps r. 
В ' 952 aS, 


Interpret this result financially. 
By writing the solution of p(S,,t) in the form 


р(8,1) = g()U CS; t) 


with U (Sr, Т) = 0, show that 


дү 
Spt) = -(T – t) |. t)— se | 
Solution: Since V (S,, t) satisfies 
ди 1 228° V oV 
— + z02$27— + (r— D)S, — — rV(S,,1) = 0 
à ЭС (ass T Lr TL 
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then by differentiating the Black-Scholes equation with respect to r we һауе 


д [09V 1 228V ди 
E Esci ug лын -1)5 —rV(S,,t) | 0 
2 (Fate Lo Pm ios 


‘aS, 

or 

д 24 1-5,2 д? (29) дү д (£) дү 

L (Z рид: 21252 aee Z +(ю- DAS ЕТ 
os 2° б 952 Vàr ЕКА а єт ЕР Seller 


By setting p(S,, f) = x we have 
r 


д 
др || 


2028P 
-0 
ot 2 3 


др ди 
зоог 0555 ~rp(S,,t) =V(S,,t) – S,— 
t 


Because V (Sr, T) = Ф(5т), thus K (5ү,Т) = р(5т,Т) = 0. 
r 
Hence, 


oV 
Leslo(S;,.t)] = V(S, 0) – S, — 
oS, 
with boundary condition p( S7, Т) = 0. 
If we set the delta of the option ЭР = A then 


С. вѕ1008,,1)] = И(5,,0) – AS, 


which is equivalent to a hedging portfolio used to construct ће Black-Scholes equation. 
By letting the solution of p(S,,t) be written as 


PCS, t) = 8U CS, 1) 


where g(f) is a function depending on time f, then by substituting it into the Black-Scholes 
differential operator 


С pslo 6S, 0] = £ ps[g(DUCS,. ї)] 
д 1 д2 
= 21800005.) + 2° S ag; SOVS 31 


+ = D)S, C [gU(S;, D] — rl (QU GS, 0) 
1 


EUS, t) + gL в 5100,0). 
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By setting U(S,,t) = V(S,,1) — 5 55 and since both V(S,, f) and s satisfy the Black- 
Scholes equation (see Problem 2.2.2. 9, page 110), therefore 


С gs[U (S, 0] = Ер«ІР(5,01- Гв 4 = 0. 
1 


Thus, we сап set 


dg 
С pslpCS,.1)] = x vis. D se 


‘aS, 


d 
where 2 = | with boundary condition &(Г) = 
Solving the first-order differential equation and taking note that 2(Т) = 0, we һауе 
g(t) =—(Т—1) 


and hence 


2(5,1) = —(Т — 1) |“. pe sax | 
t 


18. Let (W, : t > 0) be a P-standard Wiener process on the probability space (О, Z, P) and 
let the asset price S, follow а GBM process 


— (u — D)dt - cdW, 


1 


where и is the drift parameter, D is the continuous dividend yield апа o is the asset price 
volatility. By setting r as the risk-free interest rate, a derivative security written on this 
asset has price V (S, f) with payoff W(S-) at expiry time Т. 


Show that the volatility sensitivity V(S,, t) = x satisfies 
б 
£ в517С5,, 0] + oS T(S, t) = 0 
with boundary condition У(5т, Т) = 0 where 


дү 
Г(5,1)-2-- 
шин 


is the gamma of the option price and £ рс denotes the differential operator 


0 1 
Lrs тоб 


N 
A 
ы 
SAL 


: 5 д 
и -r. 
m + (т 9913s; r 
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Let U(S,,t) be Ше price of another option that receives or pays K(S,,t) per unit time 
(K(S,, t) > 0 denotes receiving an income whilst K (S,, 7) < 0 corresponds to a payment). 
By setting up a hedging portfolio show that U (5, t) satisfies 
С в5 0 CS, 0)] + К(5,,1) = 0. 
Further, show that if U (5т,Т) = 0 and K(S,,t) > Ofor0 €t <T then U(S,,t) > 0 for 
0<1<Т. 
Hence, deduce that if Г(8,,1) > 0 then V(S;, t) > 0 and finally show that 
V(S,,t) -(Т-1)6:52Г(5,,1). 


Solution: Since V (S, t) satisfies 


дү ay oV 


— + 50582 — + (r- р), == – (5,10) =0 
1 t 


1 
д 2 “746 
and by differentiating the Black-Scholes equation with respect to с we һауе 


д [ду 1 228V ди 
СЕ талыг = rV(S,.t) = 0 


до V дї ‘OS, 
or 
д 2v) 2927 150,9? (29) д (29) oV 
-(--)|-ос 4 <0’ 52 —— ( — ) +C- D)S,— ( — ) -r =0. 
Л TU gs? 02870520 ТОС Эн Maa), аз 
2 
By setting у(5,,) = 27 anar(s, n = 97. we can write 
дс д5? 
9 1.292 дү 2 Е 
ет 5: 252 +r- 0)5, 95, -= rV(Sp t) + oS°T(S;,1) = 0 


and using the differential operator 2 рс we eventually have 
Lgs VS 0] + oS TCS, 0) = 0 
with boundary condition 
oV ov 
V(S7,T) = ——(5т,Т) = —(ST) = 0. 
(Sp, Ty e Sr, 1) = ——(5т) 


At time t we let the hedging portfolio П, be constructed by taking a long position on option 
U(S,,t) and short A units of S, such that 


П, = U(S,,t) - А5). 
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Since the asset pays a continuous dividend yield D and the option U(SS,, t) receives/pays 
К(5,, 1) per unit time, the instantaneous change in the portfolio is 


ап, = dU + K(S,,t)dt — A(d S, + DS,dt) 
= dU — Ad S, + (K(S,,t) - AD Sdt. 
Expanding U (S,, t) using Taylor's theorem we have 


19207 (22 
au = at 2E NS. ---045 
* 3s, 2 252 eh 


Substituting 45, = (и — D)S,dt + o S,d W, and applying Ito's lemma 


920122070 aU 
dU = $ - р)5 dt + oS, аи, 
СЕ (aga ^ V SS цагг 


Непсе, 


2 
ап,- (% 4 5025221 + (и – D)s, So + КС5,1)- 2 аг 
4 1 


so that 


QU 1 220 U ðU 
ап,- 5 — D)S,— + K(S,,t) — uAS, |а. 
t СЕ ҮД aet (S, t) H t 


t 


Under the no-arbitrage condition the return on the amount П, invested in a risk-free interest 
rate r would be 


ап, = Па! 
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and taking into account that A = нэ ууе һауе 


ðU 1 20207 ðU 
ILdt = S zug s 
ёс Ga alee 25:95; 
+K(S,,t) — Has, | dt 
901222970 дО 
0(8,0-4А5)41- 5 - D)S, = 
r(U (S, t) 1) (% + 5° Kage 25:95; 
+K(S,,t) — ias) dt 
ðU ðU 1 220 U ðU 
U(S,,t) 5,—— | = = + 108S? — + (u — D)S, — 
1! (5,0 L3 ә 7229292 ш- 1)5 эу 
ди 
KS, t) — uS, — 
+K(S,t) Sag 
and finally we have 
ðU 150020 ðU 
— +0 S?—— + (r— D)S,— —rU(S,,t) + К(5,,0) = 0 
Жэ ца ни 


ОГ 
£ ps[U S, £)] + К (5,1) = 0. 


Assume that if U (Sr, T) = О and К(5,1) > 0 for0 <t < T then U(S,,t) < Ofor0 <t< 
T. Let the portfolio be 


Il, 2U(S, t) 50 
where the instantaneous change in the portfolio becomes 
dil, = dU(S,,t) + K(S,,fdt. 
Taking integrals and because U (5т,Т) = 0 and K(S;,t) > Ofor0 <t<T 


T 
Пре Ñ, = U(Sr, T) - U(S,, t) + А K(S,,t)dt 
t 


T 
Пу = U(Sp,T) + / K(S,,t)dt 
t 


T 

=) K(S,,t)dt 
t 

>0 
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which is a contradiction under the no-arbitrage condition. Therefore, (,5,, 1) > 0 for 0 < 
t<T. 
By comparing 
Е.р«ГР(5,51- oS T(S, t)=0, V(Sr,T)=0 
and 


Еа«10(5,,01- К(5,)-0, (5, ,1)-0 


we сап deduce that if K(5,, 1) = 6,525), t) > 0 then 07(5,,1) = (5,1) > Oforü0xt« 
T. Hence, for any option price, if the gamma is always positive then it has a positive vega. 


pe ду 2 
Let V(S,,1) = g(t)K(S,,t) where K(S,,1) = -0552Г(5,,1) and since 51245 satisfies 


t 
the Black-Scholes equation we һауе 


LaslV(S,,0] = Fi OKS, 0] 


= S [e (KG, D] 5 205255 к. 2 80) (5,01 


+r- D)S, — [g()K GS, 0] — rie) KGS,. 0] 


as. 
dg ~ 25 
- ERS, 1) + ZAL gs [KGS,. 1] 


= A 


Since £ gs[V(S,, t)] = КС5,,1) then 


with boundary condition 
g(T) = 1. 
Solving the first-order differential equation we һауе 
gt) =—(Т—1) 
and hence 


(5,1) = -(T – DK(S,f) = (T – De SIS, t). 
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19. Let {W, : t > 0} bea P-standard Wiener process on the probability space (©, F, Р) and at 
time 1 let the asset price S, follow а GBM process 


= (u — D)dt + ocd W, 


where и is the drift parameter, D is the continuous dividend yield and с is the asset price 
volatility. 
Let the European call option С(;5,, t; K,T) satisfy the following PDE 


oC 


ПЕРЕ! C 
й 2 


в2828-С + +@- DS —С(5ь; К,Т) = 
282 


C(S7,T; K,T) = max(Sy — К,0) 
and the European digital сай option price C,(S;,t; K,T) satisfy 


0C, 12 pe 0C, 
Ша 202520 "4 b = DS — 4 —rCS,t K,T)- 
à 2" "t 952 таш у. ) 


1 ifS;>K 


where ғ is the risk-free interest rate, К is the strike price апа Т 15 the option expiry time. 
Explain why, given 


д _ jl ifSp>K 
252 max{ Sr — ко = f if Sp < К 


we һауе C4(S,, t; K,T) + Ac(S;, t; K,T) where А, (5,1; K,T) = = 


Suppose с (8, K,T) is the price of another European сай option with strike К and 
expiry time T' where in this case the risk-free interest rate is 7, the continuous dividend 
yield D and volatility c. By choosing appropriate f and D in terms of r, D апіс show that 


C4 CS,, t; K,T) and AcCS,, t; К,Т)- ас satisfy exactly the same Black-Scholes equa- 
t 


tion and payoff. Hence, deduce that 
C,(S,,t;K,T) = eT @(d_) 
where 


log(S,/K) + ("= D — 50° \(T – t) ET 
and Ф(х)= 


жакка ы е ы” 
oyT -t a 
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Solution: From the Black-Scholes equation 


oC 


1 20°C oC 
— +. — р - ҮС(5,,(,К,Т)- 
ЭРЭ +(r Ss rCCS, ) 


o’ S? — 
' д5? 5, 


C(S7,T; K,T) = шах{5т — K,0} 


and by differentiating with respect to S, 


д (9€ 1 2pc ӘС 
-L (© +s E er- Ds C(S,,t:K,T) | = 
(эс, 2° PADS ES ) 


ді 


: 


or 


дС 160°C 15.9 (ðC 
+ ЖУ 4.5625 
2 (әс) TU S2 2° “952 (25, 


дС дС дС 
+(r — р) +r- Salta e 
часты др улту ЕЗ "as, 
oC 
By setting Ac(S, t5 K, T) = zg e have 
t 
ðAc 1 5,29 ^c 2, OAc | 
"р О i 5 D+o оу ааа ы 


1 ifS;>K 


which is not the same problem that С,(5,,- K,T) satisfies. Hence, С,(5,,1:К,Т) = 


AC(S;,t; K,T). 
For the case С(5, t; K,T), it satisfies 


ac 1.25206. ac 
ES de - BS SE PES KT 
3: 127 252 + (F — р) rCCS, ) = 


С(8ү,Т:К,Т)- max{Sr — К,0) 


and its delta AcCS, t; К,Т)- < satisfies 
t 


OAc 1 Âc „хл BAG aa 
a 39 5; +(F-D+ oS as. - DAC(S,,t; KT) = 0 


^ 1 ifS;>K 
Ас(5т,Т;К,Т) = ү S ege 
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By comparing the PDEs and payoffs satisfied by С, (5,1; К, T) and ACS; t; К, T) and 
in order for 


C4(S,.t; K,T) = AcS, t; K,T) 
we can set D = r and? — D + о? =r — D. Hence, 

f=2r-D-0 and Î=r. 
Following Problem 2.2.4.2 (page 220) we have 


С,(8,5К,Т)-2с(8,;К,Т) 
дол 
= —C(S,,t;K,T 
д5, Oy ) 


= e DTN @d,) 


ж 


log(S,/K) + @- D+ то? (Т — 1) 
where d, = ———————————————————. 


сүт -t 


By substituting ? — 2r — D — o? and D =r we have 


г-да-д — erT- 


and 


А log(S,/K) + ("= D — 50? Т – 0) : 
ши oyT -t Ё 


Hence, C4(S,, t; K,T) = е-'©—9Ф(а ). 


20. Let {W, : t > 0} be the standard Wiener process on the probability space (О, F, Р) where 
at time 7 the stock price S, follows the following diffusion process 


48, 


[4 


for constant drift и, continuous dividend yield Р and volatility о. The risk-free interest 
rate is a constant ғ and a derivative security written on this asset has price V (S, f) with 
payoff V(S7.) at expiry time Т. 

By defining the sensitivity of the option price with respect to the continuous dividend 
yield 


ди 
S, t) = — 
Ф(5,,1) 3D 
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show that 


дү 


Е S,t0]- S, = 
51965,01 $ 5 =0 


with boundary condition ф(5т,Т) = 0 where £ gs denotes the Black-Scholes differential 
operator 


ð 102 д 
г — + 02.57 — + D)S 
BS ot 2 t as? (r ) "95, r 
Deduce that 
д 
5,1) = -(T —1)5,— 
P(S, t) ( ) ‘OS, 
and give a financial interpretation of this result. 
Solution: Given that V (S, t) satisfies 
ди 120060 ди 
— + -0° S* — + (r — D)S,— -rV (Spt) = 0 
ar 2° 8 952 Цас ee 


and by differentiating the Black-Scholes equation with respect to D we һауе 


д [ƏV ,1 „5 ди дү 
2 | +258297 er- DS, —гУ(5 1) es 
5(® ытта ыо аш ы 


1 


or 


д (ƏV 1 222 д? (28) oV д (88) oV 
S =5 -1)5 - -0. 
aan) tae Xe du : : 


‘as? NoD 195, ‘aS, «ар др 
М.н дү 
By substituting q(S;, f) = — we һауе 
др 
дФ 1 229% дф дү 
— + -0 S*— +(r – D)S,— – r@(S;,t) - S;— = 0 
лла а? 


or in terms of the differential operator 


дү 


Е 50] -5,— = 
51965,01 $ 5. =0 


with boundary condition 


22 


S7,T)= 
9G, Т) др 


д 
V(Sr,T) = S5, г) = 0. 
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Let ф($,,1) = g(t)UCS,,t), where U (S,, t) = 5,97. At expiry 
t 


(Gp. T) = (TU (Sp, T) = 8)5,-91— = 0. 
Т 


Hence, g(T) = 0. 
Іп addition, 
Евв19(8,01- С в5[8 (И CS, 1] 


д? 
252 


+@- D)S,=Z[gU(S,,] — re (QU (5) 
1 


- 2 1800005,0) + 50252 [OU (S, 0] 


d 
= 22955» 0) + 8000 в5[Ш GS, t] 


dg „ду oV 
= —S,— 979 5 
d: д5, + (ДЕ ps | ТЫ 
Ls. 
oS, 
А oV 
Since £ ps |S; эс | = 0 (see Problem 2.2.2.9, page 110) we have 
t 
ge or 
dt 
Because g(T) = 0 we have 
gt) = (T – 0 


and therefore 


ди 
5,1) = -(T -t)S,—. 
Ф(5,1)--( 35:55, 


By setting the option delta X = A; we have 
t 


LpgslolS,, t)] = А,$, 
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which is equivalent to the number of shares needed to be bought ог sold in a delta-hedging 
portfolio. Furthermore, because 


Ф48,)--(Т-1/04,5, 


then as the number of shares increases (decreases), the sensitivity of the option with 
respect to the continuous dividend yield also decreases (increases). In addition, because 
of the presence of the time to expiration т =T —t, we can see that any change 
in the dividend will have a bigger effect on longer-term options than shorter-term 
options. 


21. Let S, be the price of an asset following а GBM process 


45, 
—. = (и- D)dt + ойи, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility апа 
W, is the standard Wiener process on the probability space (Q, F, P). Consider a digital (or 
cash-or-nothing) put option written оп S, with strike К having a terminal payoff V(S7.) = 
15. «кр at expiry time T > t. 

By considering a hedging portfolio consisting of long 1/= European put option with 
strike К + є and short 1/= European put option with strike К, show that as = — 0 the 
digital put option P4CS,, t; K, T) is 


дР(8,;К,Т) 


Р,(5,,5 K,T) = ЭК 


where P(S,,t; K,T) = Ке””Ч-0Ф(-4 )- S,e~-? TY @(—d_,) such that 


log(S,/K) -(r- D+ 5627 -1) ШИНИ”. 
15 а Фә= | e? du. 
сүТ-1 —® \/2л 


Hence, deduce that the asset-or-nothing put option P,(S,,t; K,T) with terminal payoff 
%(5т) = Sr llis, ck 18 


дР(8,;К,Т) 


Р,(5,1:К,Т)-К x 


- P(S,.t; K,T). 


Solution: At time 1 the portfolio П, is worth 


P(S,,t;K +€,T) - P(S, t5 K,T) 


П, > 
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At expiry time T we have 


P(ST,T; К +е, Т) - Р(5т,Т; K,T) 


= 


Пт = 


МК +e- Sr) if Sp < K +e ИК - Sr) if Sy < K 
0 ifS;>K+e (0 if Sp > K 
1 if Sp < K 

" L(K = Sr + £) ifK<Sp<K+e 


0 ifSp> K+e. 


Taking limits and from L' Hópital's rule 


А К – 5т + = : -1-1 
lim —<—— = lim =0 
є-0,5г-К € £20,ST5K 1 
therefore 
: _ fl ifS;<kK 
Bog | if Sp > K 
= Ця,<к) 


which is equal to the payoff of a digital put option. 
Hence, by discounting the payoff up to time t and using Taylor's theorem we һауе 


P(S, t; К + & T) - P(S,t; K,T) 


P(S, t; K,T) = lim 
=>0 


€ 
àP(S, t; K,T) : 
PCS, t K,T) + — Ee - P(S, t; K,T) + (е?) 
= lim K 
є-0 Е 
ӨВС Ки) 5га 
E 9К Te e 


9P(S, t; K,T) 
OK | 
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From Problem 2.2.2.21 (page 139) the closed-form solution for ап asset-or-nothing put 
option price is 


P (Spt, K,T) = Se? %@(-d,) 
= Ke "Г-9Ф(—4,) — P(S, t; K,T) 
= KP,(S,,t;K,T) - P(S,,t; K,T) 
oP Seti К,Т) 
OK 


~ P(S,,t;K,T). 


N.B. By setting up a portfolio 


п. _ ©(бев5 KT) - CS. 5K e T) 


t 
€ 


we can also show that the digital call option price is 


9C(S,. t; K, T) 


and the asset-or-nothing call option price is 


2€ 6 К.Т) 


C,G;, t K, T) = — ЭК 


+ С(5,,1; К,Т) 


where C(S,, t; K,T) = 8,е-?4-9%(а,)- Ке-"“—9Ф(а ). 


22. Boyle-Emanuel Method. Let V (S,, t) denote the derivative security at time f on an asset 
S, where S, follows а GBM 


45, 
—— = (и – D)dt + od W, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the asset volatility 
апа W, is the standard Wiener process on the probability space (©, F, Р). Assume that 
V(S,,t) satisfies the Black-Scholes equation 


OV 1 52,.29V ди 
23162622 7 4 (r— DS, — – rV(S,, t) = 0 
a 27 т ias ЗЫ) 


with payoff V (Sr, T) = (57) at expiry time T, t < T andr is the risk-free interest rate. 
Consider a trader setting up a hedging portfolio at time f 


П, = И(5,,1) - А(5,,1)5, 


where A(S,,t) = xX is the delta of V(S,,t). The portfolio is left unhedged for а 
t 


3 
small time ôt > 0. By ignoring higher terms of O((6t)2) show that the hedging error 
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(or return on the hedge) is 


=: = (И, — ПР — "161 
ж 56^ S2, (Z? — 1)ёї 


where Г(4,0)- 282 апа Z? ~ y7(1) 
P as? | 


Find the expectation and variance of e, given S,. Interpret the results financially if V (.S;, t) 
is a European option and the market behaviour over the time between rehedges is volatile. 


Solution: At time 1 the portfolio is worth 
П, = VGS;, t) — A(S, tS, 


and given that the portfolio is unhedged at time 7 + ôt, and because the asset pays а con- 
tinuous dividend yield D, we therefore have 


IT, = V (Sman t + бї) - ACS,, 0S, + 5,61). 
In addition, since 
oll, = II,, s; = П, 
and under the no-arbitrage condition 
oll, = rILót 
the hedging error e, is 


=: = (II, — П,) — rior 
= V (Sop + б) — А(5,, 1) ($45, + 05,61) — У (5,1) + AGS, DS, 
—rV(S,, t)dt + гА(5,, t)S,6t 
= V (Sant + dt) — VCS), t) — г (5,,1)61 + (т — П)А(5,,1)5,61 
—A(S,, 06S, 


where ôS, = S,,5, — 5). 
From Taylor’s theorem 


V(S, a £480) = V(S,,1) + 55755; EN PV gg 19V 


2 
дї 2 д5? 292 49 


65,61 
та С 
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23. 


and by substituting 5S, = (и — D)S,6t +oS,\/6tZ where Z ~ .N (0, 1) and A(S,,t) = 


oV 
— we һауе 
95, 


oV 1 2,29?V ә 3 
V(S, s Е + 6t) = "(5,0 -А(5,,1)65, + э ^ + 5° 5 зас ôt + Ө((61)2) 
1 
where 22 ~ y(1). 


3 
Substituting the result of V(S,,5,,¢ + ôt) and by neglecting higher orders of (9(612) we 
have 


% 


Е [РА + (r— D)AG, DS, — rV (S,,t)| бї + 30282238 


2 
12529 У (у? — Dót 
2 1052 
1 
2 


И 1 ду дү 
since — + 5° 5 <<? +r- DS — rV(S,, t) = 0. 


1 
Given S,, the expectation and variance of e, are 


о282Г(5,0(22-1)61 


E(e,|S,) #0 ала Varte lS) 845 (6S? GS, ОЙ” 


since E( Z2) = 1 and Уа(22)- 2. 

Finally, if У(5,, 1) is a European option then Г(5,,1) > 0 (see Problem 2.2.4.3, page 
221). Given that the market behaviour is volatile, Var(e,|.S,) would increase since с 
increases in value. Hence, V(S,,t) would also increase in value as the option price 
increases with volatility. Then the hedge portfolio would also rise because of the increase 
in the variance estimate of the hedging error. 


At time f a contract was written to sell 100 units of "strip" consisting of one European 
call option C(S,, t; K,T) and two European put options P(S,, t; K,T) written on a non- 
dividend-paying stock S, with the same strike K and time to expiry T — t = 270 days, 
where T is the expiry time. The writer delta-hedged the contract at time ¢ and since then has 
not rebalanced the portfolio. At time т (f « 7) the writer decided to close out the position 
with the information given in Table 2.4. 


Table 2.4 European option prices and deltas. 


Time t T 
Stock Price $60 $65 
Call Price $6.4884 $7.3351 
Put Price $13.9466 $10.4433 
Call Option Delta 0.4565 

Put Option Delta —0.5435 


By assuming the risk-free interest rate r as a constant value, calculate the profit of the 
writer at time т. 
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Solution: At time ¢ we denote one unit of short strip as 

V(S,,t;K,T) = C(S,,t;K,T) + 2P(S,,t; K,T) 
where C(S,,t; K, T) and Р(5,,1; K,T) are the European call and put option prices written 
on S, with the same strike K and expiry time Т (t < Т). Let the portfolio consist of short 
one unit of V (S;, t; K,T) and long A, units of stock S, so that 


П, = -V (S, t; K,T) + A,S;. 


By differentiating the portfolio II, with respect to 5, 


дү 
АТ ад, 
t 
дС ОР 
== +2— 
95, “28, 
= 0.4565 - 2 x 0.5435 
= —0.6305. 


In order to replicate the option payoff V (S,, t; K,T) we let 
V(S,,t;K,T) = А,5, + V, 
where V, is the amount of cash invested in a risk-free money market. Hence, 


Y, = V(S,,t;K,T) — A,S, 
= C(S,,t;K,T) + 2P(S,,t; KT) — A,S; 
= 6.4884 + 2 x 13.9466 + 0.6305 x 60 
= 72.2116. 


Thus, to maintain a delta-hedged portfolio the writer needs to invest 100 x 72.2116 = 
$7,221.16 into the money market and sell 100 x 0.6304 = 63.04 units of S, = $60. 
In order to calculate the interest earned between time f and т, from the put-call parity 


C(S,,t; K,T) - P(S,,t;K,T) = 5, – Ke 17 
СС5,,т,К,Т)- P(S,,7;K,T) = 5, – Ke" T-» 


and by substituting C(S,, t; K,T) = $6.4884, С(5,,т; K,T) = $7.3351, PCS, t, K,T) = 
$13.9466, P(S,, 7; K,T) = $10.4433, S, = $60 and 5, = $65 we have 


Ke™ T- = $67.4582 and Ke~"7-*) = $68.1082 
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such that 
EM 68.1082. 
67.4582 
Hence, 
Gains on “strip” sold = 100 x [6.4884 + 2 x 13.9466 — 7.3351 
—2 x 10.4432] 
= $615.99 
Gains on share price purchased — —100 x 0.6305 x (65 — 60) 
= —$315.25 
Interest earned = 7,221.16 x (e' 7? — 1) 
= 7221.16 (ЕШЕ = 1) 
67.4582 
= $69.58 
so that 


Total profit at time т = 615.99 — 315.25 + 69.58 = $370.32. 


24. At time t an investor has sold 1000 units of 33-strike call option on a non-dividend-paying 
stock ,5,. From the information given in Table 2.5, calculate how many units of 35-strike 
call and stock the investor should buy/sell in order to maintain a delta and gamma-neutral 
portfolio. 


Table 2.5 European call option Greek values 
for different strikes. 


33-Strike Call 35-Strike Call 
Delta 0.6986 0.5217 
Gamma 0.07584 0.06245 


Solution: Let Кү = 33 and K,=35 denote the strike prices for 33-strike call 
C(S,, t; Ki, T) and 35-strike сай C(S,, t; K5, T) option prices, respectively, where Т is 
the option expiry time. 

Let the portfolios be constructed as follows: 


ПО = -c(S,, 5 Ky, T) + AD s, 
II? = C(S,,t; Kj, T) - AS, 


where А? апа АО are the number of shares needed to Бе bought/sold for each of the 
portfolios п? апа п?, тезреснуеу. 
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In order to maintain gamma neutrality using 35-strike calls, we let the combined port- 


folios be 

П, = nO? 4 nr? 
where n, and n, are the numbers of C(S,, t; Kı, T) and C(S,, t; K5, T) options needed to 
set the gamma of the portfolio II, to zero. By differentiating II, twice with respect to ,5 
ОЕ NE K,,T) +n FC бк ,T) 
t 1 25 52 t 2 


we have 
i "asi 


d by setti ӨЗІН 0 
and by setting = 
д5? 
°C 
— (S, t; Ку, Т) + n5 (51, Ї K3, T) 
t д5, 
Given n; = 1000, TE (Spr Кү) = = 0.07584 and PC K,,T) = 0.06245, we have 
t 
ny = 1214.4115. Thus, to ensure that portfolio II, is gamma neutral the investor needs to 


buy 1214.4115 units of C(S,, t; K2, T) 
Finally, to delta-neutralise portfolio П, we note that 


әп, ari” " әп” 
dy ПТС 
(1) dC . (2) 
=п| = OC 6 eK y AT + ny 5s Sri Ks T) А 
1 
-0 
ОГ 
ny AD — p, AQ = m aS (Srt Ks T)- пе (Spt; Ka, T) 
t 
= 1000 x 0.6986 — 1214.4115 x 0.5217 


— 65.04152. 


Hence, in order to delta-hedge the portfolio the investor needs to buy 65.04152 shares of 


S,. 


3 


American Options 


In the previous chapter we concentrated solely on European options, but in most exchange- 
traded options nearly all stock and equity options are American options whilst stock indices 
are mainly European options. For a European option, the option price is only dependent on 
the underlying asset price at expiry and is independent of the path that the underlying asset 
price follows over the life of the option. Hence, the payoff is path independent and it fol- 
lows that the discounted expected value of the payoff is also path independent. In contrast, 
an American option gives the holder of the contract the right but not the obligation to enter 
into a future transaction at any time until the expiry date of the contract. Therefore, American 
options belong to path-dependent options since they depend on the path of the underlying asset 
price prior to the option’s expiry time. Given that investors have the freedom to exercise their 
American options any time during the life of the contract, naturally they are more expensive 
than European options which can only be exercised at expiry. 


3.1 INTRODUCTION 


As an American option value is greater than its equivalent European counterpart, it does not 
satisfy the same problem specification as the European option. Hence, the American option 
cannot satisfy the Black-Scholes equation. However, both have the same value at the option 
expiry time. 

By setting C,,09,, t; K,T) and P,,,(S;,t; K,T) to be the American call and put option 
prices, respectively whilst C4,S;, t; K,T) and Р,(5,, K,T) are the European call and put 
option prices, respectively with S, being the common dividend-paying stock price at time f, 
T > t being the option's expiry time, D being the continuous dividend yield, К being the com- 
mon strike and r being the risk-free interest rate, we have the following properties for the call 
options 


5,е DT t) ж Ке т 9 < Cys GS, f; K, T) < C, S, t; K, T) < 5, 


and for the put options 


ке asa Ol < P, GR,T)SPB US КТ) К. 


For European options, the put-call parity is 


Gu S UE T) P Sot K,T) = Se Со ға 
whilst for American options, the put-call parity is 


5е-24-0-к<с,,(5,;К,Т)-Р,(8,5К,Т)<5,- Ke" 079. 
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Conceptually, the pricing formulations for the American option can be framed as follows: 


* optimal stopping time formulation 
9 free boundary formulation 
* linear complementarity formulation. 


Optimal Stopping Time Formulation 


Consider an American option with terminal payoff V(S') where Т is the option expiry 
time and suppose the option is exercised at time и < Т. Under the risk-neutral measure Q, 
conditional оп the filtration ¥,, the discounted price of the option at time ѓ < и with payoff at 
time u is given by 

ЕО | 3 


where E® denotes the expectation under the risk-neutral measure О, and under which the stock 
S, follows the diffusion process 


> 


dS, = (r — D)S,dt+ oS,dW? 


where r is the risk-free interest rate, D is the continuous dividend yield, o is the stock volatility 
and иЗ is a Q-standard Wiener process. 

As the holder of the American option can exercise at any time during the life of the option 
contract, the American option price at time t < u € T is 


У(5ы) = sup E? | "^w, 5] 


1<и<Т 


where the supremum is taken over ай possible stopping times и. The supremum is reached at 
the optimal stopping time т such that 


T= inf (t «u&£T:V(S,u) = WS). 


Note that the optimal stopping time problem is useful for theoretical arguments when formu- 
lating the problem via a probabilistic approach. However, it is impractical when it comes to 
numerical computation, except for special types of American options like immediate-touch 
options. 


Free Boundary Formulation 


The Black-Scholes equation which is satisfied by European options is no longer valid where 
early exercise is permitted. As the American option gives its holder much more flexibility 
over when to exercise it, it therefore has a higher value. When early exercise is permitted, the 
American option satisfies the Black-Scholes inequality 


oV 102520 +( yop дү 
дї 2 952 95, 


t 


-rV (Spt) 50 
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with constraints 
V(S,t) > (S), V(GT,T)-2 “(5т) 


where Ҹ(,5,) is the intrinsic value of the American option payoff at time f. 

Thus, the problem of finding the option price value is known as a free boundary problem 
since the optimal exercise price is not known a priori. To decide when to exercise rather than 
holding the option, there are two criteria to adhere to: 


* Тһе option price can never be worth less than its intrinsic value; otherwise there will be 
an arbitrage opportunity. 
* Тһе holder of the option must exercise so as to give the option its maximum value. 


At the optimal exercise boundary 527 the following hold: 


* Тһе option price and the intrinsic function must be continuous as functions of the stock 
price, $,. 
"€ : : : : дү : : 
e The sensitivity of the option price with respect to the stock price, as; 18 contin- 
11$,=$°° 
uous as а function of the stock price, S,. This condition is known as the smooth pasting 
condition. 


When trying to understand the local behaviour of American options, the free boundary for- 
mulation is an extremely useful tool. However, it is not a very practical method, since with 


the presence of free boundaries they have to be determined via expensive numerical strategies 
which are non-trivial. 


Linear Complementarity Formulation 


From the free boundary problem, the American option price V (S,, t) can be formulated further 
as a linear complementarity problem. In general, by writing £ ps to denote the Black-Scholes 
operator 


the linear complementarity formulation to determine the American option V (S,, f) is given as 
Ев«1/(8,0150, VSA > PES), [VG 0 – YS] - £gs[V GS; 0] 20 
such that 


V(S7,T) = (057) and A is continuous in 5). 
1 
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There are several advantages to this formulation: 


The formulation does not explicitly contain a free boundary. 

The formulation is independent of the number of free boundaries. 

The free boundary is recovered from the solution. 

The problem can be solved numerically, such as using finite-difference approximations or 
numerical optimisation. However, for high-dimensional (multi-asset) American options, 
the numerical scheme is impractical. An alternative is to use the least-squares Monte 
Carlo method. 


Binomial Option Pricing 


The binomial formula can also be modified to evaluate American options. Like its European 
counterparts, the binomial formula for American options also consists of a lattice representing 
the movements of the stock price where the option is priced by working backwards through 
the lattice. For the case of American options, since there is a possibility of early exercise, at 
each node we take the maximum of the value of the option if it is held to expiration and the 
gain that could be realised with immediate exercise. 

Thus, for an American call the value of the option at a node is given by 


C, K,T) = max (S, — К, 
ee [nC, (uS), t At; K T) + (1 — m) Cus S) t At; К,Т))) 


and for an American put it is given by 


Р,,(5,,1:К,Т) = max (K — S, 
е? [n P, (uS; t + At; K,T) + (1 — 2) P, (d S, t At; K,T)] } 


where S, is the stock price at time f (equivalent to a node in a tree), ғ is the risk-free interest 
rate, К is the strike price, T > 1 is the option expiry time, Af is the binomial time step, л 
and 1 — z are the risk-neutral probabilities for the increase and decrease in the stock price, 
respectively. 

In contrast, for the case of Bermudan options, since early exercise is only allowed on 
predetermined dates, the value of a Bermudan сай option, Cj,,9,, t; K,T) at a node 
becomes 


Cherm Sti K,T) 


max 15, - К, еапу ехегс1зе 
е" Cherm (US,,t + At; K,T) + (1 — 2)Cporm(dS;,t + At; K,T)|} is allowed 


етем [aC perm (uS, t+ At; K,T) + (1 – х)С,,„(95,,1+ At; К, Т) early exercise 
is not allowed 
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and the corresponding value of a Bermudan put option, Р,.,,(05,,5 К, T) is 


Py S, t; K,T) 


max (K — S;, early exercise 
e (гР,,.,,(ш5), t+ At; K,T) + (1 —2)Prorm(dS,,t + At; К, T)|} is allowed 


ет" [т P,, QS; E Ат; K,T) + (1 — 2) Prorm(dS;,t + At; К,Т)| early exercise 
is not allowed. 


3.0 PROBLEMS AND SOLUTIONS 
3.2.1 Basic Properties 


1. Consider the American and European call options with prices C,,,(S,, t; K, T) and 
С,,(5,,1, K,T), respectively where S, is the dividend-paying asset price at time f < Т, 
T is the expiry time of the options and K is the common strike price. Show that 


GOLEK T) C (SL ER TA OLUSE K,T) + 1-2 Dy 


where D is the continuous dividend yield. 


Solution: Assume С,„(5,, t; K,T) < C4,GS,, t; К, T) for all t. Therefore, at time t we can 
set up a portfolio with long one American call and short one European call options 


П,-С,,(5,5 К,Т)-С,(5,5 K,T) < 0. 
Assume at time t,t € т € T, that the American call option is exercised, giving a payoff 
5-К»0 
and by exercising the American сай option it gives us 
Net profit at time т = 5, – К – С,„(5;,7; K,T) + CCS, 7; K,T) > 0. 
At expiry time Т, and because we are holding the asset now worth Syp (bought at strike 


price К at time т), then irrespective of whether the holder of the European call option 
exercises the option or not 


Sp—-K ifS;»5K 
Net profit at time T = 
0 if Sr < К 


> 0. 


Hence, we always have a guaranteed positive return for the case when S, > K, which 
implies the existence of an arbitrage opportunity. 
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In contrast, if the American call option is not exercised then at terminal time T 


Пт = С,„($7т. Т; К,Т) - C4CST, T; K,T) 
= max{ Sr — K,0} — max{ Sr — K,0} 
= 0. 


Hence, we also have an arbitrage opportunity. Therefore, we conclude that 
Cu GS, t; К,Ту)>С,(5,5 K,T). 
For the case C,,(S,, t; K,T) < С,(8,,; К,Т)-8,(1-е-?4-0) we assume 


С.,(5,1:К,Т) > C405, t; K,T) + 8,1 — e PT) 
and set up the following portfolio at time f 
II, = C4,(5, 5 K,T) + S, e 0079) — C, (S, t; K,T) < 0. 


Assume at time т, < т € T, that the American call option is exercised with payoff 


5.- К> 0. 


Thus, ће value of the portfolio at time т is 


П, = Сь($,т; K,T) + S,(1 -е P079) - (S, – K) 
= C, T; K,T) - Se PT? + К 
> S, — K — S,e PT- + K 
= S, eon 
>0 


which is an arbitrage opportunity. 
Іп addition, if the American call option is not exercised then at terminal time T, the 
portfolio is now worth 


Пу = C&GST, T; К,Т) - C44GSp, T; K,T) 
= max{ Sr — К,0} — тах{5т — К,0) 
-0 


which is also an arbitrage opportunity. Hence, С,,(5,,; К,Т)<С,(5,5К,Т)-5(1- 
e D(T-0). 


2. Consider the American and European call options with prices C,,09,, t; K, T) and 
Cj, (S, t; K,T), respectively where S, is the dividend-paying asset price at time t < Т, 
T is the expiry time of the options and K is the common strike price. Show that 


n 
Сь (5; K,T) < Cam (Sit; K,T) C4, t; K,T) + У бе") 
ї=1 
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where 6,6, ...,6, is a sequence of discrete dividends paid at time t4, tz, ... , f,,, respec- 
tively where? < 1 < t <> «t, <T. 


Solution: For the proof of the inequality C 
3.2.1.1 (page 271). 
For the case C45, t; K,T) € ChS, t; K,T) + У" де "О we assume 


Spt; K,T) > Ср,(5,, t; K,T) see Problem 


anh 


n 
Co, (S, 5 K,T) > C4, (S), 15 K,T) + У бе "го 
1-1 


and set up the following portfolio at time 1, 


n 
П, = С, (5,5 K,T) + Убе "0 — C, GS, t; K,T) < 0. 
ї=1 


Assume at time t,t < fj < f5 < © «fy ST < tk < Ци < -- < В < T, that the Amer- 
ican call option is exercised by the owner with payoff 


58,-К>0. 


Thus the value of the portfolio at time т is 


n 
П, = C4(S, 7; K,T) + 9 6e %-9-(8,-К) 
i=k 


n 
= С(5,,7; К,Т)+ У de — S, +K 
i=k 


n 
> S, -K +}, ge – S, +K 
i=k 


n 
= 5; 6,e (i7? 
i=k 


>0 


which is ап arbitrage opportunity. 
In addition, if the American call option is not exercised then at terminal time T, the 
portfolio is now worth 


Пт = C&GST. T; К,Т) – Cy,(S7,T; K,T) 
= max( Sr — К,0} — max( Sr — К,0) 
= 0 


which is also an arbitrage opportunity. Hence, С,,(5,: K,T) € ChS t; K,T) + 
m be 78-9, 
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3. Consider the American and European call options with prices С, ,(5,,1; K, T) and 
С,,(5,,5, K,T), respectively where S, is the spot price at time t < T, T is the expiry time 
of the options and K is the common strike price. Let r be the risk-free interest rate. Show 
that if the stock does not pay dividends, then it is never optimal to exercise an American 
call option before expiry, i.e. 


С,,(5,,1,К,Т)--С,, (5, EG K,T) 


but this is not true for ап American put option. 


Solution: Given that С,,(5,,1,К,Т) > max(.S, — К,0), the price of a European сай 
option is always greater than the intrinsic value of an American call option. Therefore, it 
is inadvisable to exercise the American call option early since there is no incentive to hold 
onto the stock which pays no dividends, and hence С,,(5,5 K,T) = C,,(S;,t; K,T). 

By delaying the exercise of an American call option until expiry time, the holder will 
gain interest on the strike. However, by delaying the exercise of an American put option 
the holder would lose the interest gained on the strike. 

N.B. Note that by setting the continuous dividend yield or discrete dividends to zero, 
from Problems 3.2.1.1 and 3.2.1.2 (see pages 271—273) we have 


С,,(5,, t; K, T) < Ст t; K, Т) < С,,(5;, t; K, Т) 
or 


С,,(8,5К,Т)-С,(8,;К,Т). 


4. Consider the American and European put options with prices P,,,(S;,t;K,T) and 
Р,,(5,,1,К,Т), respectively where S, is the spot price at time t < T, T is the expiry time 
of the options, K is the common strike price and r is the constant risk-free interest rate. 
Show that 


PAGG K,T) € PGSSG K,T) < P, (Spt; K, T) - KAO 2e (17), 


Solution: Assume that P,,(S,, t; K,T) < P4,CS;. t; K,T) for all t. Therefore, at time t we 
can set up a portfolio with long one American put and short one European put options, 


П, = P,,9, t; K,T) – PCS, t; K, T) «0. 
Assume at time т, 1 € т € T, that the American put option is exercised giving a payoff 
К- S, > 0. 
Thus, by exercising the American put option it gives us 
Net profit at time т = K — 5, — P,,,(S,,7; K,T) + P,,(S,,t; K,T) > 0 


"“Т-т) 


and we can invest K in the bank that will give us Ке at time Т. 
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At expiry time Т, and because we are holding Ке") worth of cash, then irrespec- 
tive of whether the holder of the European put option exercises the option or not, we are 
always guaranteed to have а positive return Ке”ТГ-? — К > 0 which implies an arbitrage 
opportunity. Therefore, P,,(S,, t; K,T) = PCS, t K,T). 

In contrast, if the American put option is not exercised then at terminal time T' 


Пт = P,4G T, T; K,T) - PCS T, T; K, T) 
= max(K — 5т,0} — max(K — 5т,0} 
= 0. 


Hence, we also һауе an arbitrage opportunity. Therefore, we can conclude that 
Pam (Sti K,T) > Р,(5,,1; К,Т). 
For the case P „CS, t; K,T) < P4,S, t; К,Т)-К(1-е27Ч-0) we assume 


Pas S, t K,T) > PG, t К,Т)+ KU 2 e 179) 
and set up the following portfolio at time t 
II, = P,(S, t; K T) + KU e 079) — P, (S, t; K,T) < 0. 
Assume at time т, < т < T, that the American put option is exercised with the payoff 


K-S 


т 


where К > S,. Thus, the value of the portfolio at time т is 


II, -Р,,(5,,т:К,Т)- К(1-с7Ч:5)-(К-5/) 
= P(S, c; K,T) - Ke" 170 S, 
>K—-S,-Ke"T 45, 

-К(1-её (7-9) 
-0 


which is an arbitrage opportunity. 
In addition, if the American put option is not exercised then at terminal time T, the 


portfolio is now worth 


Пт = Р„(5$т,Т; К,Т)-Р,,(5т,Т;К,Т) 
= max{K — 5т,0} — max{K — 57,0) 
=0 


which is also an arbitrage opportunity. Hence, Р (5,1; K,T) < Р,,(5,,1,К,Т)--К(1- 
e (TD), 
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5. Consider the American and European put options with prices P,,,(S,,t;K,7T) and 
P,,(S,,t; K,T), respectively where S, is a dividend-paying asset price at time t < Т, Т is 
the expiry time of the options and K is the common strike price. Show that in the absence 
of a risk-free interest rate, r = 0 it is never optimal to exercise an American put option 
before expiry time, i.e. 


Р,,(5,5К,Т)-Р,(8,; K,T) 


but this is not the case for an American сай option. 


Solution: Since P,.(.S,,t;K,T) > max(K — 5,,0}, which is the intrinsic value of an 
American put option, and if r = 0 then by exercising the option early there is no finan- 
cial gain in holding K in the money market. Therefore, it is never optimal to exercise an 
American put option before expiry time. 

By delaying the exercise of an American put option until expiry time, the holder will 
gain dividend on the stock. However, by delaying the exercise of an American call option 
the holder would lose dividend gained on the stock. 

N.B. Note that by setting the interest rate to zero, from Problem 3.2.1.4 (see page 274) 
we have 


Py (Sj, t; K,T) < Pam (Spots K,T) < Р,,С5,, t; K,T) 
or 


Pin (Sts K,T) = P405, t; K,T). 


6. Consider an American call option with price C(S,,t; K,T) where S, is the spot price at 
time f < T, Т is the expiry date of the option and К is the strike price. Show that 


C(S,, t; K, T) > max( S, - K, O}. 


Solution: We assume C(S,, t; K,T) < max{.S, — K,0} and at time t we set up the follow- 
ing portfolio 


П, = C(S,,t; К,Т) - max(S; - К,0} «0 
At expiry time T' 


Пт = С(5т, T; K, T) - max( S5 — К,0) 
= max( S, — К,0} — max( Sr — К,0) 
-0 


which is an arbitrage opportunity. Therefore, C(S,,t; K,T) > шах(5,-К,0). 

N.B. We can also prove the following. Assume S, > К and let C(S,, t; K,T) < S, — К. 
Because C(S,,t; K,T) > 0 an investor can then buy the option at time / and exercise 
it immediately, leading to a profit S, – К > 0. The net profit is therefore 5,- К — 
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С(5,,5 K, T) > 0, which in turn provides an arbitrage opportunity to the investor. Thus, 
C(S,,t; K,T) = max( S, - K,0]. 


7. Let CCS,, t; K,T) be the price of an American call option where 5S, is the spot price at time 
t < T, T is the expiry time of the option and К 15 the strike price. Show that 


C(S, t5; K,T) < 5. 


Solution: Assume that С(5,, t; K, T) > S, and hence at time ѓ we can sell an American 
call option С(5,, t; K,T) and buy a stock S;, giving us a profit of C(S,, t; K, T) — 5, > 0. 
Given that we own the stock, we can always cover the delivery of the stock should the 
option be exercised by the holder at any time until time T'. Therefore, we are always guar- 
anteed to have a positive return max{ S, — K,0} > 0 which implies an arbitrage opportu- 
nity. Therefore, C(S,, t; K,T) < 5,. 


8. For a non-dividend-paying asset, let C(S;, t; К, T) be the price of an American call option 
where S, is the asset price at time t < Т, Т is the expiry time of the option, К is the strike 
price and r is a constant interest rate. Show that 

C(S,,t; K,T) > max(S, — Ke" 1 70,0). 
Solution: From the put-call parity for European options 
C4, (S, t; K,T) - P,(S, t; K,T) = 5,— Kev 
where C,,(S,,t; K,T) and P4,CS,, t; K,T) are the European call and put option prices at 
time 1 written on S, with common strike К and expiry time T > t. 


We then have 


С,(8,5К,Т)-Р,(5,5К,Т)-8,- Ke 170 
> 5, =. Ke 0-0 


since P,.(S,,t; K,T) > 0. 
Because C(S,,t; K,T) > C4,CS,, t; K,T) we therefore һауе 


C(S, t; K,T) > S, - Ke 175, 


Since C(S,, t; K,T) > 0, then C(S,, t; K,T) > шах{5, – Ke '(T-0. 0]. 


9. Let C(S,, t; K,T) be the price of an American call option where S, is the asset price at 
time 1 < T, T is the expiry time of the option, К is the strike price and ғ is a constant 
interest rate. Assume that the asset pays a continuous dividend yield D. Show that 


C(S,,t; K,T) > max(S,e 24-0 — Ке-"Ч-0, 0}. 
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Solution: From the put-call parity for European options 


C4, (S, t; K,T) — P,,(S, t; K,T) = бе PF — Ker) 


where C4,(5,, t; K,T) and P4,CS,, t; К, T) are the European сай and put option prices at 
time 1 written on S, with common strike К and expiry time T > t. 
We then have 


C4, (S, t; K,T) = P, (Spt; K,T) + Se PF — Ket 
> Se DT-0 _ Ke rT) 


since P4CS,, t; K, T) > 0. 
Because C(S,,t; K,T) > CCS, t; K,T) we therefore have 


CUS IK, T) > Se РО — Ka TM 


Since C(S,,t; K,T) > 0, then C(S,,t; K,T) > max(S,e 2-9 — Ке-”Ч-9,0), 


10. Let C(S,,t; К, T) be the price of an American call option where S, is the asset price at 
time 1 < T, T is the expiry time of the option, K is the strike price and ғ is a constant 
interest rate. Assume that the asset pays a sequence of discrete dividends 6; at time f;, 
i = 1,2,...,n where t < fj <t «| «t, < T. Show that 


n 
CCS, t; K, T) > max {5 - > бе" — Kew, 1 | 
ї=1 


Solution: From the put-call parity for European options 


n 
С,,(8,5К,Т)-Р,(8,5К,Т)-5,- Убе "ГО — Ke "0179 
11 


where C4.(5S,, t; K,T) and P4,(S,, t; K,T) are the European сай and put option prices at 
time 1 written on S, with common strike K and expiry time T > t. 
We then have 


n 
С» ($; K T) = Р, (5,1: K,T) + S, - Убе "ГО — Ke "079 
1-1 


п 
> S,- 25 бе i) — Ket) 
ї=1 


since P,.(S,,t; K,T) > 0. 
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Because C(S,,t; K,T) > C,,(S;,t; K,T) we therefore һауе 


n 
CCS, t; K,T) > S,- У e 1670 — Ke, 
іі 
Since C(S,, t; K,T) > 0, then 


п 
C(S,,t; K, T) > тах {5 - > бе 7G) — Ке-”Т-0, 1 | 
ї=1 


. Consider an American сай option with price C(S,,t; K,T) where S, is the spot price at 


time t < Т, Т is the expiry time of the option and К is the strike price. By assuming the 
stock does not pay dividends, should the holder of an American call option exercise the 
option if S > K whilst believing that the future stock price will go below K? 


Solution: If the option is sold at time ¢ then 


Net profit = Profit of option sold — Cost of option bought 
= C(S,, t; K,T) T C(S,, t; K,T) 
=0. 


On the contrary, if the holder does nothing at time f then 
Net profit = —Cost of option bought --С(5,5 K,T) «0. 
Since 
C(S,t;K,T)2zmax(S,- K,0] = 5, – К 
and if the option is exercised at time t then 


Net profit = Payoff at time t — Cost of option bought 
—S,—K-C(S,t K,T) 
< 0. 


Therefore, the holder should sell the option rather than exercise it. 


. Consider an American put option with price P(S,,t; K,T) where S, is the spot price at 


time f < T, Т is the expiry time of the option and К is the strike price. Show that 


P(S,t; K, D) > max{K — 5,,0). 
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Solution: We assume К > S, and let 
P(S,,t; KT) < K — S;. 


Because P(S,,t;K,7T) > 0 an investor can buy a put option at time ¢ and exercise 
it immediately, leading to a profit К — S, > 0. The net profit is therefore К — 5,- 
P(S,,t; K,T) > 0, which in turn provides an arbitrage opportunity to the investor. Hence, 
P(S,,t; K,T) > max(K — 5,0). 


13. Let P(S,,t; К, T) be the price of an American put option where S, is the spot price at time 
t « T, T is the expiry time of the option and К is the strike price. Show that 


P(S,t; K, T) € К. 


Solution: Assume P(S,,t; K, T) > К and hence at time / we can sell an American put 
option P(S,,t; K,T) and deposit the money in the bank, earning a risk-free interest rate 
r which will give us at least Ke'(*7? for t € т € T. Given that we own the cash, we сап 
always cover the purchase of the stock for the price of K, should the option be exercised 
by the holder at any time until time T'. Therefore, we are always guaranteed to have a 
positive return тах{К — $,,0} > 0, which implies an arbitrage opportunity. Therefore, 
P(S,t; KIT) < К. 


14. For a non-dividend-paying asset, let Р(5,, t; K,T) be the price of an American put option 
where S, is the asset price at time f < Т, T is the expiry time of the option, K is the strike 
price and r is a constant interest rate. Show that 

Р(5,,1:К,Т) > max(Ke "1 ? — §,, 0}. 
Solution: From the put-call parity for European options 
C4, (S, t; K,T) - (S, K,T) = S, - Ke" 
where C4.(5S,, t; K,T) and P4,(S,, t; K, T) are the European call and put option prices at 
time f written on S with common strike К and expiry time Т > t. 


We then have 


PIG; 5 K,T) = CCS, 5 K,T) + Ke“ — S, 
> Ke "0-0 КА 5, 


since Cp (S, t; K,T) > 0. 
Because P(S,,t; K,T) > P,,(S;,t; K, T) we have 


P(S,t; KT) > Ke"? — S. 


Since P(S,,t; K,T) > 0 therefore P(S,,t; K,T) > max(Ke-'(7-0 — 5,0). 
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15. 
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Let P(S,, t; К, T) be the price of an American put option where S, is the asset price at time 
t < T, T is the expiry time of the option, K is the strike price and ғ is a constant interest 
rate. Assume that S, pays a continuous dividend yield D. Show that 


P(S,,t;K,T) > шах{Ке "T — Se D(T70 0), 


Solution: From the put-call parity for European options we have 


C4, (S, t; K,T) — P4(S,, t; K,T) = SPT — Ke) 


where C4,(5,, t; K,T) and P4,CS,, t; К, T) are the European сай and put option prices at 
time f written on S, with common strike K and expiry time T > t. 
We then express 


P, (Spt; K,T) = CS, t5 K,T) + Ke ' 170 — Se PP) 
> Ke 0-0 — үе DT-0 


since CS, t; K,T) > 0. 
Because P(S,,t; K,T) > P4(S,, t; K,T) we have 


P(S,,t;K,T) > Ke r(T-t) - Sie DT-0 


Since P(S,, t; K,T) > 0 therefore P(S, t; K,T) > max( Ke" (1 9 — 4-04-20 0}. 


Let P(S,, t; К, T) be the price of an American put option where S, is the asset price at time 
t « T, T is the expiry time of the option, K is the strike price and r is a constant interest 
rate. Assume that the asset pays a sequence of discrete dividends д, at time f;, i = 1,2,...,n 
where t < f; < t5 < +++ < t, < T. Show that 


п 
P(S,,t; K,T) > max Сан – 5,+ > óje ' 0, 1 
1-1 


Solution: From the put-call parity for European options we һауе 
n 
С,,(8,5К,Т)-Р,(8,5К,Т)-5,- У бет") — Ke "0179 
i=l 


where C,,(S,,t; K,T) and P4,CS,, t; К, T) are the European сай and put option prices at 
time 1 written on S, with common strike К and expiry time T > t. 
We then have 


n 
Pp (Sot; K,T) = C4 (S, t; K,T) + Ke "D 5, + У e 17D 


ї=1 


п 
> Ке 9—5, + Убе to 
ї=1 


since С,,(5,,5 K,T) > 0. 
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Because P(S,,t; K, T) = P4CS,, t; К,Т) we have 


n 
Р(5,5К,Т)> Ke"? — S, У бет". 
i-l 
Since P(S,, t; K,T) > 0 therefore 


n 
P(S,,t; K,T) > max (кел - S, + У бе", J 
ї=1 


17. Ри-Са! Parity I. Consider the American сай and put options with prices C(S,,t; K,T) 
and P(S,, t; K,T), respectively where S, is the spot price at time t < T, T is the expiry 
time of the options, K is the common strike price and r is a constant risk-free interest rate. 
Show that 


S,-K < C(S,,t;K,T) - P(S,,t;K,T) < 5,— Ke КГ, 
Solution: Since S, does not pay any dividends, then 
C(S;, Ци К, Т) = С» (Si, t; K, T) 


where CCS, t; K,T) is the European call option price written on S, at time ¢ with strike 
price K and option expiry T. 
In addition, from Problem 3.2.1.4 (page 274) we have 


PG, G5 K,T) € Р(58,,1:К,Т) < P, (Spt; K,T) + К(1— 67070) 


where Р,(5,,1; K, T) is the European put option price written on S, at time ¢ with strike 
price К and option expiry Т. 
Thus, 


С(5,,1; K,T) CE. Р(8,,1; K,T) > C(S,, t; K,T) E Py, t K,T) 
-К(1-е2 7-0) 
= Cy OS), t; K,T) = Р,,(65,,1: K,T) 
-К(1 e *(T70) 
= S, — Ke"? — K(1-e7@-) 
= 5, – К 


since C,,(S,,t; K,T) - P, (Spt; K,T) = 5, — К-”(Т-90. 
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In contrast, using the put—call parity for European options again 


С(5, t; K,T) = P(S, t; K,T) < C(S,, t; K,T) = Py CS; t; K,T) 
= С,(5,5К,Т)-Р,(%,5 K,T) 
= 5, - Ke (070, 


18. Put-Call Parity II. Consider the American сай and put options with prices C(S,, t; K,T) 
and P(S,, t; K,T), respectively where ‚5, is the spot price at time < Т which pays a con- 
tinuous dividend yield D, T is the expiry time of the options, K is the common strike price 
and r is a constant risk-free interest rate. Show that 


Se PT = K SCS, EK T) P(Sp t, K,T) < S,- Ке 9, 
Solution: From Problems 3.2.1.1 and 3.2.1.4 (pages 271-274) we have 


CS, EK TVS COSE K,T) SOUS EK. T) + S, o4 79) 
P, (Spt, K,T) € Р(5,,1; K,T) € P, (Spt; K,T) К(1 —e 170) 


where C4,0S,, t; K,T) and P4,CS,, t; K,T) are the European сай and put option prices, 
respectively written on S, at time f with strike price К and option expiry Т. 
Thus, 


C(S,, t; K,T) ығ» Р(8,,1; К,Т) » С,,(5,, t; K,T) m Р,,С5,, t;K,T) 
-К(1-е2Т-9) 
= Sie D(T t) — Ke "(Т 1) = ка _ gy 
= Se PC) -К 


since C4,GS, t; К,Т)-Р,,(5,1:К,Т)-5,6-2Ч-9-К--0, 
In contrast, using the риса] parity for European options again 


C(S, t5; KT) - P(S,t; K,T) < C405, t; K,T) + S, e PF) 
-Р, (8), t K, T) 
-С,(5,5К,Т)-Р,(8,1; K,T) 
+5,(1 = QUEE 
= Se DT-0 —. Kg-r(T-0 + $ (1 — g- D(T-0) 
= 5, – Ke "Г-0. 


19. Put—Call Parity Ш. Consider the American сай and put options with prices C(S,, t; K,T) 
and P(S,,t; K,T), respectively where S, is the spot price at time t < Т which pays a 
sequence of discrete dividends 6,05, ..., 6, at times 11,1;,...,1,, respectively, f < t4 < 
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1) < ++ <t, « T, T is the expiry time of the options, К is the common strike price and ғ 
is a constant risk-free interest rate. Show that 


n 
S,- Убе “79-к<С(5,6К,Т)- P(S, t; K,T) < S,- Ke "1 9, 
i=1 


Solution: From Problems 3.2.1.2 and 3.2.1.4 (pages 272-274) we have 


n 

Сь (5,8; K,T) < CS, 5 K,T) < С,(8,5К,Т)- У бут"? 
1-1 

P, (Spt; K,T) € PGS5 К,Т) < Р,,(5,,1:К,Т)- K(1 e (070) 


where С,,(5,,1, K,T) and P5,CS,, t; K,T) are the European call and put option prices, 
respectively written on S, at time ¢ with strike price К and option expiry Т. 
Thus, 


С(5,, t; K,T) E P(S,t; K,T) > С,,(5), t; K,T) т Р,;(5), t; K,T) 
-K(1- e 9-0) 


n 
Ни 5, E 2: буе" — КИТ 
ї=1 
-К(1-е2"Т-09) 


п 
= 5, - Убе" - К 
і-і 


since С,,(8,,; K,T) - P(S, 5 K,T) = 5, – У" 6e 7G — KE, 
In contrast, using the put-call parity for European options again 


n 
C(S, 5 K,T) - P(S,t; K,T) < С, (5,5 K, T) + бе о 
1-1 
-Р,,(8,4:К,Т) 
= С,(5,5К,Т)- Р,(%, K,T) 


п 
+ у бе e? 
ї=1 


п п 
=S,- > jet — К-КТ-9 4 > jet- 
i=l i=l 


= S,- Ke, 


20. Given that the continuously compounded risk-free interest rate is 2% per annum, what 
is the greatest lower bound of a 3-month American put option on a non-dividend-paying 
stock currently worth $10 with strike price $15? 
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- 


22; 


Solution: Let Sọ = 10, К = 15, T = 5 = 0.25 years, г = 0.02, and let Р(5,,0:К,Т) 
denote the American put option at time f = 0. As 


P(So,0; K,T) > max(K — 50,0) 
the greatest lower bound is then given by 


P(So,0; K,T) > max(15 — 10,0} = $5. 


. Given that the continuously compounded risk-free interest rate is 5% per annum, what is 


the greatest lower bound of a 6-month American call option on a non-dividend-paying 
stock currently worth $20 with strike price $15? 


Solution: Let Sọ = 20, К = 15, T = £ = 0.5 years, r = 0.05, and let С(5,,0:К,Т) 
denote the American call option at time f = 0. As 


С(5%,0; K,T) > max( Sy — Ke 1,0) 
the greatest lower bound is given by 


С(50,0; K,T) > max(20 — 15 x e 99595 0) = $5.37. 


Suppose that a trader holds an American call option on a non-dividend-paying stock with 
strike price $100 with expiry time 6 months from now. The continuously compounded 
interest rate is 5% and the current stock price is $110. 

(a) What happens if the trader exercises the call option now? 

(b) Does the trader have an advantage if he exercises the option at expiry time? 

(c) What would be the trader's strategy if he knew the stock price was going to fall? 


Solution: Let the current time t = 0 so that Sọ = 110, T = £ = 0.5, r = 0.05 and K = 

100. 

(a) By exercising at time t = 0, the trader would pay $100 to own a stock which is worth 
$110. If the trader sells the stock, he would make an instant profit of $110 — $100 = 
$10. 

(b) By delaying exercising the option, the trader can deposit $100 in a bank earning a 
risk-free interest rate г = 5% which, in 6 months’ time, will be worth 100 x e005x05 = 
$102.53. 

At time T, if S. > 100 the trader can exercise the сай and рау $100 to own the stock. 
Therefore, he makes an extra profit of $2.53 compared with exercising the option now. 

In contrast, if Sy < 100 the trader would not exercise the option and would have 
$102.53 in the bank. Had the trader exercised the option at time t = 0, he would own 
stock worth 110 and, by selling the stock and putting the proceeds in the bank, it will 
grow to $110 x e9-9*0-5 = $112.78 in 6 months’ time. Thus, if the trader only exer- 
cises the option at the expiry time and if 57 < 100 then he will be making а loss of 
$112.78 — $102.53 = $10.25. 
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23. 


24. 


(c) If the trader exercises the call option now, he will pay $100 for the stock and can sell 
it for $110 and deposit the profit of $10 in the bank. At time T = 0.5 the trader will 
earn $10 x e005x05 = $10.25. 

Conversely, if he waits until expiry time, he can short sell the stock now and deposit 
$110 in the bank, thus earning $110 x e005x05 = $112.78 in 6 months’ time. To cover 
his short-selling activity he can exercise the call option at expiry time by paying $100 
for Sr. Thus, he makes a profit of $12.78, which is more than the $10.25 if he exercised 
immediately. 


Consider an American put option on a non-dividend-paying stock with strike price $12 
with expiry time 8 months from now. The current stock price is $10 and the continuously 
compounded interest rate is 5% per annum. Given that the price of the American put option 
is $2.50, calculate the range of values for the corresponding American call option with the 
same strike price and expiry time. 


Solution: Let the current time be t = 0, so that Sg = 10, T = = = 2 years, r = 0.05 
and К = 12. Ву denoting P(S5,0; K,T) = 2.50 as the price of an American put option 
then, from the put-call parity, the corresponding American call option С(,50,0; K,T) 


satisfies 
Р(50,0; К,Т) + So — К < С(5,,0; K,T) < Р(50,0; K,T) + Sy Ke "T. 
Thus, 
2.5 + 10-12 < (5..0; K,T) < 2.5 + 10- 12x e 9 
or 


$0.50 < СС5,,0:К,Т) < $0.89. 


Consider two identical American сай options C(S,,t; К,Т|) апа C(S,, t; K, T5) having 
expiry times Тү and T, with T, < Т», S, is the spot price at time 7 and К is the common 
strike price. Show that 


С(5, t К, Ti) < С(5,,1; K,T)) 


for Т, < T». 


Solution: We assume C(S,,t; K, Tj) > C(S, t; K, T5) where at time ¢ we can set up a 
portfolio 


II, = C(S,,t; K,T») — CCS, t; K,T;) < 0. 


3.2.1 Basic Properties 287 


At time T}, the portfolio is now worth 


Пт, = СС5т,, Ti; K, T5) - max( Sy, - K,0} 
С(5т,,Ть; К, T5) ni Sr, «K 


Ст, Т; K,T) – Sr, +К if S7 > К. 


Since C(Sr T1; К,Т;) > Sy, - К then Пт, > 0, which is a contradiction. 
Therefore, 


C(S;, t K,T) < C(S;.t; K,T) 


for Тү < T». 


25. Consider two identical American put options P(S,, t; K, Tj) апа P(S,,t; K, T5) having 
expiry times Т) and Т, with Ту < T}, 8, is the spot price at time f and К is the common 
strike price. Show that 


P(S, t; K,TY) < Р(8,,1; K,T)) 


for Тү < T». 


Solution: We assume P(S,,t; K, Tj) > P(S, t; K, T5) where at time / we can set up а 
portfolio 


П, = P(S,,t; K,T») — P(S, t; К.Т) < 0. 


At time T}, the portfolio is now worth 


= 
У 
| 


= Р(5т,,7|; K,T) - max(K — 5т.,0} 


PSr- Ti; К, T) if Sy, >K 


P(S7,,T; K,T)) - К + Sr, if S7, < К. 


Since Р(5т,,Т7|; K, T5) > К- Sr, then Пт, > 0, which is a contradiction. 
Therefore, 


P(S, t; K,TY) < Р(5,,1: K,T) 


for T, < T». 
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26. Consider two identical American call options С(,5,,1; Kj, T) and C(S,, t; K2, T) having 
strike prices К; and K, with Кү < К», S, is the spot price at time т and T > t is the expiry 
time. Show that 

0 < C(S,,t; Ki, TD) — C(S,,t; Ky,T) < Ka- К, 


for Ку < К. 


Solution: We first assume C(S,, t; Ki, T) < С($,,1; K9, T) where at time t we can set up 
a portfolio 


П, = С(5,,5; Ki, T) - CCS), t; K, T) < 0. 
At expiry time T' 


Пт = CCS, T; Ki, TD) - CCS, T; KS, T) 
= max( Sr — K,,0} — max( Sr — K5,0] 
0 if Sp < К, 


К,-К, if Sp > К. 
Hence, Пт > 0 which is a contradiction. 
We next assume C(S,,t; Ki, T) — CGS), t; Ko, T) > K» — К, where at time f we set up 
the following portfolio 
П, = K - Ку — C(S,,t; Ky, T) + CCS, t; Ko, T) < 0. 
At expiry time T' 


IIr = К, ЗГ К, = C( Sr, T; K,,T) + C(S7,T; K3, T) 
= K, — К, — max{ Sr — K,,0} + max {Sr — К,,0) 


= K, – Sr ШЕК, < Sp < К, 
0 if Sp > K3. 


Hence, Пт > 0 which is also a contradiction. 
Therefore, 


0 < C(S,,t;K,,T) — C(S,,t; K, T) € Ky К, 


for Ку < K}. 
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27. Consider two identical American put options P(S,, t; Ki, T) and P(S,,t; К, T) having 


strike prices K, and K, with Ку < К, S, is the spot price at time ¢ and T > t is the expiry 
time. Show that 


0x P(S,,t; К,Т)- P(S,,t; Ki, T) 4К,-К, 
for Ку < К). 


Solution: We first assume P(S,,t; Ko, T) < P(S, t; Ki, T) where at time t we can set up 
a portfolio 


П, = P(S, t; Ko, T) — PCS, t; Ki, T) «0. 
At expiry time T' 


Пт = POST, T; K4,T) - PCSp, T; Ki, T) 
= тах{ K, — 5т,0} — max{K, - 57,0) 
К,-К, ifSr«K, 


0 if Sp > Kp. 
Hence, Пт > 0 which is a contradiction. 


We next assume P(S,,t; К2,Т)- Р(5,,1:К,,Т)» K, — Ку where at time f we set up 
the following portfolio 


At expiry time T 


Пт = К, — Ку - Р(5ү,Т:,К,,Т)-- P(S7,T; K,,T) 
= K, — К, — max{ K, — 5т,0} + max{ K; — 57,0) 
0 if Sp < К, 


= ST — К, НИК, < Sr < K, 


Hence, Пт > 0 which is also a contradiction. 
Therefore, 


0 < Р(8,5К,,Т)- P(S;,t; Ki, T) < Ky — K, 


for Ку < K}. 
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28. 


29. 


Let the prices of two American call options with strikes $50 and $60 be $2.50 and $3.00, 
respectively where both options have the same time to expiry. 

(a) Is the no-arbitrage condition violated? 

(b) Suggest a spread position so that the portfolio will ensure an arbitrage opportunity. 


Solution: We assume the options are priced at time ¢ with spot price S, and we let 

K, = $50, K, = $60 and Т >t is the expiry time so that C(S,,t; Kj, T) = $2.50 and 

C(S,, t; Ko, T) = $3.00. 

(a) Since CCS, 5 Ki, T) < CCS, 5 Ko, T) for К, < K,, this violates the condition 
C(S, t; Ki, TD) = CCS, t; Ko, T). 

(b) We let the portfolio at time 1 be 


П, = C(S,,t; Ki, T) - CCS), t; Ko, T) «0 
where at time T' the portfolio will be worth 


Пт = max{ Sr — 50,0} — max{ Sr — 60,0} 
0 if эт < 50 


= 4.57 50 1150 < 57 < 60 
10 if Sp > 60. 


Thus, Пт > 0 which shows that the portfolio II, = C(S,,t; K1, T) — С(5,, t; K5, T) pro- 
vides an arbitrage opportunity. 


At time ¢ we consider an American put option on a non-dividend-paying stock S, with 
strike price К > S, and г is the risk-free interest rate. The stock price is forecast to fall in 
value where at the expiry time Т, Sy < 5,. Is it advisable to exercise the option early? If 
the stock pays a dividend д > 0 at intermediate time т, f < т < T, should we exercise the 
option early? 


Solution: If the option is exercised early at time 1, the payoff is 
P(S.) = max{K — 5,,0} = К — S, 
If the option is exercised at expiry time Т, the payoff is 
Ч(5т) = max{K — 5т,0} = K – Sp. 
Hence, the present value of the payoff at time f is 
V(S,,t;K,T) = Ke' S, «K-8, 


Therefore, it is advisable to exercise early if the stock price is forecast to fall in value. 
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If the stock pays a dividend at time т then the present value of the payoff at time t is 
V(S,,t;K,T) = Ke' 179 — (S, — бе 079) = Ke T- — S, + sed, 
Thus, early exercise is advisable if 
Ke t 0. S, +e" ek cS 
ог 


pe e < K(1 — eT), 


30. Consider an investor holding one American call option and one European call option on 
the same non-dividend-paying stock with strike price K = $50. The price of the American 
call option is $5 with time to expiry 8 months, whilst the European call option is priced at 
$7 with time to expiry 6 months. The continuously compounded risk-free interest rate is 
r = 5%. Show that the investor can construct an arbitrage portfolio. 


Solution: At time t = 0 with spot price Sọ we denote the price of an American call 
option by 


Cam(So, 0; K,T,) =$5 їог1Т,- 5 = 2 years 
and the European call option price by 

C,,(S9,0; К,Т,) = $7 for T, = 2 = 5 years. 
We first set up a portfolio at time t = 0 

Io = C,,699,0; K, T1) – Сь, (50,0; K, Ta) < 0. 
At time t = Т» we have 


Пт, = Cn (Sr, Т2; K, Ti) = С,,(5т,,Т;; К,1») 
= Com(S7,, Т»; К,Т|)- max{ Sr, - К,0) 


Сун 5т,,, Т»; K, Ti) if Sp, < K 


CST, Т; К, Ti) "i ӛт, +К if ӛт, >K 


C, S5. T5; К.Т) if Sp, < K 


IV 


К(О-еЧї-1)) if Sr, > К 
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since C,,(Sr , Т; К, Ту) > Sr, — Ке "ТТ. Further, because Ст($ть, T2; К, Ti) > 0, 
then Пт, > 0 which constitutes an arbitrage opportunity. 
О 


3.2.2 Time-Independent Options 


1. Generalised Perpetual American Option. Consider an economy which consists of a risk- 
free asset and a stock, whose values at time t are B, and ,S,, respectively. Assume that these 
values evolve according to the following diffusion processes 


dB, =rB,dt, 45, = (и- D)S,dt + o.S,dW, 


where D is the continuous dividend yield, r is the risk-free rate, и is the stock price growth 
rate and o; > O is the stock price volatility. In addition, (W, : 0 € t € T] is the P-standard 
Wiener process on the probability space (Q, F, P) and F,, 0 € t € T is the filtration gen- 
erated by the standard Wiener process. 

Show that a perpetual American option V (.S;) (which has not yet been exercised) satis- 
fies the following second-order ODE 


2 
2524 4 D)Si TS x -rV(S) = 0 
dS; 


Show also that the general solution of the above equation is 
V(Sj) = ASt + BS? 


where A and В are unknown constants, a, > 0 and a_ < 0. 


Solution: We consider a perpetual American option with an arbitrary payoff and because 
it is time independent we can denote the option price at time f as V (Sj). 
By setting a A-hedged portfolio 


П, = V(S) - AS, 
and because during time dt the stock pays out a continuous dividend 05,41 we have 
ап, = dV — A(dS, + DS,dt). 
By Taylor's expansion and subsequently using Ito's lemma we can write 


ICE 


dV = —dS,+ = —— (d S)? + dS, + 
p Pr 52 S) + 45) D 
d?y 
- (и — D)S,dt + cdW, тЫ 
zs = 1+ as? 
ЭМГ, товыг ms Narta aw, 


2° dS? s dS, 
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and 
dS,+ DS,dt = uS,dt + oS,dW,. 


By substituting the above expressions into аП, we have 


1 22242У dV dV 
ап, = | -o~ S* —~ — D)S, — — ALS, | dt —— — А| aW,. 
t E ТА 25:25, H | ZI | t 
To eliminate risk we set 
-V 
45, 
апа һепсе 
2 
ап, 1 р up ur dt 
2 452 45, 


Given that there is no time limit to exercise the option, to avoid arbitrage we set 


ап, = "Па! 
ОГ 
1 2242 ау dV 
02,52 — — DS,—— | dt =r |V(S, - —S,| dt. 
E ғ qs? га 1 ‚Ж | 
Непсе, 
1 2о242У dV Е 
2575 152 +(r- DS - rV(S,) = 0. 


To solve the second-order ODE we look for solutions of the form 
V(S,) = CS?" 
where C is a constant. By substituting 


dV = mC 


= m LS 
W$)- CS". ту = MCS; P = 


into the ODE we have 


5o°m(m — 1) (r- Dm =r =0 
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or 
с?т? + (r р-50?)т-"=0 
Непсе, 
-(r- р – io 2)-4/0-0- 502)? + 2o?r 
т = ——*—A———  —— 
02 
Since 


y - D 502)? +202 r> (r= D- 50?) 


the solution of the ODE must be of the form 
V(S;) = ASt + BS? 


where A and B are unknown constants, 


-(r- D - 502) + 4/(r — D - 502)? + 202r 


ал--------->-2--------->0 
+ c? 


and 


-(r- D- 502) - Jr р - 502)? + 202, 


а = « 0. 
02 


2. Perpetual American Call Option. By definition a perpetual American сай option gives the 
holder the right but not the obligation to buy an underlying asset (where the current price 
at time f is S,) for a specified strike price К at any time in the future with no expiry time. 

Assume that the price of the perpetual American call option C(S,) satisfies 


1 5 оаС ас Е 5 
5° о. 0<5,<5 


with boundary conditions 
С(0)-0, С(5%) = 5% – 
where ғ is the risk-free interest rate, Р is the continuous dividend yield, с is the constant 


volatility and $% > K denotes the unknown optimal exercise boundary such that for 5, > 
S% the option should be exercised whilst for S, < S% the option should be held. 
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Show that 

5, “+ 
s*- (5%) if S, «s? 
S,-K if S, > S% 


where 


-r - D- 502) + J/(r- D- 502)? + 2o?r 
------::-:----::::--::----->0. 


а, = 
=. 2 
oO 


Hence, show that the optimal exercise boundary is 


а,К 


5% = 
-1 


ү 


and that for this optimal value the “smooth-pasting” condition 


A= BE = | 
d5, |s =s% 


is satisfied. 
Deduce that if D = 0, it is not optimal to exercise the perpetual American call option. 


Solution: Given that S% > K is the optimal exercise boundary then, for 5, 2,997, we сап 
deduce that the perpetual American call option is equal to its intrinsic value, that is 


С(5) = 5,—- К, 80589: 


For S, < 55, С(,5,) satisfies the second-order ODE and from Problem 3.2.2.1 (page 292) 
the general solution is 


C(S,) = AS;* + BS! 


where A and B are unknown constants, 


-—(r- р – 502) + yr-D- 502)? + 2027 


a, = 0 
+ 52 


and 


-(r- D- 3o?) - Jr - D - 502)? + 202, 
а_ = — M 
б 
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From the initial conditions, for S, — 0, C(S,) > 0 and because а. < 0 we can set В = 0. 
Thus, 


С(5,) = AS?*. 
Because S% > К therefore С(5°®) = S® — К. By continuity 
А($°)°+ = S” — К 


ог 

А-(8%-К) ( ! y 

= У t 
Therefore, for S, < S$% 
S, V 
С(5,) = (5% – К) | — : 

аҙ-аз- (3) 

In order to find the optimal exercise boundary we differentiate С(5,) with respect to S% 
dC S, \ “+ S, V^ Ta, CS – К) 
а8% А se Se 5% 


(SN а(5%-ю) 
-(58) | - 


and by setting se = 0 we have 


By differentiating ДЕ 


once again with respect to S% 


d S% 
де. ву. адвеку (s y к 
4(5°)? S \ Go so so (5°)? 
MN а,К 
and by substituting S% = we have 
а,-1 
2 
us <0 
4($°)? gon ek 
о-- 


«К 
+ . . . 
Hence, S® = is a local maximum point. 
а, 
+ 
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5, \ 
For S, < S”, С(5,) = (S? — К) (55) and by differentiating С(,5,) with respect 
to 5, 


ас _ a,(S* – К) ( S, ш 


4877 $9 (5 
By taking limits 
ас 4,(8%-К) 
lim = 
$S,2(S9)- dS, So 
а, К 
а, ( E — к) 
Р а,-і1 
2 «К 
а,-1 
- 1. 


For 5, > 5%, С(5,) = S, - K and by differentiating C(.S,) with respect to S, we һауе 


ub i 
45, 
ог 
: ас 
lm — = 
5,5(5®)+ 45, 
Since 


dC 
lim — = im —-=1 
5,-(8%9)- dS, 5,5(5®)+ dS, 


dC 


— = | is satisfied. 
45, 


therefore the “smooth-pasting” condition А = 


If D = 0 then 


I 
ы 
|^ 
| 
лт 
“Ч 
| 
le 
о 
N 
м 
+ 
лт 
ч 
| 
Nie 
о 
N 
NS 
ы 
-- | 
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Hence, 


| NE 
lim ,$^? = lim 
D-0 a1 а, — 1 


= oo 


which implies it is never optimal to exercise the perpetual American сай when D = 0. 


3. Perpetual American Put Option. By definition a perpetual American put option gives the 
holder the right but not the obligation to sell an underlying asset (where the current price 
at time f is S,) for a specified strike price К at any time in the future with no expiry time. 

Assume that the price of the perpetual American put option Р(5,) satisfies 


2 
2,225 5 + (r— DS. —гР(5) = 0, 5,> 5* 
t 


1 
о 
2 452 


with boundary conditions 


Р(оо) = 0, Р(5*) = К – 8* 


where r is the risk-free interest rate, Р is the continuous dividend yield, с is the constant 
volatility and 8% < К denotes the unknown optimal exercise boundary such that for 5; < 
5" the option should be exercised whilst for S, > .S* the option should be held. 
Show that 
К-5, if S, < S* 


P(S,) = SN 
« - sy (st) if S, > 5* 


where 


Hence, show that the optimal exercise boundary is 


а_К 


a —1 


S*= 


and for this optimal value the “smooth-pasting” condition 


_ аР 


А = = 
45, | s Ls. 


= –1 


is satisfied. 
Deduce that if r = 0 then it is not optimal to exercise the perpetual put option. 
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Solution: Given that S* < К is the optimal exercise boundary then, for S, < S*, the per- 
petual American put option can be deduced to be equal to its intrinsic value, that is 


Р(5)=К-5, S,<S*. 


For S, > S*, Р(5,) satisfies the second-order ODE and from Problem 3.2.2.1 (page 292) 
the general solution is 


P(S) = AS™ + BS;- 
where A and B are unknown constants, 


2 
-(r- »-12)« y (r- 5-1») + 20?r 


"x c гэнээ Чол сыш 0 


апа 


From the initial conditions, for S, > со, P(S,) > 0 and because a, > 0 we сап set А = 0. 
Thus, 


P(S) = BS... 
Because P(.S*) = К — S* by continuity 
B(S"y--K-S* 
Or 
* 175ү 
В=(К- 5%) (=) | 


Therefore, for S, > .S* 
S. a_ 
= * 1 
P(S) = (К — S*) (2) : 


To find the optimal exercise boundary we differentiate P(.S,) with respect to S* 
dP _ 5, \“ а(К-5* (55 үс 
dS" s) 77-88 (88 


NEC a_(K — 5*) 
ЯА ын 
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and by setting a = 0 we have 


S*= 


42р га, а. 5, "E | ID 5, ла a К 
‚=, EE M d (5*3 


and by substituting S* = ын 
а_ 


К 
1 уе һауе 


4?Р 
< 0. 
d(S*y s= 


-K . : : 
1 is а local maximum point. 


Hence, S* = 


S,\% 
Рог S, > 5%, P(S) = (К – S") (%) and by differentiating P(S,) with respect to 
5, 


ар _ a(K-S*) (S,\""" 
S* | 


dS, S 5% 


Ву taking limits S, > (5*)+ 


( — ) 
ао (К- 
АР а_—1 


lim — = 
5-(8%) dS, а_К 


For 5, < 5%, Р(5,) = К – S, and by differentiating Р(5,) with respect to S, we have 


dP | 
dS, 


and by taking limits 


dP 


lim = = -1. 
S,>(S*) 45, 
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> 


Since lim Bc im ши = —] therefore the “smooth-pasting” condition A = 
$,29(S*)- dS,  S,5(S*)* 45, 
ШЕ = —1 is satisfied. 
dS, | =5* 
If r = 0 then 


Therefore, the optimal exercise boundary S* becomes 


lim S* = lim — 
ғ-0 г--0 0-1 


-0. 


Hence, if the risk-free interest rate is zero then it is not optimal to exercise the perpetual 
put option. 


. Let (О, Z, P) be a probability space and let {W, : t > 0) be a P-standard Wiener process 


on the probability space (©, F, Р). Suppose at time f that the stock price S, follows the 
GBM process with the following SDE 


dS, = (и — D)S,dt+ oS,dW, 
and a risk-free asset B, follows 
dB, = rB,dt 


where и is the drift rate, D is the continuous dividend yield, с is the asset price volatility 
and r is the risk-free interest rate. : 
For a constant 4 show that X, = еше isa martingale. 
By setting T = min{t > 0 : W, = a + bt) as the first-passage time of hitting the slope 
line a + bt where a and b are constants, using the optimal stopping theorem show that the 
Laplace transform of its distribution is given by 


Б (е өт) Бай alb+ 82420) 0 » 0. 


We consider the perpetual American call and put options denoted by С(5,) and P(S;), 
respectively for a specified strike price К. Let S% > К апа 5* < К denote the unknown 
optimal exercise boundaries for the perpetual American call and put options, respectively. 
Here, for S, > Sù (S, > S*) the perpetual American call (put) option should be exercised 
(held) and for S, < S% (S, € 5*) the perpetual American call (put) option should be held 
(exercised). 
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Under the risk-neutral measure © and using the Laplace transform for the distribution 
of the time to hit the optimal exercise boundaries show that 


5, «+ 
5-ю (55) if S, < 5% 
С($,) = 
5,-К if S, > S% 
and 
К-5, if S, < S* 
P(S,) = 5, V^ 
« - sy (st) if S, > 5* 
where 
-(r- D- 102) + (r- D - 402) + 2о?г 
а, = >0 
+ c? 
and 


-13,. . 
Solution: To show that X, — e" t isa martingale and the Laplace transform of the 


first-passage time distribution see Problems 2.2.3.3 and 2.2.4.7, respectively of Problems 
and Solutions in Mathematical Finance, Volume 1: Stochastic Calculus. 

We first consider the perpetual American call option case where we let т° be the time 
to hit the unknown optimal exercise boundary S% defined as 


7? =min{fu-t>0:S,=S°}. 


From Girsanov's theorem, under the risk-neutral measure Q we have 


48, 4 
—. = (r- D)dt + саи, 
5, 


where we =W,+ (£—) t is a Q-standard Wiener process. 
б 
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Hence, the perpetual American call option price at time 1 is defined as 


C(S,) = E? E Р” max(S,s — K,0)| 2 


(5 - oe? | e? 


я | if S, < S% 
5,-К if S, 2.59, 
By solving the SDE, for u » t we have 
5, = S,exp IG -р- 502) (и — t) + сме | 
and hence the hitting time т% becomes 


т = min [u-r2 0: Sexp|(r- D- 56^) - 0 ewg,] 


= min [u-i20:w2, = 18 (82) -1 (o n- e)u-n) 


1 
2 
= min {v>0:W2 = Pee (5) -1(r-p-40)v} 
с : с 


where v = и – t. 


ll 
UA 
8 
—— 


Therefore, by setting a — I log ов and b= EE (r - D- 202), the Laplace 
с 5, с 2 
transform of the hitting-time distribution becomes 


cQ le ro? 


4 — е-а6+У +20) 
| = 


ert) Co t) 
t 


where 


304 3.2.2 Time-Independent Options 


Thus, 
S, V 
s -io( 2) if S, < 5% 
5% 
S,—K if S, > S% 
1 со + 5, ра 
such that 10. CU) =(S™ – K) ЫШ, (55) = 0. 


For the case of a perpetual American put option, let т” be the time to hit the unknown 
optimal exercise boundary ,5% defined as 


т* =min{fu-t>0:S,=S*} 


and the option price is defined as 


PCS) 


po E "© max(K — 5,.,0)| A 


K-S, if S, < S* 


(K - SEL [е 


я | if S,» S*. 


Since 5, = S, exp IG - 102) (и = 1) + swa, for и > t, and using the reflection princi- 


ple of the Wiener process, the hitting time 7* can be written as 


eo minfu-120: W2, = tig (5) - (o БЭ 


5, с 
=min{u-120:-W2, = 18 (S2) +1 (r= d= 192) ио) 
= min {а 20: 72, = Ig (5) 1 (o - $8) ио) 
= min {020 We = Lig (S) +4 (r-d- 40) of 


where v = u — t and we is a Q-standard Wiener process. 


By setting a= 23 105 BT and b = ! (r -D- 262), the Laplace transform of 
с 5, с 2 
the hitting-time distribution becomes 


cQ E гт* 


zi = gab Har) 
| = 


x exp [Ee (=) [z(r-»- 52”) 
1 
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where 


Hence, 


К, if S, < 5* 


P(S,) = 5 V 
(К — S*) (2) if S, > S* 


| : Зүс 
where Jun P(S) = (К – S") m (5) = 0). 


3.2.3 Time-Dependent Options 


1. Consider an economy which consists of a risk-free asset and a stock, whose values at time 
t are B, and S,, respectively. Assume that these values evolve according to the following 
diffusion processes 


dB, =rB,dt, 45, = (и- D)S,dt + oS,dW, 


such that D is the continuous dividend yield, r is the risk-free rate, и is the stock price 
growth rate and с; is the stock price volatility. In addition, {W, : t > 0} is the P-standard 
Wiener process on the probability space (Q, F, P). 

Show that the American option V (S, t) satisfies the following inequality 


ди 1 228V ди 
42025 + (r— D)S,— —rV(S,,t) «0 
ar 2° 8 052 ожти 


with constraint 
V(S,,t) > VCS) 


where ¥(S,) is the intrinsic value of the American option at time f. 
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Solution: We first set up a A-hedged portfolio 
П, = V(S;, 0) - AS; 
and because during time dt the stock pays out a continuous dividend Г.5,41 we have 
dll, = dV — A(d S, + DS,dt). 
By Taylor's expansion and subsequently using Ito's lemma we can write 


av, ди We | sp 
dV = —а:+ 45 d 
гаа z 2 as? ы 


ET I 


= Min © [р DyS dt + сауу] + loser us 


241 
ді 95, 


дү ү 1 22 ,0?V 
= 5; 
ді гы "282 


р t -- 
+(и- "m dW, 


and 
dS, + 05,41 = uS,dt + oS,dW,. 


By substituting the above expressions into dII, we have 


OV | 1 52.00? V дү 
dil, = | — + 5075; — + (и- D)S — ApS, | dt 
t E 2 f 952 (и ) ‘OS, H | 
oV 
— — А | aW. 
To E | t 
To eliminate the random component we set 
Ak 
д5, 
апа һепсе 
7 1 4 0?V дү 
ап — + -0^ S*—~ — DS, — | dt 
E 2° tas? 198, 
If we assume 
ап, > "Ша 


then we would experience an arbitrage since а trader can borrow money at the risk-free 
rate and then set up a A-hedged portfolio such that the return from the portfolio is greater 
than the return from a bank. 
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D 


Because there are times to exercise the option, the simple arbitrage argument used in the 
European options is not valid here. Hence, we can conclude that for an American option 


ап, < "Пай 
ОГ 
и n PASS -D 23 dt < r |V(S,,0) — Xs] dt. 
Therefore, 
IV |1 в252®У +(— рус, ОЕ руе 6. 
дї t3 д5? 98, 


Неге, for a European option, the inequality would become an equality. 
Finally, from Problems 3.2.1.6 (page 276) and 3.2.1.12 (page 279) we can deduce that 
V(S;,1) > P(S). 


Linear Complementarity Problem. We consider the price of an American option (5,1) 
written on an underlying asset S, at time t which satisfies the following inequality 


дү 


‚12У a 
205827. D)S, == = (5,0) <0 
дт 2° tas } d 


with constraint 


У(5,0 > YS) 


where Ҹ(,5,) is the option's intrinsic value, ғ is the risk-free interest rate, D is the contin- 
uous dividend yield and o is the constant volatility. 

Show that V (S,, t) with its corresponding intrinsic value ¥(S,) satisfies the linear com- 
plementarity problem 


EpgslV6GS,0] < 0, VSKO z WS), | |VGS,.0 – Sp] - £gs[V 65,0] 20 
where £ в denotes the differential operator 


ЕКІСІ д 
Las 50 io CT 


Solution: Suppose that V (5,, 7) = 4(.5,). Then early exercise is optimal and by substitut- 
ing V(S,, t) = V(S,) into the inequality we һауе 


ovy 


„log? ov 
202529 4 (r- D — PES.) < 0 
ЭР ета аттадық 


[4 


since the option’s intrinsic value does not satisfy the Black-Scholes equation. 
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Hence, 
V(S,t) = YS), Ёвс 1 (5,010. 
In contrast, if V (S,, t) > 4($5,) then early exercise is not optimal and therefore 
V(S,t) > P(S), £ps[V6GS,, 0] = 0. 
Collectively we can write 


£gslV(S,0] <0, VSPA > VG), (У(8,0-%(8))|- £gsIV GS, 0] = 0. 


. Continuous Limit of Binomial Model for American Options. In a discrete-time Black- 


Scholes world, we consider the binomial tree model to calculate the price of an American 
option. At time f, where the current spot price is S,, we build a tree of possible scenarios 
of future stock prices 


SaaS, i=0,1,...,N, j=0,1,2,...,i 


such that B = ,5,, N is the total number of time periods, и = eo VAt, а- "БАГТ At = 
(T — t)/N 15 the binomial time step, Т is the expiry time and c is the stock price volatility. 

The intermediate American option price V (5, А, t + nAt) calculated at the m-th possible 
tree value and at time step t + nAt, where т < n,n < М is defined as 


V(SU?. 1 E nAt) 
zou (св) ет" [ту wsy”, 1+ (п + DAD + (1 я) (d, + (n + "no ) 


(r—D)At _ 
where 'P(S, 00) is the option’s intrinsic value, z = “ще risk-neutral proba- 


и- 
bility, ғ is the risk-free interest rate and D is the continuous dividend yield. 

Using Taylor's expansion ир to О(АР show that in the limit At — 0 the binomial method 
approximates the continuous-time linear complementarity problem of the form 


LeslViS.t)1 <0, VCS, > WS), [VG 0) -WG)] - 65005,1) = 0 
where S = 509, ' = t nAt and £ рс denotes the differential operator 


ð 125.9 д 
Pee ee ал НИ, бшу. 
BS an 9° aga CO Pag” 


Solution: By setting S = si апа” 2 t + nAt, the intermediate American option price 
can be written as 


И(5,1) = шах (W(S), e "^! [aV US, t + At) + (1- л)/(4$,1' + 41] } 
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where we either have 

V(S,t") = YS) and V(S,t") > е7" [т/(и$,1' + At) +(1-a)V(dS,1' + At)] 
or 

V(S,1') > ($) and V(S,1') 2 e^! [aV US, t + At) + (1 - z)V(d S. + At)]. 


By expanding V (uS, Г’ + At) and V (d S,t' + At) using Taylor's theorem and using the 
same steps as discussed in Problem 2.2.3.8 (page 202), we can write 


mV (uS, t! + At) + (1 -V (dS, t! + At) — e" V(S, Г) 


= |57 + 12520. +r- ns% —rV(S,t') -О(А0| At. 


Since 

aV(uS,t' + At) + (1 — z)V (d S,t' + At) — eey (S, t) = О and V(S,t’) > WS) 
ог 

VUS, t + At) + (1 — z)V(d S,t + At) – eV(S,1') < 0 and V(S,t') = YS) 
we have 


др 1.2.2020 


PT 29 aS ag tC r= DSS — rV(S,11) + (М) = 0 and У(8,7) > (GS) 


or 


oV 25207 + 


ar Я 52 +(r - DSS - ns. t) + O(At) < 0 and VCS, 1^) = V(S). 
Hence, by taking limits At > 0 
£ gs[IV GS, t] = 0 and VS, 1^) > CS) 
Or 
С gs[IV S, t] < бала V(S, t") = WS). 


Then we have 


Ев1У(8,77150, У(8,7)>%(9, [VG 00) – YS) £g DV GS, 0] 20 
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4. Consider a binomial tree model for an underlying asset process {S : 0 < n € 3} where 
50 = 100. Let 


uS, with probability z 
S nl = 


dS, with probability 1 — z 


where и = e? V^! and d = 1/и where о is the volatility and Ат is the binomial time step. 
By assuming the risk-neutral interest rate r = 5%, continuous dividend yield D = 1% and 
volatility c = 1096, we wish to price an American put option with strike К = 105 and 
expiry time T' = 1 year in a 3-period binomial tree model. 

(a) Find the risk-neutral probabilities z and 1 — z. 

(b) Find the price of the American put option. 

(c) What is the trading strategy to hedge this option at the initial time period? 


Solution: 
(a) Given Sọ = 100, К = 105, r = 0.05, D = 0.01, с = 0.1 and time step At = P there- 
fore 
01 
и ег v At =ev3 = 1.0594 
апа 


ыш 
d = еМ = e V5 = 0.9439. 


The risk-neutral probabilities are 


(r—D)At _ 
r= жинг = 0.6019 


J2 
and 


1 — л = 1 — 0.6019 = 0.3981. 


(b) The binomial tree in Figure 3.1 shows the price movement of S in a 3-period binomial 
model. 
By setting 


SP sqq So TOA as. FEO d ed 
the American put option price at each of the lattice points is 


G) _ (Зу ,-rAt G1) G) 
V^ = max ons je" 1 ғ(1- ий } 
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из 50 
и 50 
ud So 
So ud So 
иа? So 
d? Sg 
d? Sg 


Figure 3.1 А 3-period binomial tree model. 


such that 
wes?) = max {к - 50,0} 


where i = 0, 1,...,иапај 20,1, ...,i 
Hence, at time period n = 3 


pu №0500) 

max(K — 28,0} 

тах{ 105 — 0.9439? x 100,0) 
= 20.9035 


vi) = WSD) 
= max{K —ud7Sp,0} 

max { 105 — 1.0594 x 0.9439? x 100, 0} 

= 10.6131 


yO = ws) 
= шах|К-и7450,0) 
= max(105 — 1.05942 x 0.9439 x 100, 0} 
=0 

VO = WSP) 
= max(K — u? So, 0} 


= тах{ 105 — 1.0594? х 100,0) 
= 0. 


312 


3.2.3 Time-Dependent Options 


At time period n = 2 


үг? = шах үш; g TA levy? +(1- av,” | \ 
= max { max {К - 425,,0) ‚еМ Ей +(1- av,” ) 
= max {max (105 - 0.9439? x 100,0} , 
gu [0.6019 x 10.6131 + 0.3981 x 20.9035] } 


= тах { 15.9053, 14.4666} 
= 15.9053 


p = max (wie ЕЕ +(1- v^ ) 
- шах | max {К - и450,0) e^ [ev + (1- луу” ) 
= max {max (105 — 1.0594 x 0.9439 x 100,0), 
675 (0.6019 x 0 + 0.3981 x 1061311) 


= max{5.0032, 4.1552} 
= 5.0032 


5 = max Us. еМ avy +(1- ту | ) 
= шах | max (K- и? So, 0) ‚еМ Бой +(1- туу] ) 
= max {max (105 — 1.0594? x 100,0} , 
Pu [0.6019 x 0 + 0.3981 x 0] ) 


= тах {0,0} 
= 0. 


At time period п = 1 


y = max Uis, gat Ей +(1- av,” | ) 
= шах { шах {К - 450,0) гета Ей + (1 – БАЙ } 
= тах {тах {105 — 0.9439 х 100,0}, 
а: [0.6019 х 5.0032 + 0.3981 х 15.9053] } 


= max{10.61, 9.1889} 
= 10.61 
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V = max (50, e^ [nv? -0-яж |) 
_ E rar [yy ЖЕТІ 
= max $ тах {К uSp, 0} ‚е nV, + (1 луу, 
= шах {тах {105 — 1.0594 х 100,0), 


0.05 
e 3 [0.6019 x 0 + 0.3981 x 5.0032] } 


= max{0, 1.9589} 
= 1.9589 


and finally at time period n = 0 


ИО = max (500), e^ [nv +(1- v; | Y 


= max | max {К - 50,0} ‚еМ ЕЕ -(1- 2v ) 
= max {max (105 — 100,0}, 
0.05 
е 3 [0.6019 x 1.9589 + 0.3981 x 10.611} 


шах {5, 5.3136} 
= 5.3136. 


Therefore, the price of the American put based оп а 3-period binomial model is үг? - 
5.3136. 

(c) At time period n = 0, let фу and yo be the unit of the underlying asset Sọ and the 
amount of cash invested in the money market, respectively. At time period n = 1, the 
asset price can either be S Ж = 450 or S | = 50 and yo will grow to woe’. Thus, 
we can write 

VO = by) 5 + ем 


(0) 0) А 
Vi = pos] уе. 
Hence, 


р) 22 yO үФ 2 yO 
ф ET 1 _ 1 1 
= = —————— 
Ж = 4 uS L^ 45, 
апа 


- 0 0 
Wo =e да )- oS 7) 


By substituting V® = 10.61, У = 1.9589, S® = dS} = 94.39, 59 = иу = 
105.94, г = 0.05 and At = i we have 


фу = —0.7490 and уу = 79.9642 
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which implies we need to sell —0.7778 units of the underlying asset Sọ and put 
$79.9642 into the money market at 5% interest rate. 


5. Smooth-Pasting Condition for an American Call Option. We consider an American call 
option, C(S,, t; K,T) with strike К written on an underlying asset priced at S, at time 
t and T > t is the option expiry time. Here the option has an unknown optimal exercise 
boundary S° such that the option should be exercised if S, > ,S7? and held if 5, < SP. 
By assuming .5^° > К show that the American call option satisfies the “smooth-pasting” 
condition 


at the optimal exercise boundary 52°. 


Solution: We prove this result via contradiction. 
From definition, the value of an American call option can be written as 


f; K,T) 45,589 
С(8,5К,Т)- 
SK if S, gm 


where f (S, t; K,T) solves the Black-Scholes equation and < = 1 for S, > SP. Бога 


t 
graphical interpretation of the American call option see Figure 3.2. 


C(S, t; K,T) 


765, K, T) 


Figure 3.2 American call option price. 
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For S, < S®, suppose ee < 1 then 


1 


5-69 
СС5,,1,К,Т) < шах(5,-К,0) 


which contradicts the fact that C(S,, t; K,T) > max( S, — K,0). 


0 : ы 
Conversely if ge > 1 then as the underlying asset price gets closer to S7? the 
tls,=S” 
value of the American call option can be increased by choosing a larger ,5,9, which is a 
contradiction to the fact that ,5% is the optimal exercise boundary. 
Hence, in order to satisfy the optimal exercise strategy of an American call option we 
have 


oC 


Mus =] 


95, SS» 


where the two parts of C(S,,t; K,T) are joined smoothly without any discontinuity at 
S, = SP. 


6. Smooth-Pasting Condition for an American Put Option. We consider an American put 
option P(S,, t; K,T) with strike K written on an underlying asset priced at 5, at time t 
where Т > t is the option expiry time. Here the option has an unknown optimal exercise 
boundary .5* such that the option should be exercised if S, < 5* and held if 5, > 52, 
By assuming Sž < К show that the American put option satisfies the "smooth-pasting" 
condition 


BE xcd 
95, :5,=,5* 
at the optimal exercise boundary 5”. 


Solution: We prove this result via contradiction. 
From definition, the value of an American put option can be written as 


Kuss 45,257 
Р(8,;К,Т)- 
8085 К,Т) if S,>S* 


where g(S;, t; K,T) solves the Black-Scholes equation and ар = —1 for S, <,8%, Fora 


graphical interpretation see Figure 3.3. : 


Suppose ши < —1 then for S, > 5" 
05, 55-57 


Р(5,,1) «шах(К-55,0) 


which contradicts the fact that P(S,, t) > шах{К — $,,0}. 
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Р(8,,5 K,T) 


ElSe t; K,T) 


5% 5, 


1 


Figure 3.3 American put option price. 


- OP е : 
Conversely, if —— > —1 then as the underlying asset price gets closer to S% the 
115,557 
value of the American put option сап be increased by choosing a smaller ,5%, which is а 
contradiction to the fact that S% is the optimal exercise boundary. 
Hence, in order to satisfy the optimal exercise strategy of an American put option we 
have 


ОР Y 


д5, 5,=$* 


where the two parts of Р(5,,1,К,Т) are joined smoothly without any discontinuity at 
S, = S. 


7. American Call Option Asymptotic Optimal Exercise Boundary. We consider ап Ameri- 
can call option price C(S,,t; К, T) written on an underlying asset priced at S, at time t 
satisfying the following inequality 


low 
—— + =0° S* — — D)S,— -rC(S,,t; K,T) < 0 
+50 as + (т 25:95, ғС(5, ) 


дС д2С дС 
дї 952 
1 
with constraints 


C(S,t; К,Т) > шах{5, - К,0}, С($5т,Т;К,Т) = max{S; — K,0} 


where ғ is the risk-free interest rate, D is the continuous dividend yield, с is the constant 
volatility, К is the strike price and Т > t is the option expiry time. The option has an 
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unknown optimal exercise boundary 5/9 > К where the option should be exercised if 5, > 
S? and held if S, < SP. 
Show that for D < r 


1-Т 


lim 9© <0, for K < lim S, < "К 
ді І-Т р 
апа 


lim ae > 0, for lim S, > as 
t>T ді t>T D 


and hence deduce that lim S > - pe 
1-Т р 


For Р > r show that 


Finally, deduce that lim 527 = К max { Ж 1 ) 
1-Т р 


Explain the financial implications if we set D = 0 or r = 0. 


Solution: By considering the case when the American call option is not optimal to exercise, 
then the option price satisfies the Black-Scholes equation 


oC +1? 20°C oC 
— + z0 S — + (r-D С(5,1:К,Т) = 
дт 2° "282 б 25:95: E ) 


with constraint 
C(S,, t; K, T) > max( S, — K,0}. 


For case D « r we only consider lim S, > К such that 
1-» 
lim C(S,,t; K,T) = lim 5, - К. 
toT toT 
We then have 


je н 1025296 - lim(r — В); ss + limrC(S, r5 K,T) 
ІТ Ot кт2 €! as? 


= -—(r — D) lim ©, + rim S, — К) 
= D lim S,—-rK. 
toT 
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Suppose lim < > 0, then expanding C(S,, t; K, T) using Taylor's theorem for t > T 
1-» 


gives 


lim C(S,.1; K,T) = C(Sr,T; K,T) + lim 20 -T)4 O((t — TY) 
Цас t> 
< C(Sp,T: K,T) 


which is a contradiction. 
Therefore, in order to hold the option we have 


Саар; (aU ms = 
t>T Ot ІТ р 
and conversely 
lim 2C » 0, for lim.s, > ГК 
toT ДІ toT D 


where the option should be exercised. Hence, the optimal exercise boundary is obtained 
by setting 


lim $® = "К, 
1-Т р 


For the case D > r we assume lim SP > К where early exercise is not optimal for К < 


1-Т 


Іші S, < lim 59. Given D > r and lim S, > К therefore, by not exercising the option the 
1> t> 1-» 
interest earned on the strike is greater than the dividend lost from holding the asset, which 


is a contradiction. Hence, 


lim S? < К. 
1-Т 


Because SP 2 K,t« T wecan deduce that 


lim 8/9 = К. 
1-Т 
In general we can write 
K ifD<r 
lim SP = 
І-Т 
К р>” 


= Kmax[ 7.1]. 
D 
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If D = 0 then 


lim S” = со 
1-Т 


which shows that it is never optimal to exercise an American сай option before the expiry 
time. 
In contrast, if r = 0 then 
lim SP = К 
t>T 


which implies that it is always optimal to exercise an American call option whenever the 
option is deep in the money. 


8. American Put Option Asymptotic Optimal Exercise Boundary. We consider an American 
put option price Р(,5,,1, K,T) written оп an underlying asset priced at S, at time f satis- 
fying the following inequality 


2 


2,20? P 
дї 5 


дР 
S?—— + (r— D)S,— -rP(S,t K,T) < 0 
252 (ғ 35:55, rP(S, ) 


with constraints 
P(S,,t; K,T) > max{K — S,,0}, РС5ү,ГТ,К,Т)- max(K — 5т,0} 


where r is the risk-free interest rate, D is the continuous dividend yield, o is the constant 
volatility, К is the strike price and Т > t is the option expiry time. The option has an 
unknown optimal exercise boundary 8% < К where the option should be exercised if 5, < 
S7 and held if S, > 527. 

Show that for D» r 


lim ®Ё <0, for К < lim S, < K 
t>T ДІ D toT 
and 
lim ОР >0, for lim 5, < E, 
t>T Of toT D 
and hence deduce that lim S hi = 29 
1-Т р 


For D < r show that 


Finally, deduce that lim S7 = К min { t 1 ү, 
1-Т р 


Explain the financial implications if we set D = 0 or r = 0. 
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Solution: We only consider the case when the American put option is not optimal to exer- 
cise where the option price satisfies the Black-Scholes equation 


д2Р 


ðP 150 дР 
205“ — + (r – D)S,— —rP(S,,t; Ka T) = 0 
E ' д5, i 


— + 
ðt 2 


with constraint 
P(S,,t; K, T) > тах(К- S, 0}. 


For case D < r we consider lim S, < K so that 
> 
lim P(S,t; K,T) = К — lim S,. 
1-Т toT 
We then have 


‚ OP 22202 OP. 
lim — = — lim -0* S* — — lim(r — D)S, — + lim rP(S,,t; K,T) 
t>T ді t>T 2 : as? t>T д5, tT 


= (r — D) lim S, — r(lim 5, – K 
ео 
= rK -D lim S,. 

1-Т 


Suppose lim £ > 0, then expanding P(S,,t, K,T) using Taylor's theorem for t > T 
1-» 


gives 
: . ӨР 2 
lim P(S,t; К,Т) = Р$т,Т; К,Т) + lim эг“ —Т)+О((— Т)?) 
1-» 1-» 
< Р(5т,Т; К,Т) 


=K- Sr 


which is a contradiction. 
Therefore, in order to hold the option we have 


iim 2E <0, {о ТЕ < lim 5, < К 
toT Ot D toT 


and conversely the option should be exercised when 
lim 2? > 0, for tims, < Ж, 
t>T ді t>T D 


Hence, the optimal exercise boundary is obtained by setting 


lim 5* = "К. 
t>T D 


3.2.3 Time-Dependent Options 321 


For the case D <r we assume lim S7 < К where early exercise is not optimal for 
t 


-Т 


lim Sr < lim 5, « K. Given D < гапа lim S, < К therefore, by not exercising the option 
to > 1-» 
the holder assumes the interest lost on the strike is lower than the dividend gained from 


holding the asset, which is a contradiction. Hence, 


lim $7 > К. 
1-Т 


Because S7? < К, 1 < T we can deduce that 


lim $7 = К. 
toT 
In general, we can write 
23 ifD>r 
lim s* =) P 
t>T 
К ifD<r 
= K min { Ez 1 ) 
р 
If D = 0 then 
lim S* = K 
І-Т 


which implies it is always optimal to exercise an American put option whenever the option 
is deep in the money. 
If r = 0 then 


lim S* = 0 

toT 
which shows that when there is zero interest rate there is no financial gain in holding K 
from early exercise and therefore it is never optimal to exercise an American put option 
until expiry time. Thus, it is better to hold on to the option whilst earning dividend D from 
S, till the expiry time. 


9. Upper Bound of American Option Price. Let У (5,, 1) be the price of an American option 
on an underlying asset S, at time t with terminal payoff V(S7-) where Т is the option expiry 
time. In addition, let r be the risk-free interest rate. 

Under the risk-neutral measure Q and conditional on the filtration ¥,, we can express 
the option price as a primal problem 


ИСЗ, = sup EQ [e TES, 


cx 
F, 
1<т<Т 


where the supremum is taken over all possible stopping times т, т € [t, T]. 
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For arbitrary martingales M,, show that 


V($,.0) < inf E E2 | max (eT -?w(s.) — 


t<t<T 


ЕЕ 


where the right-hand side of the inequality is the dual problem. 
Hence, show that 


І<т<Т 


V(S,,t) < ЕО | тах ш Г) 4 


Solution: For an arbitrary martingale М, 


У(5ы) = sup Е [eT -Es 5] 

t<t<T 

= su =. | A 

= sup e % 
І<т<Т 

= sup (e |. "Т-94(5,)— M,| F z|- ed 
1<т<Т 

= sup E? E АЖ ЭФ(5)-М,| F бү 
І<т<Т 

< cQ —r(T- т) ы А 

s E? [дил 8 и 

Thus, taking the infimum 
(5,10) < inf E Fe | max {e"7-9W(S,) — ZEE +М.. 
1<т<Т 


Setting М, = 0, we һауе 


1<т<Т 


(51) < ЕЗ | тах ш 4 


10. Black Approximation. Consider ап American сай option written on an underlying asset 
S, at time f with strike price K and option expiry time Т > t. The asset pays one discrete 
dividend 6 at time т, t < т < T. In addition, let o be the asset volatility and ғ be the risk- 
free interest rate. 

The Black approximation to price an American call option with a single dividend is 
given as 


an (S, t; K,T) = max {C,,(S, — de", t; K,T), C4, GS, t; К,т)} 
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where it is set as the maximum of two European options that expire at times Т апа т such 
that 


Cp (X,t; Y, T) = Х4(4,)-Үе”" -фа ) 
log(X /Y) + (r+ 50°\(T — t) 


ovVT —t 


х 1 
Ф(х) = / аса 
-ю \/2л 


What do the first and second terms of the approximation symbolise? 
Is the approximation value an upper or lower bound of the American call option price? 
Finally, show that it is never optimal to exercise the American call option with a single 
discrete dividend when 


d, = 


ô< K |1- e7]. 


Solution: The first term provides the European call option price value when the probabil- 
ity of early exercise is zero, whilst the second term assumes that the probability of early 
exercise before the ex-dividend date т is one. 

Since the two terms are sub-optimal values, therefore 


С,,(9,5 K,T) > max {Cp (S; — 0e 79, t; К,Т),С,(8,5К,т)). 


To show that it is never optimal to exercise the American call option with one discrete 
dividend when 


ô < K |1- e=] 


we first consider the possibility of early exercise prior to the dividend date т. 
If the option is exercised at time т, the buyer of the call option receives 


ду 


If the option is not exercised before т, the asset price will drop to 


S, — 5. 


Because the value of the call option 


CSS T; K,T) > S, -8 — KOT- 
therefore it is not optimal to exercise at time т if 


S,-6-Ke"?-9 > § – К 
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or 


ô< K |1- e7]. 


11. Barone-Adesi and Whaley Formula. Let P m(S,,t; K,T) be the price of an American put 


option on an underlying asset ‚5, at time f such that it satisfies the Black-Scholes equation 
for S, > S% 


OR an 1 2: ;9 P DP 
+ 02,8 +(r—D)S —rP,,,(S,,t;K,T) 20 
й 2 4 982 ' 9s, атут 


P im(S t; K,T) > max(K — 5,,0) 


where S* < К is the unknown optimal exercise boundary, К is the strike price, ғ is the 
risk-free interest rate, D is the continuous dividend yield, o is the constant volatility and 
Т > tis the expiry time. 

By writing the American put option price as 


Pu (St K,T) = PíGS 6G К,Т) + €(S;,t; K,T) 


where P,.(S,, t; К, T) is the price of a European put option and &(S,, t; K,T) is the early- 
exercise premium, show that for S, > S*, e(S,, t; K,T) satisfies 


de | 1 5.5 де дє 
— + =07S* — + (r — D)S, — – r&(S,t5; K,T) = 0 
3i 29 : 252 (ғ ) ‘aS, re( t ) 


lim (8, K,T) = K(1—e7 17?) lim e(S,5 KT) = 0, lime(S, t; KT) = 0. 
5-0 S, > t>T 


By setting £(S,, t; K, T) = (1 — e™ TWS, t; K, T) show that for S, > S, (S, t; K,T) 
satisfies 


2202) до ғ 
t 


д5, i 1 — 7-5 Gf K,T) = 0 


lim 0(5,1:К,Т)-К, lim v(S,,t;K,T)=0, limo(S, t; KT) = 0. 
5-0 S, > t>T 


By assuming 22 = 0 show that the American put option can be approximated by 


Р,,(5,5 К,Т)-Р,(5,,5 K,T) + AS? 
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where А is а constant, 


and 


r 


ан 1 — erT- 


Finally, using the “smooth-pasting” condition and the solution of P,,(S;, t; K, T) at 5, = 
5%, show that the constant А is 
М шы 
а(,5%)а—1 


with 57 satisfying the following equation 


t 15,=$* 


Ap +t 1-а 
(===) S* + P (S*,t,K,T)- K =0. 
a 


Solution: For S, > Sž, both P,,(S, t; K,T) and Р,,(5,,1:К,Т) satisfy the Black- 
Scholes equation. Therefore, &(S,, t; K,T) also satisfies 


дє 


2 
й 2 


N 
1 


pant DSi Se — re(S,,t;K,T) = 


Given that 
E(S, t; K,T) = PCS ti K,T) – PAGS GK,T) 


as S, > 0, we have Р,,(8,,5 K,T) > К алаР, (Spt; K,T) > Ke" 1 70, 
Thus, 


lim (S, t; K, T) = K(1— е"), 
5-0 


In contrast, for the case when S,— œ, we have Р,,(5,1;К,Т)->0 and 
Р,(5,,5 K,T) — 0. Therefore, 


lim «(5,1 K,T) = 
5,->со 


326 3.2.3 Time-Dependent Options 


Finally, for t — T, both P,,C9, 5; K,T) 29 max{K – 5,0) апа Р,(5,5 К,Т) > 
тах {К — 5т,0}, and so 


lim €(S,,t; K,T) = 
lim є p 5 K,T) = 0 


By setting €(S,, t; K,T) = (1 — e" )o(S,, t) we have 


дє _ 


E ту, д0 
ы "T—Oo(S,,t;K,T)+(1—e T Эс 


дє = до де = 020 
Fa DN 1-22 e 0- t) 29 (ЦЭВ eT- t) 
д5, | a5; as? | 22 


and substituting them into the Black-Scholes equation we eventually have 


a + 50 282 Е + (r- р)5, 2 - к-т K,T) = 
such that 
iim, v(S,, t; KT) = lim (5, t, K,T) -е КТ)! = К 
Jim. %5,5К,Т)- lim €l$, t; K,D(1—e7079)1 20 
and 


lim (S, t; K,T) = lim e(5,,t; К.Т) — e (T70)-1 29 
1-» 1-» 


By setting т = 0, the equation becomes 


2 2020 r 
424 (r — р), v(S,,t; KT) 20 


1 
2 5 1—e-T-5 


and following the workings of the perpetual American options (see Problem 3.2.2.1, page 
292) we can write the general solution as 


v(S,.t; K, T) = AS? + BS? 
where A and B are constants, 


2 
-(r- D - 5o?) - (r- 5-1) + 207 


a = ——————————————— < 0 
o? 
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and 
ee ee Dg " EP. й 
("= D 162% (r D 5) + 207 
Йа же!) 
such Шаг? = 5 . From the initial condition, for S, > со, o(S;,t; K,T) > 0 and 


i= е-!(Т-а4) 
because В > 0 therefore В = 0. Hence, 


(8,5 К,Т) = AST. 


Finally, at S, = S* (see Problem 3.2.3.6, page 315) we һауе 


ОР, 
Pim(S;,t; K,T) = K — 5, and ат E 
OS; |s =s* 
T OP». | 
and by writing Ау = we therefore have two equations 
0S, 15-87 


P,,(S*,t; K,T) + A(S*)* = K – S* 
Аў + aA(S*)*! = —1 


and by solving them simultaneously 
А, +1 
A2—-|——— 
а(5%)а—1 


and S% satisfies 


а 


Ар +l-a 
(=) S! + P, (S*,t, K,T) - K =0. 


12. Consider a binomial tree model for an underlying asset process (5, : 0 < n € 3} following 
the Cox-Ross-Rubinstein model. With the initial asset price Sg = 100, let 


uS, with probability z 
S nel = 
dS, with probability 1 — z 


where и = e^ V^! and d = 1/u, with c the volatility and At the binomial time step. Assum- 
ing the risk-free interest rate г = 1%, continuous dividend yield D = 0.5% and volatility 
с = 8%, we wish to price a Bermudan call option with strike К = 95 and expiry time T = 1 
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year in a 3-period binomial tree model. For the Bermudan call option, early exercise is only 
allowed in the fourth month of the contract. 

(a) Find the risk-neutral probabilities л and 1-л. 

(b) Find the price of the Bermudan call option. 


Solution: 
(a) Given Sọ = 100, К = 95, r = 0.01, D = 0.005, с = 0.08 and time step At = 5, Шеп 


0.08 


gag AC, va — 1.0472 
and 


= БАГ! = 1 = = = 4 
d=e и = 10472 0.9549. 


Therefore, the risk-neutral probabilities are 


(r—D)At _ 
Р Маана 0.5065 
и-а 
апа 


1— хл = 1— 0.5065 = 0.4935. 


(b) The binomial tree in Figure 3.4 shows the price movement of S in a 3-period binomial 
model. 


u? So 


ud So 


иа? So 


435, 


Figure 3.4 А 3-period binomial tree model. 
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By setting 
SP Eq So deseen. j=0,1,...,i 


the Bermudan call option price at each of the lattice points is 


max { wos”), 
yo e^ aver? +0 - av] \ early exercise is allowed 
1 
eat БА S (1— zv | early exercise is not allowed 
itl i+] y 
such that 


WS) = max {50 = K,0) 


where i = 0,1, ...,n and j 20,1, ..., i. 
Hence, at time period n = 3 (1.е., option expiry time Т = 1 year) 


(0) . (0) 
vV” = WSP) 
тах(475,-К,0) 
= тах {0.9549 х 100 — 95,0) 
=0 


ид n west?) 
= max {ud? S) — K,0} 
= max { 1.0472 x 0.9549? x 100 — 95,0) 
= 0.4873 


V2) = (50) 
= тах{и?4 Sp — К,0) 
= max{ 1.0472? x 0.9549 x 100 — 95,0) 
= 9.7170 


y? + 809 
- тах(и350 - К,0) 
= пах { 1.04723 x 100 — 95,0} 
= 19.8389. 
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At time period и = 2 (i.e., = 8 months) where early exercise is not allowed 


(0) _ ,-ғм (1) (0) 
ү> =e" БХ + (1 я), | 


0.01 
=e 3 [0.5065 x 0.4873 + 0.4935 x 0] 
= 0.2460 


() _ о 0) a) 
pog БХ *t(ü-zVv, | 


0.01 
=e 3 [0.5065 x 9.7170 + 0.4935 x 0.4873] 
= 5.1450 


(2) _ ,-rAt (3) (2) 
Vi =e d faz +(1—-2)V, | 


0.01 
=e з [0.5065 x 19.8389 + 0.4935 х 9.7170] 
= 14.7944. 


At time period п = 1 (1.е., t = 4 months) where early exercise is allowed 


V? = max (95, 67^ [nv]? + - vj? | 


— max | шах (450 ыг K,0} гет“ Ей +1- АД ) 
= max{max{0.9549 x 100 — 95,0}, 


0.01 
e 3 [0.5065 x 5.1450 + 0.4935 x 0.2460]} 
= max (0.4900, 2.7183} 
= 2.7183 


V(? = max (WSO), e7* [av e a - vj? | 


= max | шах {uSo - к,0) eg rad ЕЙ -01- БШ ) 
= шах(шах(1.0472х 100 — 95,0}, 
0.01 
e 3 [0.5065 х 14.7944 + 0.4935 x 5.1450] } 


= max {9.7200, 9.9990} 
9.9990 


and finally at time period n = 0 (i.e., t = 0) where early exercise is not allowed 


VO =e gy O +1 - a,” 


0.01 
=e 3 [0.5065 x 9.9990 + 0.4935 x 2.7183] 
= 6.3847. 
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Therefore, the price of the Bermudan call option based on a 3-period binomial model 
is И? = 6.3847. 


13. One-Touch Option (PDE Approach). Let {W, га» 0) Бе a P-standard Wiener process оп 
the probability space (О, F, Р) and at time f, let the asset price S, follow a GBM with the 
following SDE 


45, 
— = (u — D)dt + cdW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. 

A one-touch call option is an American digital call option C а GS, „б K,T) that pays $1 
at the expiry time Т if the underlying asset price S, f < и < T is above the strike value К. 
If the underlying asset value has not reached the strike price by Т then the option expires 
worthless. 

As long as the option is not exercised then for 0 < 5, < К, Са (8 tt, K,T) satisfies the 
Black-Scholes equation 


2са а 
ат 1 2 29 Cam OC т d 5 = 
520820 as +(r—D)S, ЭЎ, – rC? (8,5К,Т)-0 


with boundary conditions 
Са00,5К,Т) =0, СЯ (К, К,Т) = e" 17, Co (p, T; KT) = Ris sg. 


By writing the solution of €? (S,, t; K,T) in the form 


m 
C? (5,1, K,T) = С (5,1: K T) + РД (51; K, T) +V (S.t; K,T) 


where C d (Sp t; K,T) and ре (5,,1:К,Т) are the European digital сай and put options 
satisfying 


C? (Spt; K,T) + е Tse? 


find the Black-Scholes equation for V (S,, t; K,T) together with its corresponding bound- 
ary conditions for 0 < 5, < K. 
S 
Writing V (S, t; K,T) = e***P* В(х,т) where x = log (x) and т = 502(Т — t), 


show that by setting 


1 1 
а=-5 and p= -zki 7 
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where Кү = = — l and kọ = Tx the Black-Scholes equation for V ($, t; K,T) is 
56 


2 
reduced to а heat equation of ће form 


ðB OB 


or ox? 
B(x,0) = f(x, В(0,т)- 0,х < 0. 


Given that the solution of the heat equation is 


1 


2\/лт 


В(х,т) = 


0 со 
-(х-2)2 1 -(х-2)2/4 
fie 6-9 M4; — | f (—z)e7 9-9? 147 gz 
J. 24/лт JO 


deduce that for 0 < S, < K 


S 2a K2 
C? (St; K,T) = С (51, K, T) + (%) Pi ( К.Т) 


S, 
where 
log (X,/K) +- D- lo?yT - 0) 
ovT -t 
and 


- log (X/K) - r- D- 50? Г - 0 
РУ (Ұ,;К,Т) = о ( t ) 2 


oyT -t 


respectively and 


2) 1 
Фе | e3 du 
2л 2-9% 


is the standard normal cumulative density. 


Solution: Given that — CZ (5,1; K,T) =C GS, t; K,T) + Р (51; K,T) + 
V(S,,t; K, T) we can therefore express 


d d 
ac. = дС,, ӘР. дү 
дї дї дї дї 


дса дса ðP! 
am 
95, 95, ƏS, as 
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and 


2са 2са 2ра 
д Cam = д С д Р,» ду 


ƏS? 052 052 aS? 


By substituting the above expressions into the Black-Scholes equation for C2. p 65 K,T) 
and taking note that 


д, 102 PCS uL Әс), 4(S,,t;K,T)=0, 0«5,«К 
д 2 952 ' 9S, л ý d 
and 
2%, : 2 Lar" ша ҮР (8,1:К,Т)-0, 0<5,<К 
ууе һауе 
= 50252 з (r- DS, OV HM(SQSK,T) 20, 0<S,<K 
with boundary conditions 
V(0,t;K,T)=0, V(K,t;K,T)=0, У(5т,Т;К,Т)=—Щ ку 
since 
C! (Spt; K,T) REPOS SK Tae? 
and 


5 
Given that V(S,, t; K,T) = е®*+Ёт B(x, т) where x = log (%) and 7 = 502(Т — 1), ме 


һауе 


дү дү дт 1 2 ax+pr 


ðB 
Өй oe o О" [S +B] 


95, ox OS, 5, 


----«В(х,т) 


ӘУ ду ox е®х+йт ЕЕ | 
д 
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and 


2 ax fc 
дх 


952 95, 5, 
ах+Вт 
26 ~ E + Qa — рө + a(a — ПВС, 2 
1 


Substituting the above expressions into the Black-Scholes equation for V(S,, t; K,T) we 
eventually have 


то? (28 Е 2B) + ðB 
2 ox дт дх 
+В Баса -1)-01-0(--0)- 1 =0 


Бас —-D-rr- р 


and to eliminate the terms and B we set 
50524 D+r-D=0 
so lata -1)- f] a(r - D) - r = 0. 
By solving the equations simultaneously we have 


1 1 
а=- and p= -3% — ko 


телі — 1 and kọ = пез 
2 
V(S,,t; K,T) = e 3 +) В(х, т) 
with boundary conditions 
B(x,0) = e? *V(Ke*, T; K,T) = -е 95, х<0 
and 
В(0,т) = 


1 
By setting /(х)--е247 and since 


В(х,т)- e 2) Ing 


-f fc 27 *- 2)? /та» 


2\/лхт 
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we first let 


0 
By (x,t) = : 1 f (2e 979 а: 


24/лт 
2 
Geek c)2-x? 0 1 -3 (==) 
= —e ат — — € Var dz 
-о 2\/лт 
-х-Күт 
Geek c)2-x? 1 12 
=-e м о Var e 2) dy 
—© 2л 


(xk т)2-х2 —х— Кут 
= —е 4т Ф -- 3 
V2r 


In contrast, 


1 ш -(х-2)2/4 
ви) = 21 | усе Paz 
2 24/лт JO 


1 


2 
-(х-К(т) 
(х-Күг)2-х2 со = Ё ) 
=se d е У ) az 
0 


(-к т)2—х2 со 1 > 192 
=e 4r е 2 ау 


eu E 


кт? х— Кут 
=e 4r Ф А, 
V2t 


Thus, 
В(х,т) = Ву (x,t) + В-(х,т) 
(x+ky7)2—x? -Х- Күт G-k 72 -x? х— Күт 
= --е 4т Ф АЕ +e 4т Ф 
V2t (/2т 
such that 
k k 
BO, 1) = | 21 eir o| -= pag 
2r y2r 
Hence, 


V(S,,t; K,T) = е“ B(x, т) 


= _окотф TRAKT -етах-Ютф И 
V2t V2t 
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ею (ae 
oyT -t 


а 5 (= р 1 2. 
5 oNT —t 


S 2a K2 
= d , t d : 
- -Р,,65,1,К,Т)-н (3) P (.кк.т) : 


Therefore, for 0 < 5, < К the one-touch сай option is 
C? (S, t; K,T) = C GS, t; K,T) + PAGS, 6 KT) + У(51; К,Т) 
S. 2a К? 
= СЇ (Spt; K,T) + (%) pe (£ вк.т). 


К S, 


М.В. Using the same principles we can also show that for К < S, < оо, the one-touch put 
option price is 


S. 2a K2 
t 
P! (Spt, К,Т) = Р (5,1; KT) + (x) cz (Бакл) : 


14. One-Touch Option (Probabilistic Approach). Let {W, UE 0) be a P-standard Wiener 
process оп the probability space (О, F, Р) and at time f, let the asset price S, follow а 
GBM with the following SDE 


dS, 
—. = (u — D)dt + cdW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. 

A one-touch call option is an American digital call option Са (5 t; К, T) that pays $1 
at the expiry time T if the underlying asset price S,, t < и € T is above the strike value К. 
If the underlying asset value has not reached the strike price by T then the option expires 
worthless. 

Show that under the risk-neutral measure ©, for 0 < S, < К the option price at time t 
can be written as 


d 5 — ,-M(T-1) 
CA Spt K,T) = e™ "Q (mas. > к 2 


where ғ is the risk-free interest rate. 
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By finding the running maximum of S, < и < Т show that the one-touch call option 
price has a closed-form solution given as 


5220 К? 
1 
C? (S, t; K,T) =C! (Spt; K, T) + (=) ре (акт) 


where 0 < 5, < К, дыг 1- дез; 5 C! (X,t, K,T) and P? (Yt; K,T) are the 
2 1 bs bs 


European digital call and put options defined as 


log(X,/K) + (r - D- 30° MT - 0) 
ch (X t; K,T) = е-"Т-4 | t : 


сүТ-1 


апа 


—log(Y,/K) - (r D — lo2y(T – 1) 
Ра (Y,t; K,T) 2e" 0-20 (cam 


ovT -t 
respectively and 


Е 1 
фху=—— | edu 
2л 2-9% 


is the standard normal cumulative density. 


Solution: Since the option is an American digital call with payout at time T then for non- 
early exercise time we would require 0 < S, < K. Hence, under the risk-neutral measure 
Q the one-touch call option price at time t becomes 


A со скы ы с В шах 5, > ЗЫ 
t<u<T 


=е "То ( тах S, > К 5) 


t<u<T 
such that 
d Я — „—г@—1) 
Chim Kt KT) =e 4 : 


From Girsanov's theorem, under the risk-neutral measure Q we can easily show that S, 
follows 


dS, т 
—. =(r— D)dt + сам, 
S, 
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where w?2 =W,+ (2) t is a Q-standard Wiener process. Using Ito's lemma we сап 
show that for t « T 


Sr - Se D- 39 XT-Deo Wr, E S, ec Wr-, 
where Й. = (T —t)+W® апау = i 2 I5 
d dies а 227 
By writing 


My_, = max W,. 
T-t 1<и<Т и-і 


therefore 


тах S, = S,e? Mr-i, 
t<u<T 


By substituting the above expression into the option price we have 


CA (S, K,T) = е”"Т-Өд (ser > К] v.) 


ДЕНЕДЕГІ 


= e" T- | -0 2 « Эс (=) 3l А 
с 5, 


From Problem 4.2.2.15 of Problems and Solutions т Mathematical Finance, Volume 1: 
Stochastic Calculus we can show that 


1 log(K/S) - WT — t) 


VT 


Q (Mr 22 кес) 2 -Ф 
с 5, 


КЕЛЕКЕ лы 
цогт 
T-t 


Hence, 


ír n 1,2 E 


ovT -t 
S —log(K/S,)-(r- D- 1 ДТ -1) 
+ ( ) е-"Т-Эф 2 


oyT -t 
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log(S,/K) + (r—- D— sour =¥) 


сүт -t 


a _ = _ 27 1 2 
+ 2 е-"Т-%ф ес) 
à ovT -t 


S 2a K2 
= Cf (Spt; K,T) + (x) pr (к.т) 


where а = 1 poe : 
2 50? 


= eT Nem 


. Immediate-Touch Option (PDE Approach). Let {W, га» 0) be а P-standard Wiener pro- 


cess on the probability space (Q, F, Р) and at time f, let the asset price S, follow a GBM 
with the following SDE 


dS, 


t 


where и is the drift parameter, Р is the continuous dividend yield and o is the volatility 
parameter. 

An immediate-touch call option is an American digital сай option Су(.5,,1; К, Г) that 
immediately pays $1 if the underlying asset price S,,, t < и < Т is above the strike value 
K where T is the expiry time. If the underlying asset value has not reached the strike price 
by T then the option expires worthless, that is С,(5ү,1:К,1Т)-0,0 < Sy < К. 

As long as the option is not exercised then for 0 < 5, < К, C4(S,, t; K,T) satisfies the 
Black-Scholes equation 


дСа 1 2520 C ec ру, C,(S,,t;K,T) = 0 
ӨР 2 бшу Ur гв аа алын 


with boundary conditions 
C4(005 KT) 20, CQ4(K,G K, T) = 1. 
By writing the solution ОЁС, (5,1, К, T) in the form 
C4CS, 5 K,T) = С®(5,) + CCS, 65 K, T) 
where С° (5) satisfies the perpetual call problem 


1 22242С% ас% бақа 
29 5 482 Цаасны (5-0 
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with boundary conditions 
СЭ (0)-0, С%(К)-і1 


find C®(.S,) by solving the second-order ODE. 
For 0 < S, < К find the Black-Scholes equation for C(S,, t; K,T) together with its 
corresponding boundary conditions. 


5 
Writing C(S,,t; K, T) = е®*+Ёт B(x, т) where x = log (x) апат = 502(Т — t) show 


that by setting 
ge pedi and 8--1ф-18-1 
2 4 


гр and К’ = I the Black-Scholes equation for C(S,, t; K,T) is reduced 


where k — 
5 Oo 26 
to a heat equation of the form 
ов PB 
дт ax? 


В(х,0) = f(x, В(0,т) = 0, x <0. 


Given that the solution of the heat equation with the above boundary conditions is 


0 со 
1 —(х—у)2/4т 1 85155727 
В(х,т)- 1 foe (х-у)/4 ау- —=/ f(-»e (х-у)2/4 ау 
-ю үлт 


24/ лт 


deduce that for 0 < 5, < К 


s^ S^ 
CASK.) = (2) ou) (x) Фа ) 


where 
-(r-D- 502) + (= D—- 502)? + 202, 


А = 


log(S,/K) + (T — 0 ftr — D - 40? 4202, 


d, 
Е сүТ-1 


апа 


is the standard normal cdf. 
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Solution: Given that C™(.S,) satisfies the perpetual call problem then from Problem 3.2.2.2 
(page 294), the solution of the ODE is 


C(S,) = AS/* 
("= D — 102) + (= р – 102)? + 202+ 
2 2 
where Д = 0. 
c? 
Since С®(К) = 1 
А = К^+ 


апа һепсе 


S 
cms) = (x) | 


Since С,(5,,1,К,Т) = С°(,5,) + C(S,, t; K,T) we can write 


9C, әс 9C, ас” әс 9C, ёсе C 


rcs фы E "алата? =—— 
й 98) S, dS, д5, os? dS? 952 


and by substituting them into the Black-Scholes equation for C4(S,, t; K,T) and taking 


note that 
NOT а ер ас? тээн 
29 5 482 ҺАР ЛЫ iS (S,) = 0 
we have 
ðC 1 5»,5209?C дС 
— + ~0° S* — + (r— D)S,— —-rC(S,t5; K,T)=0, 0 < 5 < К 
ar 2° “tage a эч ) ! 


with boundary conditions 


Sr Үү?! 
С(0,;К,Т)-0, C(K,t,K,T)=0, cp Tn» - (ŽE) , 0<5р<К. 


5 
Given that C(S,,t; K, T) = e"**P* B(x, т) where x = log (%) апат- 562(Т — f) we 
have 


oC oC дт 1 2 ax4 fc [22 | 
зл бы OE NE a 2? -fB 
a ör a ED ar PPRA) 


с ш б E 22 + a B(x, 
98, ox OS, S, ABUT) 


дх 


oC _дС дх мо [28 | 
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and 


2 ax fc 
б д {= [ево + 28]) 


д5? д5, 5, дх 
е®х+йт 92В ðB 
= si E + (2a — Dox + a(a — 1)В(х,т)|. 


By substituting the above expressions into the Black-Scholes equation for С(5,,1; K,T) 
we eventually have 


15/0B дВү ов 
2^ (52 E 9 дх 
+В Бас -1)-01-04-0)- r] =0. 


Бас —-D-cr- р 


To eliminate the terms x and B we set 
50524 - 1) -г-0-0 
Зо ша -D-f]-a(r-D)-r-0. 
By solving the equations simultaneously we have 


а- -54- 1) and f= 1% + 17-46 


1 1(к-+1\2 
C(S, t; K,T) = e 20 Dx- 40D 1-F* py. р) 
with boundary conditions 


1 1 х\ AL 1 
В(х,0) = e2*- * Cs. T; K,T) = -ei*-D* (== E 


and 
В(0,т) = 0. 


Lg3 71244) 


By setting f(x) = then 


0 со 

1 _—(х—у)2/4 1 оз 

В(х,т) = / fe (х—у)“/. “Ау- 1 f(-ye (х-у)“/ тау 
2\/лт J—oo 24/лт JO 


= В((х,т)-- В-(х,т) 
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where 


2: 
E =) +106-1+24,)у 
B(x, t) = – l e (2 ? а 


24/лт /-о i 


and 


2 
со 458) -l(k-1424,)y 
В,(х,т) = 1 ] e АУ) 2 2 ау. 
0 


24/лт 


For the case B,(x, т) we һауе 


2 
0 438) 41(6-1424.)у 
B(x, t) = – 1 / e ?\ vyz) 2 1 ау 
-со 


2\/лт 


2 
(x#(kK-142a,)7)2-x2 fO 1 -4 ( SE ) 
-е 4т е 2т 


о 24/лт 


H ( x+(k-1+244)r ) 
езжу, Vac Гы 


ын \2х 


1 1 5 
mda а ін arg у т) 


х-«т(-1-24,) 


Мт 


For the case В, (х, т), using similar techniques we һауе 


where d, = 


2 
со 458) -l(k-1424,)y 
В,(х,т) = : | e ?\ Vz) 2 Ё ау 
0 


24/27 


2 
—(x-(k-1424 
cenae (m Q (асбо) 
=e = | ii 
0 24/лт 


1 1 2 es 1 1.2 
zX(k—1l424A,)- = T(k—1424,) —zz 
= 2 +774 m 2 
5 (К-1+24ь)т-х € dz 


1 2 
1108-1424.) Фа ) 


Ix(k 1424,) 


х-т(К-1-024,) 


ут 


where 4_ = 
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Thus, 

В(х,т) = В((х,т) + В,(х,т) 
анальная (оаа уст) 
ud Sx(kK-142A, + 1k 14244? (4 ) 

where 


ВОО, т) = еі? | (=) 5 | 
V2t 


qoi 2A a _(—-1+24)т 
V2t 


= 0. 


Therefore, we can write 


1 1 2 
C(S,, t; K,T) = e 2D 40 KT gy. т) 
i Dx ik 12т-Кт [г хк 1424, ick ЕТСЕ) 


-е 


N i х= (тг ааа (od, ) Е 1) 


= е-*@®-1+45Ф(д_у-„е^#+ (Ф(а,) = 1) . 


-(r- D = 502) +.\/(r р – 502)? +202, S, 
ОХ log гай 


By substituting A, = 5 
с 
2-5 we һауе 


502(Т -f)andk = 


26 


_ ру 120 2 4 


d, = 5 
= oyT -t K 
and 
À 
e^ = 5, И 
К 
-(r- D- 502) - 4/r-D- 502)? + 2o?r 
where 4 --------:-:-:>-:--:--ББ:::. 


o? 
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Therefore, for 0 < 5, < К 


5, Ay 5, AL 
ck m - (№) (94, - 1) + (2) Ф(а_) 


and because С,(5,,; K,T) = С®%(5,) + С(5,, t; К, T) thus 


CAVE CAVES 
CS, t5; K,T) = (%) Фа) + (2) Ф(а), 0«5,«К. 


М.В. Using similar steps we can also show the immediate-touch put option to be 


S CAVE 
Р,(5,1:К,Т)- (%) oca) (3) ó(-d.) 


for S, > К. 


. Immediate-Touch Option (Probabilistic Approach). Let {W, {1> 0} be а P-standard 


Wiener process on the probability space (Q, F, Р) and at time 1, let the asset price 5, 
follow a GBM with the following SDE 


dS, 
—. = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. 

By setting т = inf {t > 0: W, = a + bt) as the first-passage time of hitting the slope 
а + bt where a, b € К, show that the pdf is 


1 
ft) = Sen 
іү 2at 


An immediate-touch call option is an American digital call option C,(S,,t; K,T) that 

immediately pays $1 if the underlying asset price S,,, t < и < Т is above the strike value 

K where T is the expiry time. If the underlying asset value has not reached the strike price 

by T then the option expires, worthless, that is C(Sr, T; К,Т) = 0, 0 < Sp < К. 
Under the risk-neutral measure Q show that 


T-t 
с/8,ек.т)- | е" f2(v) dv 
0 


where т = inf {t >0: we =w- 0t), 9 = и, + (22); is а Q-standard Wiener 
с 


process, ш = : 105 (5) 0- 1 (r -D- 399) апа SLO is the pdf of т under the Q 
б б 
measure. : 
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By setting а = c0 and ff? = а? + 26?r show that we can write 


аж, 


1 
T-t 1 K 
С,(5,1,К,Т)- (5) й | logK/8) -zr ов 00) gy, 
0 


S, CUN 2zU 


Taking partial fractions of the form 


log (К /5,) _ 105 (К /5,) — pt х log (К /5,) + pt 


б\т 2o t 2o \т 


and by choosing appropriate integrands, show that for 0 < 5, < К 


AV s 
CASK.) = (2) od) (x) Ф(а_) 


where 
-(r- D = 502) + 4/ (r — D = 502)? + 202, 
p ————— ————————— T 
+ c2 
1-2ү. 2 
log(S,/K) + (T — t) (rcg + 2o*r 
Е Е 
сүт -t 
and 


2 1 
жо--- f a” du 
V 2a /- 


is the standard normal cumulative density. 


Solution: In order to show that 


nom lal e plato) 
Гү271 


which is the first-passage time density of a standard Wiener process hitting a slope, see 
Problem 4.2.2.16 of Problems and Solutions in Mathematical Finance, Volume 1: Stochas- 
tic Calculus. 

From Girsanov’s theorem, under the risk-neutral measure Q the SDE for the asset price 
is 


dS, о 
-с--(ғ- D)dt+odW, 
5, 
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rab ; - 
where we =W,+ (£—) t is a Q-standard Wiener process. Hence, using Ito's lemma 
б 


for u > t we can write 
S, = See 


where W,_, = W2, + 0и 1),0 = + (r -D- 502). 


с 
By definition the immediate-touch сай option price is 


" = FQ —r(u-t) 
С,(5,1,К,Т) = ( max e lis kj 


2 
= E ( max е“ > 


t<u<T {S,e7%u-1> К } 


ғ) 


— ЕО —r(u—t) о” 
= тах е I~ F, |. 
(% ШЕРІГЕЗІ ) 


Since 
E sz к} е вш W, 2 1 (©) > {t<T} 
t<u<T t<u<T б р 
where 
мэ Wa- = lig (5) 
с 5, 
therefore 
С,(5,,1,К,Т)- о (е ч AES 
T 
= А ЖАЛ (и) du 
1 
where 
ее эш ре (5) 
? (и — t)\/2x(u — 0) 2 5, 
апа 


By letting v = u — t we can write 


T-t т er 
Св Km | ее gp vy дү, 
0 UN 2zv 
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Thus, by substituting a = од =r — D — 50°, ow = log (=). p = а? + 202 
1 


Ж 2 
Сб КТ) = | '-ъ108(К/5) -z [los( ај P 
0 cuv 2v 
(5) е, T= ювК/50 -zi | (в) ee 
1 5, pm d U 
9 0 d 


nm ! Jog(K /5,) сэх 8) ee] 
0 


CUN 2zv 
xí Б ӘРДЕЛІГЕ he 


л 
р. 2120 


(ENS ІШ '1ов(К/50 о) 
5, 0 CUN 2zU 
By setting 
log(K /5,) E 105(К / 5) — Bu Ч log(K / 5) + Bu 
суо 26 26 
we һауе 
d 12 si 2 2 
C,G, 5 K,T) = Е ШІ 2 log(K/5) – Во -28 юз ( ©) о, 
5 2e /2nv 
ЦЕХ [ssim ыы, 
5 2сү?ло 


Hence, by selecting 


Га 2: 
C4GS, t; K,T) = 2 E оо 322 гт 
ON ZZU 
ца? Jat "A 
Е 0 20 N 2zv 


and by setting 


_ log(K /5,) + Bv a 8 log(K / 5) — Bu 


20 V 2zv " 20 V 2zv 
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we eventually have 


m —log(K/5,)-9(T—1) | 
[^ с Үй, 21 УЛ 
С,(5,1,К,Т)- (5) || vra 1 e 2" dx 
5, -o0 2a 
m = log(K/ S; )- (T1) 
ы oVT-t 21,2 
x (5 ii e? dy 
5 95 2л 
atp 
1 ( K ) 2 p I8 0 - AT - 0 
5, oyT -t 
a-f 
‚ (&) Я (10865, IO Т) 
5, сүт —t 
S ) A (кыы +8(Т—1) 
oNT -t 


11 
+ М 
М “|. 
alda NH 
пи: 
ME 


Шы m Їнэ - pT- ?) 
сүТ-1 | 


Ву substituting « =r—D-— 502 and f —4/(r- D- 2029 + 2702 we have, for 


0<5,<К 
С.(8,4:К,Т)-(7) ана у Taus 
або» К.Р) = | k + К = 
where 
-(r- D - 502) + J/(r — D — 502)? + 202, 
(сег Эссе E хон халиа 
E c? 
and 


log(S,/K) + (T — ftr р 402? 4202, 
т 


+ 
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Barrier Options 


In the last two chapters we have concentrated solely on European and American options which 
have a fixed strike and expiry date but different styles of exercise rights. In financial circles, 
these two types of derivatives are known as vanilla options, with the former also known as 
Black-Scholes options. In this chapter we will discuss barrier options, which аге one of the 
most popular traded options that belong to a family of derivatives known as exotic options. 
Basically, an exotic option is a type of option which is neither a European nor an American 
option. Although they may have either European or American-style payoffs, exotic options 
have additional features that trigger the payoffs. The simplest exotic options are the digital 
and asset-or-nothing options which we have come across in Chapter 2. Another important 
difference between exotic options and vanilla options is that unlike vanilla options which are 
traded on major exchanges such as the Chicago Board Options Exchange, exotic options are 
usually traded OTC (1.е., without any supervision of an exchange). Hence these options are 
generally negotiated by brokers or dealers of the options’ sellers and buyers, as to how the 
trades are to be settled in the future. 

In finance, barrier options belong to a class of exotic options that can be terminated or 
activated when the threshold or barrier is crossed. These options are usually written on volatile 
stocks and given such a feature, barrier options are significantly cheaper than vanilla options. 
Hence, by trading such an option, it provides investors with an alternative hedging strategy 
without having to pay for the full vanilla price, which they believe is unlikely to occur in the 
lifetime of the option contract. By making the barrier be a function of time or paying a rebate 
when the barrier is triggered, there is a lot of flexibility for investors to express their view in the 
stock price movements within the contract. In addition, the option can also be easily extended 
to incorporate early-exercise features, but the solutions to such a problem usually depend on 
numerical methods. In this chapter, unless otherwise stated, we only consider European-style 
barrier options. 
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Conceptually, barrier options are conditional options which are dependent on some barriers 
being breached (or triggered) in their contractual lives. As these options are either activated or 
deactivated when the asset price crosses a barrier, these options are path-dependent. However, 
these options are also known as weakly path-dependent, since we only need to know whether 
or not the barrier is triggered and we are not concerned about the asset price path. 

Basically, there are two types of barrier options: knock-ins and knock-outs. 

For a knock-in: 


e If the option is an up-and-in barrier option, then the option is only active if the barrier 
18 hit from below the barrier. Note that the option remains worthless if the asset price does 
not rise above the barrier. If at some point during the life of the option the barrier is hit, 
then the option will turn into a European option. 
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e Ifthe option is a down-and-in barrier option, then the option is only active if the barrier 
is hit from above the barrier. Note that the option remains worthless if the asset price does 
not fall below the barrier. If at some point during the life of the option the barrier is hit, 
then the option will turn into a European option. 


For a knock-out: 


e If the option is an up-and-out barrier option, then the option is only active if the asset 
price is below the barrier. Here, the option becomes worthless if the asset price rises above 
the barrier (or the barrier is hit from below). 

e Ifthe option is a down-and-out barrier option, then the option is only active if the asset 
price is above the barrier. Here, the option becomes worthless if the asset price falls below 
the barrier (or the barrier 18 hit from above). 


In-Out Parity 


Just like the European and American options have their put—call parities, the barrier options 
have the in-out parity 


V.S, t; K, B, T) + Vy (S, t; K, B, T) = Vy GS) t; K,T) 


where the sum of the knock-in option И, /:(5;,/; К, B, T) and the knock-out option 
Vi jy G; t; К, B, T) with the same asset price S,, strike K, barrier B and expiry time Т is the 
same as the price of a European (Black-Scholes) option. From the above relationship, given 
that knock-ins and knock-outs have positive payoffs and hence positive option price values, 
we can immediately deduce that their option price values are less than the value of a European 
option. This is not unexpected, since barrier options have fewer rights than European options 
and thus they have a lower value. 
By incorporating a rebate R payable at expiry T', we have the following property 


Vi (Si t K, B, T) + VE (S, 1; K, B, T) = V (S, 5 K,T) + Re" 


where УА GS t; K, B, T) and V Gs t; K, B, T) are knock-in and knock-out options with 
rebate R, respectively having the same asset price S,, strike K, barrier B, expiry time Т, and 
r is the constant risk-free interest rate. 

In contrast, if the rebate R is payable at knock-out or knock-in time, the corresponding 
in—out parity is 


R R 5 Sp 
Vi (Si t5 K, BT) + Vj (бы; K BT) = V Ss GK, D К ||) +( 2 


where 


-(r- D- 502) x y/(r р — 502)? +202, 


А = 5 


Oo 
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Barrier Options Pricing 


Under the Black-Scholes methodology we can solve the pricing issues of barrier options using 
both the probabilistic (martingale pricing) approach and partial differentiation equation (via 
the reflection principle) approach. 


Probabilistic Approach 


In the same vein as the martingale pricing framework of European options, we can also price 
barrier options via the risk-neutral expectation strategy. For instance, a knock-in barrier option 
payoff can be written as 


4 (5т)1 {max,<,<r S,2B} Up-and-in option 


Ч /1(5т) = 
4 (5т)1 {тшт S,<B}  down-and-in option 


whilst for a knock-out barrier option payoff 


YS) (тах, т 5,<В} up-and-out option 


%,/0(5т) — 
(бт) ши, ог S,>B}  down-and-out option 


where V(S7-) is the European option payoff at expiry time Т. 

In order to price this option we need to know the probability that the barrier will be triggered 
and also the probability that the option is exercised at expiry time. Hence, this requires the joint 
distribution of the Wiener process with drift (for the European option payoff) and its running 
maximum (for up-and-in and up-and-out options) or running minimum (for down-and-in and 
down-and-out options). 

Without loss of generality, let (W, : t > 0} be a P-standard Wiener process and if X, is a 
Wiener process with drift и € R in the form 


X, = ut + И, 
and by defining 
Mx = max X, 
O<s<t 


to be the running maximum of the process Х, up to time 7, the cdf of the running maximum 


is 
Р(МХ < х) = Ф Ж — е2?ихф TATW ‚ x»0 
vt vt 
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where Ф(.) is the standard normal cdf. The joint density of (М И , X,) of the running maximum 
and the Wiener process is 


2(2x – E 
SEx œ y) = лд. pit (2x 28 x>0,x >y. 


МА; 1Ү2лі 


As for the running minimum of the process X, up to time f, 


the cdf of the running minimum is 


Р(т^ СЕЗЕ х<0 
t t 


with the joint density of (тХ , X,) of Фе running minimum and the Wiener process 


—2(2х — 127-1 ax 
у OY) = асан ав арағы у, х < 0, х<у. 
т; X, 


tN 2zt 


For the derivation of the above formulae, see Problem 4.2.2.14 of Problems and Solutions in 
Mathematical Finance, Volume 1: Stochastic Calculus. 


Partial Differentiation Equation Approach 


In order to find the closed-form solutions of barrier options via the PDE method, we first 
consider the reflected solution of the Black-Scholes equation. 


Theorem 4.1 Suppose V (5,1) satisfies the Black-Scholes equation (see below) with the asset 
5, paying a continuous dividend yield D, 


— + 5025220 + (r— D)S, — —rV(S,,t) = 0 


oV дү дү 
95, д5? 95, 


then for any constant В (representing a barrier) 
S 2a в? 
07(5,1)-1-41 vi =,t 
=; (5) 


also satisfies the Black-Scholes equation provided that a = 5 ( EM ) Note that 5, and 


12 
26 


В? /5, are on opposite sides of the barrier B for S, + В and coincide when S, = В. 
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Let us begin by focussing оп the up-and-out barrier option and note that we can consider only 
the knock-out options as the knock-in options’ prices can be obtained easily from the in—out 
parity identity. If we consider the Black-Scholes equation for an asset S, paying a continuous 
dividend yield D, the up-and-out barrier option V,/,(S,, t; К, B, T) with strike price К and 
barrier B satisfies the PDE 


оо + 12252 
д5, 2; 


Vi y, 
д5? 


227 
+ (ғ = DS = rV, jS t K,B,T) = 0 
1 


provided the following boundary conditions are satisfied 
0<5,<В, і<Т 
V,j(B.t; К, В,Т) = 0 
Vj Sr. T; К, B, T) = Y(Sr) 
where V( S7.) is the European (Black-Scholes) payoff at expiry time Т. 
Given that the up-and-out barrier option has a European payoff at expiry T' but becomes 
worthless on the barrier B, we can deduce that 
V, j Siti К, B. T) = Vi (5, К, B.T) - V, 445,1; K, B. T) 


so that АСУ t; К, B, Г) satisfies the Black-Scholes equation 


127 


1 92, 
то 
д5, 2 


2 
д5; 


aV, z 
252 +e- DS 47 — rV, (S15; K, B,T) = 0 
1 


with truncated payoff 
0<5,<В, t<T 
V, (Sr. T; К, В,Т) = WS). 
To account for the barrier, we therefore require (8 „ВК, B, Г) to satisfy 
Pj (Sr, T; K, B,T) = 0 
at expiry time T' and 
V, (B.t; K, B. T) = V,j, (B. t; K, B,T) 


on the barrier B. 
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To find Ше solution for Ӯ, Jo(S, К, B,T) ме note that since 


5 20 Б. ЁЛ 
(2) Vajo (= „t, K, B т) with а = 2 ( - а 2) also satisfies the Black-Scholes 


26 


equation, we can thus set the solution of an up-and-out barrier option as 


5 5 2а _ в? 
V, j (Si. 5 K, B,T) = V, (S, t; K, B,T) – (3) ДЕ ,,К,В 2. 


Since S, and B?/5, are on opposite sides of the barrier B for 5, # B, therefore 


S 2a p 2 
AW „кувт\=0 
B Sr 
for all 0 < Sy < B. Hence, опе can easily check that the boundary conditions 


V, (Sr. T; KB, T) = Y(Sr) and V,,,(B,t; К, B,T) =0 


are satisfied. Using the in-out parity property, the up-and-in barrier option price 
V,j(S;, t; К, B,T) at time t,t < T is 


V, CS, 65 К, B,T) = V4,GS,, t; K,T) ы Viol Sts К, B,T). 


Following the same arguments, the down-and-out barrier option at time f is 
= 5, 2а в? 
Vj ($5 K, B,T) = Vj (S, К, В,Т) – (=) Fajo (= ‚;К,В т) 


where V, /о08,,5, К, B, T) satisfies the following Black-Scholes equation 


дао 1 
95, 2 


927. oV, 
02 52 гар +(r—D)S, гэн rV, (5, K, B,T) = 


with truncated payoff 
S,> B, і<Т 
Р/о(8,5 К,В,Т)- “(5т). 


Finally, with the application of the in-out parity property, the down-and-in barrier option price 
Vaji CS, t; K,B,T)attimet,t € T is 


V4 jS, t; K, В,Т) = Vg, t; K,T) — Vj (S, t; K, B, T). 
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42 PROBLEMS AND SOLUTIONS 
4.2.1 Probabilistic Approach 


1. Up-and-Out/Up-and-In Call Options. Let {W, UE 0) be a P-standard Wiener process on 
the probability space (©, F, P) and let the asset price S, follow a GBM with the following 
SDE 


45, 
—! =(и-р)ат+вай/, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. In addition, let ғ be the risk-free interest rate. 

We consider a European up-and-out call option at time f, with expiry at time T > f, 
strike K and constant barrier B » K. 

Explain why, for an up-and-out call option, we require 5, « B and B > К, and show 
that the terminal payoff can be written as 


V(S7) = max {Sr – K,0) Щ шах S, < B} 
1<и<Т 


Using the identity 
U _1(_ш ү 
1 y 24) зу dw monet ф U —aT б L — aT 
2aT JL VT VT 
Tou c2 


e 2 du is the сағ of a standard normal, show that under the 


where Ф(х) = / 
-ю \/2л 
risk-neutral measure Q, the up-and-out call option price at time f is 


Сиро (8,1К,В,Т) = С (Spt K,T) 
- [Cys (5; B, T) + (B - КС, (S. B,T)] 


S 2a 2 
ша ші C В „кт 
В 5, 
В? B? 
-1С,1(--4:8,Т B-K)C,| —,t;B,T 
|е. (5 )« (8 Л) 


where а = i ( m 7 2) С, (X, t; Y, T) and C4 (X, t; Y, T) are the vanilla and digital 
-б 
2 
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call option prices defined as 


log(X /Y) + ("= D + 30° \\T — ”) 
oyT -t 
1 
сүТ-1 


Cy, (X,t; Y, T) = Xe Р?Т-0ф ( 


апа 
log(X/Y)+(r- D- о?)(Т = ”) 
oNT -t 


respectively. Hence, deduce that the European up-and-in call option price at time f is 


Ci (X,t; Y, T) Su Vp ( 


Сил (5,5 К, B,T) = Cy (5,5 B,T) 


S. 2a в? 
+(В-ЮС, (S. В.Т) + (2) ЖЕСІ 
1 


5, 2а в? в? 
-| — С —,t;B,T В- К)С, | —,t;B,T ||. 
(5) | ДЕ )« (S ) 


Solution: Since the option is ап up-and-out call we require S, for all t to be below the 
barrier B, otherwise it knocks out. Furthermore, we require В > К for all time f, since if 
B < К the option is worthless as no asset path would give a non-zero payoff. Therefore, 
the payoff of an up-and-out call option is 


P(Sr) = max {Sr – K,0) Щ max 5, < B} 
ї<и<Т 
Under the risk-neutral measure Q, S, follows 


48, м 


1 


mudo. : : 2 
where we =W,+ =) t is a Q-standard Wiener process. Using Ito's lemma we сап 


с 
easily show that for t < Т 
Яса oq D- 350-086 Wg, 
PESE 
= бе 


where Wr =v(T —1)+ We, and v = ЫГ -р- 505), By writing 
б 


М, = max W,. 
T-t 1<и<Т u—t 
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therefore 


and we can rewrite the payoff as 


Ч($т) = max {Sr — К,0) Ц шах 5, < В} 
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= (Ser - K) ц 
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Hence, the up-and-out сай option price at time 1 is 
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I———— € 
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2 
) m>0,m>w 


0 otherwise. 


Refer to Problem 4.2.2.14 of Problems and Solutions in Mathematical Finance, Volume 1: 
Stochastic Calculus for a derivation of the above density function. 
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Hence, 
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Using the identity 
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we have 
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Therefore, 
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In contrast, for an up-and-in call option price its payoff at expiry T can be written as 


V(Sr) = max { Sr — К,0) Щ max 5, > В} 
t<u<T 


= тах {Sr — K,0}{ 1-1 max S, < B} 
t<u<T 


= max { Sr -К,0| - max {Sr - К,0) I max 5, «By 
1<и< 


Hence, under the risk-neutral measure Q, the up-and-in сай option price at time f is 


Сул (Spt K, B,T) = e TE | max {Sr — K,0}| 5] 


r(T—t) 


Е Б {Sp - K,0} Ty max S, < В} 
t<u<T 


= Cy, (Spt; К, Т) = Со (5,5 K, B,T) 
= C4, (51; В.Т) + (B - ЮС, (5,1; B,T) 


S, 2a B2 
— C —,t;K,T 
(5) (Sn) 
B? B? 
- |C —,t; B,T B — K)C; | —,t;B,T , 
es (£r) в кк (3 81) 


2. Down-and-Out/Down-and-In Call Options. Let {W, UE 0) be a P-standard Wiener pro- 
cess оп the probability space (Q, , P) and let the asset price S, follow а GBM with the 
following SDE 


45, 
t = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. We consider a European down-and-out call option at time 1, with expiry at time 
T >t, strike K and constant barrier B. 

Explain why, for а down-and-out European call, 5, > В, and show that the terminal 
payoff for В < К or В > К can be written as 


Ч(5т) = max (Sr — К,0} Ц min 5, > B} 
1<и<Т 


Using the identity 
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x 
Lo hg 
where Ф(х) = / e 2" du is the cdf of a standard normal, show that under the 
-œ \/2л 
risk-neutral measure Q, the down-and-out call option price at time f is 


5, 2a 
Ca fo (S. t; K, B,T) = Cy, (Spt; 7,Т) + (Z—K)Cy (S,,t;2,T) – = 
2 2 
x [Ci (2.2.7) *t(Z-K)C, (22:24) 
5, 5; 


where Z = max(B,K], а=» 1-0 n 
z6 


2 
С (X, t; Y, T) and C4(X,1; Y, T) are the vanilla and digital call option prices defined as 


r is the risk-free interest rate, 


log(X /Y) + (r - D + 102)(Т - f) 
С (X,t; Y, T) = Xe 00709 (mu 


ovVT —t 
1 
oNT -t 


and 


log(X /Y)  (r - D- то? Т - 1) 
C, (X,5Y,T)- e" 0799 (mmm 


oyT -t 
respectively. Hence, deduce that the European down-and-in call option price at time t is 


Caji (Sot; K, B, T) = Cys (51, K, T) 


S 2a 
26. (SET сна T+ (%) 


B? в? 
ДЕ дал) -юс, (zT) 
1 


1 


Solution: We consider two cases for the down-and-out сай option price when В < К and 
B> К. 

We require S > В for all 1 so as to ensure the option would not knock out at the starting 
time f. Hence, for either В < К or В > К, the payoff of a down-and-out call option is 


P(Sr) = max {Sr – К,0) Щ min 5, > B} 
t<u<T 
Under the risk-neutral measure Q, S, follows 


48, 


1 
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^P : 
where иЗ =W,+ (2) t is а Q-standard Wiener process. From 1075 lemma, for 
21 


t<T 
SpE S, e 2-30 TDW pe, 


= Sper- 


where Wr = (Т —1)+ Wwe, and v = Le – р – 505), Ву writing 
б 


therefore 


and we can rewrite the payoff as 
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Case 1: В < К 
Тһе down-and-out call option price at time f is 


Слу, (St; K, B.T) 


= eT EQ [4(5т)| 2] 
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where 
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__-2@т-и) |. уш 507—0) Ч ын) о 
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т, 


0 otherwise. 


(See Problem 4.2.2.14 of Problems and Solutions in Mathematical Finance, Volume 1: 
Stochastic Calculus for the derivation of f а (т, и.) 
т, 


Thus, 
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Using the identity 


дч” Beg) Р) 


and following the same steps as described іп Problem 4.2.1.1 (page 357), we have 
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Therefore, 
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Case2: В>К 
Тһе down-and-out сай option price at time f is 


_кет-0 ( 3 
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Сау» (51; K, B,T) 
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where 
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0 otherwise. 


Using the same steps as described in Case 1, we have 
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Hence, by setting Z = тах{ В, К | we can write 
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For the case of the down-and-in call option price, by definition its payoff at expiry time T 
can be written as 


YS) = max { Sr — K,0} I min 5, « В} 
ї<и<Т 


= max { Sr -К,0| 1- I min S, > В} 
t<u<T 


= max { Sr - к,0) - шах 5 - K,0) I, min S, > B} 
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Under the risk-neutral measure Q, the down-and-in call option price at time f is 


Caji (51; К,В,Т) 


"ГЕ | тах {Sp – K,0}| я | 


оТ) ss - K,0} I min S,» B) d 
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where Z = max(B, K}. 


3. Up-and-Out/Up-and-In Put Options. Let {W, {1> 0} be а P-standard Wiener process оп 
the probability space (©, F, P) and let the asset price S, follow a GBM with the following 
SDE 


dS, 
t = (и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. We consider a European up-and-out put option at time f, with expiry at time 
T >t, strike K and constant barrier B. 

Explain why, for an up-and-out European put, S, < B, and show that the terminal payoff 
for B > K or B < K can be written as 


Ч($т) = max {К — 5т,0} Ty max S, < В): 
t<u<T 
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Using the identity 
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where Ф(х) = / е 2" du is the cdf of a standard normal, show that under the 
2л 

risk-neutral measure Q, the up-and-out put option price at time f is 
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Pj, (X, t; Y, T) and Pj (X, t; Y, T) are the vanilla and digital put option prices defined as 
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respectively. Hence, deduce that the European up-and-in put option price at time f is 
Ру (Sot K, B,T) = Py (Spt; K,T) 
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Solution: We require S, < B so as to ensure the up-and-out put option would not knock 
out, especially at initiation of the contract. 
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For B > K or B < K, the payoff of an up-and-out put option is therefore 
4 (5) = max {К — 57,0) Щ max 5, < B} 
t<u<T 
Under the risk-neutral measure Q, S, follows 
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Casel: В>К 
The up-and-out put option price at time f is 
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0 otherwise. 


To derive the expression P. ТАШ ш), see Problem 4.2.2.14 of Problems and Solutions іп 


Mathematical Finance, Volume 1: Stochastic Calculus. 
By switching the limits of the inner integral 
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Using the identity 
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and following the same steps as described іп Problem 4.2.1.1 (page 357), we have 
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Саѕе 2: В < К 
The up-and-out put option price at time f is 
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0 otherwise. 


By switching the limits of the inner integral 
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For the case of up-and-in put option price, by definition its payoff at expiry time T can 
be written as 
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Under the risk-neutral measure Q, the up-and-in put option price at time f is 
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where 7 = min( В, К }. 


4. Down-and-Out/Down-and-In Put Options. Let {W, UE 0) be a P-standard Wiener pro- 
cess on the probability space (Q, F, P) and let the asset price S, follow а GBM with the 
following SDE 


45, 
—. = (u — D)dt + cdW, 
5, 


where и is the drift parameter, Р is the continuous dividend yield апа с is the volatility 
parameter. We consider a European down-and-out put option at time f, with expiry at time 
T (Т > t), strike K and constant barrier B < К. 

Explain why, for a down-and-out put option, S, > В апа В < К, and show that the 
terminal payoff can be written as 


V($7) = max {К — $5.0) Ц min S, > B} 
t<u<T 
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Using the identity 
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where Ф(х) = y e 2" du is the cdf of a standard normal, show that under the 
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risk-neutral measure Q, the down-and-out put option price at time f is 
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respectively. Hence, deduce that the European up-and-in put option price at time t is 
Ру (5,1; K, B, T) = Pys (5,1; В,Т) + (К — B) P4 (5,1; B.T) 
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Solution: Since the option is a down-and-out put, we require S, > B to ensure that the 
option would not knock out at the starting time f. In addition, we require В < К for all 
time f, since if B > К the option will not pay out either at expiry or at the barrier. Therefore, 
the payoff of a down-and-out put option is 


4(5т) = max {К — 5т,0} шіп S,» B} 
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Under the risk-neutral measure Q, S, follows 
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Hence, the down-and-out put option price at time f is 
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0 otherwise. 


See Problem 4.2.2.14 of Problems and Solutions in Mathematical Finance, Volume 1: 
Stochastic Calculus to derive the expression F ТАШ ш). 


By switching the limits of the inner integral 
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Therefore, 
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For the case of the down-and-in put option price, by definition its payoff at expiry time 
T can be written as 
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Under the risk-neutral measure Q, the down-and-in put option price at time f is 
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1. Reflection Principle for Black-Scholes Equation. Assume we are in the Black-Scholes 
world where at time 1, the asset price S, follows the SDE 


dS, = (и — D)S,dt + oS,dW, 


where и, D and c are the drift, continuous dividend yield and volatility, respectively, W, is 
the standard Wiener process and there is a risk-free asset which earns interest at a constant 
rate г. Let V4,GS,, t; K,T) be the price of a European option satisfying the Black-Scholes 
equation 
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with 
V,.(S7,T;K,T) = %(5т) 


where W( S7.) is the option payoff for a strike price К at expiry time Т > t. 
Show that for a constant B, the function 
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Solution: Ву setting é = В2/,5, we can write 
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and finally by differentiating 25. with respect to 5, 
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2. In—Out Parity. Assume we are in the Black-Scholes world where at time t the asset price 
5, follows the SDE 


= (u — D)S,dt + oS,d W, 


where и, D and c are the drift, continuous dividend yield and volatility, respectively, W, is 
the standard Wiener process and there is a risk-free asset which earns interest at a constant 
rate r. Let V4,(S;, t; K,T) be the price of a European option satisfying the Black-Scholes 
equation 
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with 
Vs GST, T; K, T) = V(ST) 

where W(S7) is the option payoff for a strike price К at expiry time Т >т. Let 
LAS t K, B,T), И, Sp t5 K, B,T), ТАСУ t; К, B, T) and Vai CS, t; K, B, T) bethe 
European up-and-out/in and European down-and-out/in options with common barrier B, 
strike price K and expiry time T'. By setting up independent portfolios, show that 

И, jo S, Е K, B, T) + У,/1(5;, t; K,B,T) = (ЭЖЕ t; K, T) 
and 
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Solution: At time 1, we first set up the portfolios IL,(S,, t) and IL;CS,, t) with each having 
the following options 


ICS, t) == Ио ($ t К, В,Т) + VS t K, B, T) 
IL,GS,, 0) = Va) CS, t; K, B, T) + Vy (Spt; К, B,T). 


For the case of II, (S,, t), at expiry time Т only one of the two barrier options can be active. 
If barrier B is triggered (Sy > B), then 
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However, if the barrier B is not triggered (т < B), then 
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In the same vein for IL;(S,, t), at expiry time T if the barrier В is triggered (S. < B) then 


V4 j (Sy, T; K, B, T) = 0 and V, (Sy, T; K, B, T) = W(Sy) 
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while if В is never triggered (S7. > B) then 
Vj S. Т; К, B, T) = V(S7) and Va ST. T; K,B,T)=0. 
Hence, at time Т, the portfolios have the values 


У,/(5т.7; К, В, Т) + и ($т,Т; К, В, Т) = Ч($т) = У; GST. Т; K,T) 
Vj (Sp, T; K, B, T) + У (ST, T; К, B.) = W(Sp) = V4CSr, T; K,T) 


and by discounting them back to time f under the risk-neutral measure Q, we һауе 
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V, 8,5 K, B, T) + (5, K, B, T) = Vs GS; K,T). 


3. Up-and-Out/In Barrier Options. Assume we are in the Black-Scholes world where at time 
t the asset price S, follows the SDE 


dS, = (и — D)S,dt + o.S,dW, 


where и, D and c are the drift, continuous dividend yield and volatility, respectively, W, is 
the standard Wiener process and there is a risk-free asset which earns interest at a constant 
rate r. 

Let V4,CS,, t; К, T) be the price of a European option satisfying the Black-Scholes equa- 
tion 
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with boundary condition 
VG. Т,К,Т)- %(5т) 


where Ф($т) is the option payoff for a strike price К at expiry time T >t. Let 
Vio Si» t; К, B, T) and V, CS; t; K, B, T) bethe European up-and-out/in options, respec- 
tively with common barrier B, strike price К and expiry time Т. 

Using the reflection principle, show that the formula for an up-and-out barrier option is 


^ S, Mot B2 
Vj CS; t; K,B,T) = Vio Spt К, B,T) ны (2) Vajo (&« к.в.т) 


4.2.2 Reflection Principle Approach 391 


where a = | ( - — 2) апа V, IG. t; K, B, T) satisfies the following Black-Scholes 
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with discontinuous payoff 
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V, Sr T; K, B,T) = (Sr). 


Deduce the general solution for the up-and-in barrier option price. 


Solution: The up-and-out barrier option V,,/,(S,, t; K, B, T) with strike price K and barrier 
B satisfies the PDE 
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O«S,«B, і<Т 
V,j(B.t; K, B,T) = 0 
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where Ҹ(,57) is the European option (Black-Scholes) payoff at expiry Т. As the up-and- 


out barrier option has a European payoff at expiry time Т but becomes worthless on the 
barrier B, we can therefore write its solution as 


Vj) S; t; К, B,T) = V, S, t; K, В,Т) — Vj). t; К, B, T) 


so that Ӯ, /о05,,5 К, В, T) satisfies the Black-Scholes equation 
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with discontinuous payoff 
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whilst for V, 4/05, K, B, T) we require on the barrier В 


V, (B.t; K, B. T) = Ӯ, (В, K, B, T) 
and at expiry Т 
V, (Sr. T; K, B,T) = 
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with a = 5 ( ee 7 2) also satisfies the Black-Scholes equation 
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Thus, we can set 
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To test the boundary conditions, we note that at the barrier S, = B we have 
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whilst at expiry time T', we have 


Sp 2a _ в? 
V,j (Sr, T; К,В,Т) = т Eon s, DEBT 


5 2a 2 
(El шардара 
B Sr EB 


2 
where for the reflection part, the payoff is only valid for T < Bor S, > B. 


Therefore, in the range 0 «Лү < B for an up-and-out option 


^ 


2a 
17 ST p? 
V, (Sr, T; К, B,T) = (%) ? (2 ‚Т;К,В, г) - 0. 


Hence, the general solution of ап up-and-out barrier option is 


2 SUN SE a В? 
Иуо(б5,1; К, В,Т) = V, (S, t; К,В,Т)— (=) Ae ‚К, В in 


By writing the up-and-in barrier option as V,,/;(S;, t; К, B, T), from the in-out parity 
Vj S; t; K, B, T) + Vii Sts t; K,B,T) = СУ t; K, T) 


where V4.(S,, t; K,T) is the Black-Scholes formula for a European option written on asset 
price S, with strike K and expiry time Т. Thus, the up-and-in barrier option formula is 


У,/1(5;, t; K,B,T) = Vps (0$ t; К, Т) NE Vi pol Sp t K, B, T) 
= И, ($, K,T) — Vj GS, t; К, B, T) 


S 2a в? 
(8) Ae кл). 


394 4.2.2 Reflection Principle Approach 


4. Down-and-Out/In Barrier Options. Assume that at time 1, the asset price S, follows the 
SDE 


dS, = (и- D)S,dt + oS,dW, 


where и, D and c are the drift, continuous dividend yield and volatility, respectively, W, is 
the standard Wiener process and there is a risk-free asset which earns interest at a constant 


rate r. 
Let V4.(S,. t; К, T) be the price of a European option satisfying the Black-Scholes equa- 
tion 
OV». 1 2 02 д2У,, дү, 
57 + 29 9, 252 +(r—D)S, 25, -rV (S, pt; K, T) = 0 


with boundary condition 
(т, T; K,T) = V(ST) 


where V(ST) is the option payoff for a strike price К at expiry time T > 1. Let 
Va jo Sit; K, B,T) and V4jjCS;. t; K, B, T) be the European down-and-out/in options, 
respectively with common barrier B, strike price К and expiry time Т. 

Using the reflection principle, show that the formula for a down-and-out barrier option 
is 


х 5, 2a _ в? 
71/00. K, B,T) = Va jo S10; K, B,T) он (%) Уло (2 


‚К, В,Т 
В S, 


where a = : ( =A 7 2 and V, (5, t; К, B, T) satisfies the following Black-Scholes 


29 
equation 
А 1 e, дү, А 
252 2 /o 1 2 
3: 29 5 252 +(r— D)S; 25, - гҮд/оС5,, t,K,B,T)=0 


with truncated payoff 
S,> B, t<T 
V, Sr T: K, B, T) = Ф(5т). 


Deduce the general solution for the down-and-in barrier option price. 
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Solution: By definition, the down-and-out barrier option V, Jo (S t; K, B, T) with strike 
price K and barrier B satisfies the PDE 


дУдуо 
ot 


д2Ү ду. 


/о 
+ ("- р), 
2 
95, 


а 
95, 


2с2 
[4 


+50 — "Ио, t; K, B,T) = 0 


with the following boundary conditions 
S,> B, і<Т 
Va /(B,t; K, B,T) = 0 
Vijo(Sr-T;K,B,T) = “(5т) 


where Ф(5т) is the European option (Black-Scholes) payoff at expiry Т. As the down- 
and-out barrier option has a European payoff at expiry time T' but becomes worthless on 
the barrier B, we can therefore write its solution as 


V4j (S, t: K, B,T) = 008.5 K, B, T) – (5,1: K, B. T) 


so that Ӯ, 0—5 К, B, T) satisfies ће Black-Scholes equation 


1777 Ї 5 2020 1777 д 
дї + 5° 5 952 d кул лу а 


t 
with discontinuous payoff 
S,> В, і<Т 
Vi Sr. T: K, B, T) = Ф(5т) 
whilst for Vis jo Ss t; K, B,T), we require on the barrier B 
Г, (B.t; K, B,T) = V4),(B,t; К, B,T) 
and at expiry Т 


7, j (Sr. T; K, B,T) = 0. 
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2 
From the reflection principle (see Problem 4.2.2.1, page 386), by writing é, = = 
t 


M S, 20 х 
Үдуо(9,К,В,Т)-1-5 Varo ,1К,В,Т 


В 20 Ж 
= (2) Vajont; K, B,T) 
t 


with а = : ( ыыг - 2) also satisfies the Black-Scholes equation 


2a Гай, 2 of, 
B d/o 1 2:2 
(2) | дї 3258 6% og 0 spel 2 - rf, Est; К, B T) 


with the following boundary conditions 


&> В, і<Т 
2a 2a 
B ^ B 
(2) Vy „г. ТК, BT) = (2) Pér) 
ё, & 
ОГ 
59 аб = +(r руе 4 23 - rf. (E, t; K, B.T) = 


with boundary conditions 
&>В, і<Т 
УЛСЫГ К, В, Т) = (т). 
Thus, we сап set 
>: 5, 2а в? 
И /о(5, t; K, B,T) = (=) Pa ( ‚К, В т). 


To test the boundary conditions, we note that at the barrier 5, = В we һауе 


ЭР В 2а в? ЁС 
7. „(В.Б К,В,Т) = (=) 216: К, В 2| =, /»(В, в; К, В, T) 
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whilst at expiry time Т, we have 


2 
where for the reflection part, the payoff is only valid for = > Bor S, < В. 


T 
Therefore, in the range Sy > B for a down-and-out option 


5 2а 
2 n В? 
Ио (ST, T; K,B,T) = (2) ДЕ КЫ ДЫ К, В T)- 0. 


Hence, the general solution of а down-and-out barrier option is 


ys S 2a B 
Va j (S, t; К, B. T) = V4j (S, t; К, B,T) — (=) 77 (Ek. B it 


By writing the down-and-in barrier option as V; /;(S,, t; К, B, T), from the in-out parity 
Ил /о (5,1; К,В,Т)- Ул, K, B,T) = VsCSi, 6 K,T) 


where V4.(S,, t; К, T) is the Black-Scholes formula for a European option written on asset 
price 5, with strike К and expiry time Т. Thus, the down-and-in barrier option formula 
is 
V4j(S;, t; K, B,T) = VsGSi t; K,T) – V4 (S; t; К, B,T) 
= Vs, 5 K,T) — (8,1: К, B,T) 


S 2a B 
(5) 2165 t,K,B т). 


. Up-and-Out/Up-and-In Сай Options. Let {W, UE 0) be a P-standard Wiener process on 
the probability space (©, F, P) and let the asset price S, follow a GBM with the following 
SDE 


сл 


45, 
1 
where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. We consider a European up-and-out call option at time 1, with expiry at time 
T >t, strike K and constant barrier B > K. 
By constructing a payoff diagram and using the reflection principle, find the up-and-out 
call option price. 
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Furthermore, deduce the up-and-in call option price using the knock-in and knock-out 
parity relationship. 


Solution: For the up-and-out barrier call option we know that the option expires worthless 
if the barrier B is reached, and since we are dealing with an up-and-out call option, the 
barrier В must be set above the strike K,i.e. B > К, otherwise the payoff will be knock-out 
(see Figure 4.1). 


Cujo Sp, T: К, В,Т) 


0 K B бр 


Figure 4.1 | Up-and-out call payoff diagram. 


The payoff diagram for the up-and-out call option C,/, (Sr, T; К, B, T) can Бе con- 
structed with the following portfolio 


with strike K 


_ | / Long one call Long one digital call with 
with strike B strike B and payoff (B — K) 


Portfolio = ey one (3 


which is illustrated in Figure 4.2. 
At expiry time T' we can therefore write the up-and-out call option price as 


Сиро (Sr, Т; К, В, Т) = Cy (5т,Т;К,Т) 
- [Css (Sr. T: B. T) + (8 - KO C, (Sr. T; B. T)]. 


By discounting the entire payoff under the risk-neutral measure О and using the reflection 
principle, we can write the solution for the up-and-out call option at time f as 


Cujo (S. 5 K, B, T) = Cys (S. t; K,T) 
- [Css (5,5 B, T) + (B - K) C, (Sj. B. T) 


S, 2a в? 
-{— С —,t;K,T 
(%) (e (кт) 
B? B? 
— |C —,t;B,T B-K)C,| -.ЕВ,Т 
|а. (бат) в юс (квт) 


а ант (252 ? 
2 162 
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Cyl Sp T; B, T) (B- K)C4(Sp, T; B, T) 


Uis TET) 
+(B- K)C4(Sp, T; B, T) 


Cy, Sr. T; B, T) 


С,;(5,, T; K,T 
me ) +(B - KIC (Ss. 7: В,Т) 


0 K B Sp 


Figure 4.22 Construction of an up-and-out call payoff. 
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From the knock-in and knock-out parity relationship 
Caji (Sot К,В,Т) + С (Spt: K, B,T) = Cys (Spt: K,T) 
therefore the up-and-in сай option price at time f is 


С, (S. t; K, B, T) = C4, (S. t; K,T) — Cujo (5,1; K, B. T) 
= C4, (Spt; B,T) + (B - К)С (51; B.T) 


5, 2а в? 
— С —,t;K,T 
43) | ь (5 ) 
B? B? 
- |C —,t; B,T B — K)C; | —,t;B,T : 
 Е )« ЛЕ Л) 


6. Down-and-Out/Down-and-In Call Options. Let {W, UE 0) be a P-standard Wiener pro- 
cess on the probability space (Q, F , P) and let the asset price S, follow a GBM with the 
following SDE 


45, 
—. = (и- D)dt+odW, 
5, 


where и is the drift parameter, Р is the continuous dividend yield and с is the volatility 
parameter. We consider a European down-and-out call option at time 1, with expiry at time 
T > t, strike К and constant barrier В. 

By constructing payoff diagrams for В < К and В > К, and using the reflection prin- 
ciple, find the down-and-out call option prices. 

Furthermore, using the knock-in and knock-out parity relationship, deduce the down- 
and-in call options. 


Solution: From the definition of a down-and-out call option price, the payoff diagrams 
В < К and В > К are given in Figure 4.3. 


Ci (Sp TK HU B< K CoU UTILE B,T), B> K 


Figure 4.3 Down-and-out call payoff diagram for (a) B < K and (b) B > K. 
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For the case when B < К, at expiry time T the down-and-out call option price is the 
same as a European call option price 


C44 (Sy, T; K, B, T) = Cy, (Sp. T; K, T). 


By discounting the entire payoff under the risk-neutral measure Q and using the reflection 
principle, we can write the solution for the down-and-out call option at time 1 as 


2a в? 
C44 (S, t; K, B,T) = С, (Spt; K,T) – (%) ёс ЕШ 


5, 
зїг ганг А 
2 102 
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For the сазе when В > К, the payoff diagram for the down-and-out сай option price 
Cy mo T: Т; К, B, T) can be constructed with the following portfolio 


Portfolio = ( Long one сай Long one digital call with 
~ \ with strike B strike B and payoff (B — K) 


where Figure 4.4 graphically illustrates the construction of the payoff. 
Hence, at expiry time T' we can write 


Слу, (Sr, T; K, B, T) = Cys (Sr, T; B, T) + (B- K) Cy (Sr. T; B,T). 


Cy, (S, T; B, T) (B - К)Са(5т,Т; В, T) 


0 K B Sr 


Figure 4.4 Down-and-out call payoff diagram for B > K. 
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By discounting the entire payoff under the risk-neutral measure Q and using the reflection 
principle, we can write the solution for the down-and-out call option for B > K as 


5, 2а 
Сар (S. t; K, B,T) = Cys (5,6 В,Т)-(В- КС. (Sit; B.T) – F 


B? B2 
х |6; gobs -(8-К)С, ВТ 5 
1 1 


Cys (5,5 K,T) 

(3) с (= ЕК г) ifB<K 

каш) = b. =... В, 25 
В шэг? 


Сау» (55; K, B,T) = 4 Cos (S55 BT) + (8 - K) Cy (Sy; B.T) 


- “ү [б В? „вт ЕВ>К 
В bs so ? . 


в? 
+(в-к)с,(жы;в,Т)| 


Непсе, 


Since 
Caji (S. 5 K, B.T) + C45, (5; K, B,T) = Cys (51; K,T) 
therefore 
Cree. if B < K 
Cys (5,5 K,T) — Cy, (5,6 В,Т) 
Сал (5,5 К,В,Т) =3 -(В-К)С, (S.t; В,Т) + en if B» К. 


2 
х Е (пат) 
1 
2 


+(В-ЮС, (Ш.авт)| 
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7. Up-and-Out/Up-and-In Put Options. Let {W, UE 0) be a P-standard Wiener process on 
the probability space (©, F, P) and let the asset price S, follow a GBM with the following 
SDE 


45, 
t = (и- D)dt+odW, 
5, 
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where и is the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. We consider a European up-and-out put option at time 1, with expiry at time 
T >t, strike K and constant barrier B. 

By constructing payoff diagrams for В < К and В > К, and using the reflection prin- 
ciple, find the up-and-out put option prices. 

Furthermore, using the knock-in and knock-out parity relationship, deduce the up-and- 
in put option price. 


Solution: From the definition of an up-and-out put option price, the payoff diagrams for 
В > К and В < К are given in Figure 4.5. 


РА, TRB), B> К Py (8, TUE BT) B< K 


(a) (b) 
Figure 4.5 Up-and-out put payoff diagrams for (а) B > K and (b) В < К. 


For the case when B > K, at expiry time T the up-and-out put price is the same as a 
European put option price with strike K and therefore we can simply write 


P, (Sr. T; K, B,T) = Р, (Sr, T; K,T). 


By discounting the entire payoff under the risk-neutral measure О and using the reflection 
principle, we can write the solution for the up-and-out put price as 


2 
P,/o( Sst; К, B,T) = P, (5; K,T) - (3) Р, (Zxr) 


B 
wis pes : 
2 162 
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For the case when В < К, the payoff diagram for the up-and-out put option price 
P,jo(S7,T; К, B, T) can be constructed with the following portfolio 


Portfolio = Ёс one put ) Du one digital put with ) 


with strike В strike В and payoff (К — В) 


where Figure 4.6 graphically illustrates the construction of the payoff. 
Hence, at expiry time T we can write 


Ро (Sr, T; K, B, T) = Pys (Sr. T; В,Т) + (K - B) Py (Sp, T; B.T). 
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(K - B)P,(S7,T; В,Т) 


PAS. Т; В,Т) 
+(K - В)Р/(5т,Т; B, T) 


0 В K Sr 


Figure 4.6 Up-and-out put payoff diagram for B < K. 


By discounting the entire payoff under the risk-neutral measure Q and using the reflection 
principle, we can write the solution for the up-and-out put option for B < K as 


2a 
Ро (Syst; K, B, T) = P4, (Sit; B, T) + (К — B) P4 (S,,t; B,T) - (=) 


B? B2 
x |^. Ga) +(K — B) P} (вт) . 
1 i 


Therefore, 


2a 
B, (S t K,T) - (2) Р, (ЕШ 12:23: 
1 


Р,(8,5В,Т)ы(К-ВУ)Р,(8, В,Т) 


= ығ B „вт ifB<K 
B bs gt ? . 


+(K — B) Pj (ив) 


Р, (Su t; K, B,T) = 


From the knock-in and knock-out parity relationship 


P,j (51; K, B,T) + Ре (5,1; K, BT) = Pys (S. К,Т) 
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the corresponding up-and-in put option price at time t becomes 


5, 2a в? | 
= Р,, | ---,1:К,Т if B> K 
B S, 
Py; (Spt; K,T) — P4, (S5 B,T) 
Р (S, f; K, B,T) 24 -(K 8) Р, (51; B,T) 
4(2) P (= pA ifB«K 
m bs “aq +29, . 
B "75 


+(К-В)Р, (.пһт) 


1 


8. Down-and-Out/Down-and-In Put Options. Let {W, :1> 0) be a P-standard Wiener рго- 
cess оп the probability space (Q, F, Р) and let the asset price S, follow а GBM with the 
following SDE 


48, 


t 


where и is the drift parameter, D is the continuous dividend yield and с is the volatility 
parameter. We consider a European down-and-out put option at time 1, with expiry at time 
Т >t, strike К and constant barrier В < К. 

By constructing a payoff diagram and using the reflection principle, find the down-and- 
out put option price. 

Furthermore, deduce the down-and-in put option price using the knock-in and knock-out 
parity relationship. 


Solution: For the down-and-out barrier put option we know that the option expires worth- 
less if the barrier B is triggered, and since we are dealing with a down-and-out put option, 
the barrier В must be set below the strike К, i.e. В < К; otherwise the payoff will be 
knock-out (see Figure 4.7). 


ва AER B,T) 


0 B K Ку? 


Figure 4.7 Down-and-out put payoff diagram for В < К. 
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The payoff for the down-and-out put option Р,/,(5т,Т; К, B, T) can be constructed 
with the following portfolio 


with strike K 


_ | / Long one put Long one digital put with 
with strike B strike B and payoff (K — B) 


Portfolio — ( Long опер 5 


where Figure 4.8 graphically illustrates the construction of the payoff. 
At expiry time T we can therefore write 


Р,/0(5т.Т;К,В,Т)-Р,(5,,Т;К,Т) 
-(|Р,,(8г,Т:8,Т)-(К-В)Р,(5г.Т:8,Т)|. 


By discounting the entire payoff under the risk-neutral measure О and using the reflection 
principle, we can write the solution for the down-and-out put option as 


Pijo (Sit; K,B,T) = Pys (5,5 K,T) 
—[P,, (51; B, T) + (К — B) Pj (5,1; B,T)} 


From the knock-in and knock-out parity relationship 
Рай (528 К, B,T) + Ро (Sy, t; K, B, T) m Py, (S, t; K,T) 
the corresponding down-and-in put option price at time t is 


Рай (5,,5К,В,Т) БЕ Py; (St: E, T) = Pijo (5,,5К,В,Т) 
= Pys (8, B. T) + (К – В)Р, (5,1; B.T) 
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ыг Р, | >t, K,T 
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P,,(S7,T; В,Т) (К - В)Р,(5т,Т; B, T) 


PAST. T; B, T) 
+(К - В)Р,(5т,Т; B, T) 


Py GT, T; B,T) 


+(K - В)Р,(55,Т:8,Т 
BUT K,T) ( )PalSr ) 


0 В К Ж» 


Figure 4.8 Construction of a down-and-out put payoff diagram for В < К. 
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4.2.3 Further Barrier-Style Options 


1. In—Out Parity with Rebate at Expiry. Assume we аге in the Black-Scholes world where at 
time f < T, the asset price S, follows the SDE 


dS, = (и — D)S,dt+oS,dW, 


where и, D and c > 0 are the drift, continuous dividend yield and volatility, respectively, 
W, is the standard Wiener process and there is a risk-free asset which earns interest at a 
constant rate г. Let V,.(S,, t; К, T) be the price of a European option satisfying the Black- 
Scholes equation 


OV» 1 
ot 2 


ду; | : 
-rV (Spt, K, T) 20 


9? V, 
2с2 b 
б^ 5; * +(r—D)S, 25 


2 
д5; 


with boundary condition 
У,(8т,Т; K,T) = V(ST) 


where W( S7.) is the option payoff for a strike price К at expiry time Т. 


By incorporating a rebate R payable at expiry time T', we define V Se t; K, B, T), 


ТЕЗ 5 К,В,Т), Vet К, B, T) and Ve t; K, B, T) as the European up-and- 
out, down-and-out, up-and-in and down-and-in options, respectively with common barrier 
B, strike price K, rebate К and expiry time Т. 

Show by setting up independent portfolios that 


VA Get К, В,Т) + УЛ Ge 5К,В,Т)-У,(5,;К,Т)- Ве "То 
апа 
УА (8,5К,В,Т) c VG, t; К, В,Т) = VG, t K,T) + Re "07. 


Solution: At time г < Т, we first set up the portfolios IIA(S,, 7) and ПА(,5,, f) with each 
having the following options 


IAS, f) = VA (S, t; К, B,T) + VA GS, 5 К, B,T) 
(5,5 K, B, T). 


IPS, t) = IXG t; K, B,T) + Vin 


First consider ПА($,, 1) where at expiry time Т, only one of the two barrier options сап be 
active. If barrier В is triggered (Sy > B), then 


Vr T K,B,T) = R and VA Sr Т.К, B,T) = V, (Sg, T; К, B,T) 


where V, (Sr, T; K, B, T) is the European up-and-in barrier option payoff without rebate. 
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However, if the barrier B is not triggered (S7. < B), then 


(5т,Т;К,В,Т) = К 


1 


VA (Sr. T; K, B,T) = V, (Sr, T; К, B,T) and УА 


where V,j,(Sr, T; K, B, T) is the European up-and-out barrier option payoff without 
rebate. 

In the same vein for MCS, t; К, B, T), at expiry time T if the barrier is triggered (S. < 
B) then 


УА (51.7; К,В,Т)- Капа Vis Sr. T: К, B, T) = И, (5т,Т; К, B, T) 
where V; (S, T; К, В, T) is the European down-and-in barrier option payoff without 


rebate. 
Finally, if B is never triggered (Sy > B) then 


VIA Sr. T: К, B, T) = Vj (Sr, T; К, B, T) and Vr. T: K,B,T)=R 
where V; (Sr, Т; К, B, T) is the European down-and-out barrier option payoff without 


rebate. 
Hence, at expiry time Т we һауе 


VA (5т.Т;К, В.Т) + VAGr, T; K, B, T) = V, Sy. T; K, B. T) 
uL E T;K,B,T) 


+R | ав + Is <p 
=V,,(87,T;K,T)+R 


and 


Vj Sr T; К, В,Т)+ VA (Sy T; К, B,T) = Vo (Sp. T; К, В,Т) 


1 
+Ил(5т,Т;К,В,Т) 


+R | Is <в + эн 
-Ү,,(5ү,Т:К,1Т)--Е. 


By discounting the terminal payoffs back to time 1, we can conclude that 
Vii Se K, BT) + VG, t K, В.Т) = VG, t K,T) + Ве "То 
and 


Vf Sets K, B, T) E Vi; Gy t K, BT) = У„(51; K, B. T) + кеті? 
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2. Up-and-Out/In with Rebates at Expiry. Assume we аге in the Black-Scholes world where 
at time т < Т, the asset price 5, follows the SDE 


dS, = (и — D)S,dt + oS,dW, 


where и, D and c > 0 are the drift, continuous dividend yield and volatility, respectively, 
W, is the standard Wiener process and there is a risk-free asset which earns interest at a 
constant rate r. 

Let V4,CS,, t; К, T) be the price of a European option satisfying the Black-Scholes equa- 
tion 


OV is 


1 дү, 
ot 2 


95, 


2,29 Уы 166 руу —rV,.(S,,t;K,T) 20 
d ' д5? r t FVp op, A, = 


with boundary condition 
У,(8т.Т; K,T) = V(ST) 


where W( S7.) is the option payoff for a strike price К at expiry time Т. 
By incorporating a rebate R payable at expiry Т, we define VS t; K, B, T) and 
VA Se 1; К, B, T) as the European up-and-out and European out-and-in options, respec- 
tively with common barrier B, strike price К, rebate К and expiry time Т. 
Using the put—call parity for European digital options and the reflection principle, show 
that the formula for an up-and-out barrier option incorporating a rebate R payable at expiry 
T is 


V Sot; К, B,T) = V, t; К, В,Т) 


S. 2a в? 
+R |С,(65,45В,Т)-1-5| Р,(--,:8,Т 
В 5, 


where V,,/,(5;,t; К, B, T) is the European up-and-out barrier option without rebate, a = 
1 у= р 
2 122 


options defined as 


) Cj CX,t; Y, T) and P4(X,t; Y, T) are ће European digital сай and put 


log(X/Y)  (r - D- 102)(Т - t) 
СОО Үл о гч 


oNT -t 


and 


вауу og(X /Y) —(r 502) ) 


oyT -t 


respectively. 
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Finally, deduce the general solution for the up-and-in barrier option price with a rebate 
R payable at expiry T. 


Solution: For the up-and-out case, we can split the option price into two parts 


R 


u/oSt> t; B, T) 


УА (Sits K, B, T) = V, (5, KB, T) +V 
where V,,/,(.S;,t; К, B, T) is the usual European up-and-out barrier option price which 


only exists for S, < B, whilst when the asset reaches the barrier (i.e. S, = B) the option 
—R 
V oS t; В, Т) takes the form 


—R 
VS t; B, T) = R e 1-0. 
From the put-call parity for European digital options we have 


C,(S,,t; B,T) + P,(S,,t;B,T) =е 4-9 


such that at expiry T 
. _ jo ifS;,«B 
and 
1 _)1 ifS;xB 
Риби. T AD = {| if Sr > B. 


Note that P,(S,,t; В, Т) # 0 for S, < В, t < T but its reflection does vanish such that at 
expiry time T 


where for the reflection part the payoff is only valid for Sy > В. 
Since we only consider the range 0 < 5т < В for an up-and-out barrier option, we can 
set 


LR Se 2a 
V, (Sr. T; B,T) = К | nane (2) Р, (£r г) | 
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By discounting the entire payoff back to time f using the risk-free interest rate ғ, we һауе 


—R 5; 2a в? 
У,/(5ь5В.Т)- В |CS B, D+F) Py (BT 


where for S, = В 


—R 
V, (B.t; B,T) = К [C,(B,t; B, T) + P4 (B,t; B,T)| 


=R e "1-0. 


Hence, by adding back the up-and-out barrier option without rebate, the general solution 
of an up-and-out barrier option with rebate payable at expiry Т becomes 


VA (Set K, BLT) = V4, t; К. В.Т) 


S. 2a в? 
+R|C,(S,t:B,T)+( =) Р, | =,5В,т ||. 
В 5; 


From the in—out parity for barriers with rebates at expiry 
ГАС К, В,Т) + УА Se t; K,B,T) = V,,(S,,t;K,T) + Re" 


where V4,CS;, t; К, T) is the Black-Scholes formula for a European option written on asset 
5, with strike К and expiry time Т. Therefore, the up-and-in barrier option price with a 
rebate R payable at expiry T' is 


V (i 5 K, В.Т) = Vy (Spt; K,T) – VG, t K, B. T) 
+R [e "07? — C,(S,,t; B, T) 


S. 20 Э 
-(—) Р В ьв,т}\|. 
В 5, 


3. Down-and-Out/In with Rebates at Expiry. Assume we are in the Black-Scholes world 
where at time f < Т, the asset price S, follows the SDE 


dS, = (и — D)S,dt + oS,dW, 


where и, D and c > 0 are the drift, continuous dividend yield and volatility, respectively, 
W, is the standard Wiener process and there is a risk-free asset which earns interest at a 
constant rate r. 
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Ге(У,,(5,,5 К, T) be the price of a European option satisfying the Black-Scholes equa- 
tion 
2 
д 1222 д Vis 
дї 2 Ж 52 


u — 1,08, 65 K,T) = 


with 
V,(S7,7;K,T) = %(5т) 


where Ф (5) is the option payoff for a strike price К at expiry time Т. By incorporating a 
rebate R payable at expiry T, let V/A Ge t; K, B, T) and У Gr t; К, B, T) be the Euro- 
pean up-and-out/in options, respectively with common barrier B, strike price K, rebate R 
and expiry time Т. 

Using the put-call parity for European digital options and the reflection principle, show 
that the formula for an up-and-out barrier option incorporating a rebate R payable at expiry 
T is 


Vj (Si 5 K, BT) = Ул S, t5 К, B,T) 


S 2a 5 
А В | 
+R (2) с, (& ‚5 В, T) + Py(Sit 8.1) 


where У, JSt t; К, B, T) is the European down-and-out barrier option without rebate, 
1 г-0р 
2 162 


put options defined ав 


, Ca(X.,t;Y,T) and P4(X,t; Y, T) are the European digital call and 


log(X/Y) + ("= D- 50°\(T – t) 
C, (X, tY, T) S e "ТФ | — 5 


oyT -t 


and 


-log(X/Y)- (r— D— о?)(Т -1) 
P(X, 6Y, T) ет" 9| —————— —————— 


сүТ-1 


respectively. 
Finally, deduce the general solution for the down-and-in barrier option price with a 
rebate R payable at expiry T. 


Solution: For the down-and-out case, we can split the option price into two parts 


Vf, Sit; K, B, T) = Vj (8, K, B,T) + ИВ Р) 
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where V; ,(5;, t; К, B, T) is the usual European up-and-out barrier option price which 
—R 
only exists for S, > B, whilst when S, = B the option V quU t; B, T) takes the form 


Y 6 t; B,T) = Re "4-9, 
From the put-call parity for European digital options we have 
C4(S,,t; B, T) + P(S, t; B,T) = e "То 
such that at expiry T 


0 if SL < В 


and 


1 #5. < В 
Риби, ТВ.) = {| if S > B. 


Note that C,(S,,t; B,T) 5 0 Юг 5, > В, t <T but its reflection is where at expiry time 
T 

5 20 2 5 20 

ши Шол ле ка еше жы 

В ST B (£25) 


where for the reflection part the payoff is only valid for Sy < В. 
Since we only consider the range 5т > В, for a down-and-out barrier option we can 
set 


ЖЕ, SX в? 
Ул/(5т.Т7;В,Т)-К|(-- С,| —.T;B,T | + P4GT,T;B,T)|. 
m B Sr 
By discounting the entire payoff back to time t using the risk-free interest rate r, we have 


m . 5, е В? . . 
Vy (S5 В.Т) = К ||) Ca SORT + P4, t; B, T) 


where for 5, = B 


—R 
V,,,(B.t; B.T) = R (С, (B.t; B, T) + P4GS,.t; B, T)] 


=R e "1-0 . 
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> 


Hence, by adding back the down-and-out barrier option without rebate, the general solution 
of a down-and-out barrier option with rebate payable at expiry Т becomes 


Vf) (S, К, BLT) = V44 (S, t5 К, В,Т) 


S. 2a 2 
R гү c( E sa) PG. EBT 
t B d s , T "i ps ? ) . 
1 


From the in-out parity for barriers with rebates at expiry 
Vis (Si t K, B.T) + VIG, 6 K, B, T) = Vit; K,T) + RET 
where V4,CS,, t; К, T) is the Black-Scholes formula for a European option written on asset 
S, with strike K and expiry time Т. Therefore, the down-and-in barrier option price with 
a rebate R payable at expiry T' is 
Vf Gr t; K, B,T) = И,, (5, K,T) - V4 (S, t; К, B,T) 


S. 2a Bg 
+R pe (=) С) (Ед 
| В 5, 


— Ри (5,1; B,T)| » 


. Up-and-Out/In Barrier Options with Immediate Rebates. Let {W, UE 0) be a P-standard 


Wiener process on the probability space (Q, F , Р) and assume that we are in the Black- 
Scholes world where at time г < Т, the asset price S, follows the SDE 


dS, = (и — D)S,dt + o.S,dW, 


where и, D and c > 0 are the drift, dividend yield and volatility, respectively, and there is 
a risk-free asset which earns interest at a constant rate r. Let V4,(S,, t; К, T) be the price 
of a European option satisfying the Black-Scholes equation 

ovy aV 


o° S; — z + (7 = DS — rV G5 K, T) = 0 
д5, 


oV 1 
кнын, + ра, 
ot 2 ít 282 


with 


У,(58т,Т;К,Т)- ЧФ(5т) 


where Ф (т) is the option payoff for a strike price К at expiry time Т. 

By incorporating a rebate R payable at knock-out/knock-in time т, t X c <T, let 
Vij St t; К, B, T) and VA t; K, B, T) bethe European up-and-out and up-and-in bar- 
rier options, respectively with common barrier B, strike price K, rebate R and expiry 
time T. 
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By writing 


ECS t; K,B,T)= V, S;. t; К, B. T) + V. R (S,t; B,T) 


Kija 
V Se К, В,Т) = У,/1(5;, t; K,B,T) + 


и/о 


И (ЗЫН В,Т) 


where V,,/,(S;,t; K, B, T) and V, jS, t; К, B, T) are the European up-and-out and up- 
and-in barrier option prices without rebates, respectively, whilst ИЕ (Spt; B, T) and 


VEG, t; B, Т) are the corresponding option prices associated with immediate rebate at 
knock-out/knock-in time, show that 

PR Spt; К, B,T) = RC" (S, t; B,T) 
И (в; К, В, Т) = RP?"(S,t; B,T) 
where С AMS, t; В, T) and Pens, t; В, Т) are the immediate-touch call and put options, 
respectively defined as 


SN S.\ 4 
C2" (S t; BIT) = (3) оао (=) Ф(а ) 


апа 
SN S.N 
PA"(S,t; B,T) = (2) Ф(-4,)- (2) Ф(-а.) 
such that 
4 -07-0-102)-ү(8-0-1028 42028 
+7 a эш 7 
log(S,/B) + (T —1)\/(r — D — 402) + 20?r 
КУ угт 
апа 


is the cdf of a standard normal. 
Finally, verify that 


R GS, K, B,T) + VÈ (5,1, K, B,T) = VG, t; KT) 


HORON! 


Vajo u/i 
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Solution: At time t we first set up the portfolio ПЁ(5 1) having the following options: 
ПАС, £) = V4 GS, t: К,В,Т) + Vii Gy t5 К, В,Т) 
where 


V Sits К,В,Т) = V4, 5 К, BT) + Vj Gy t; В,Т) 
V (Sit К,В,Т) = V, 5 К, BLT) + V5 GS, t; B,T). 


At any time cz, < т < Т, only one of the two barrier options сап be active. If barrier B 


is triggered, that is тах, S, > B such that V,,/,(S;,t; К, B, T) vanishes, then under the 
t<t< 


risk-neutral measure Q the rebate price is 


V Sts K, B,T) = VA Gy t; В,Т) 


= RE? | max e" 7-?q 
1<т<Т $,2B 


Correspondingly, if шах, 5,2 B then the rebate price VEG, t; B, Т) vanishes so that 
t<t< 


= RC” (S, t, BT), 


V (i 5 K, BT) = У, Gt К.Т). 


In contrast, if the barrier is not triggered, max, 5, < B, then under the risk-neutral mea- 
1<т< 


өше О 
V Sot; K, B.T) = V4 S, 5; К, В,Т) 
and 


VA Got К,В,Т) = V 


1 


(Spt; В.Т) 


1 


= RE? | max e"7- 1 
т<т<Т S,«B 


Р ОЎ ВТ) 


Thus, we can conclude that the European up-and-out/in barrier option prices with imme- 
diate rebates are 


VA Sti К, В.Т) = Voi К, BT) + RC" (Sr В,Т) 
V Se t; K, B, T) = V, (Ss t; K, B,T) + R P” (S, t; B, T). 
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Finally, by substituting the values of COS: t; B, T) and рот t; B, T) (see Prob- 
lems 3.2.3.15 and 3.2.3.16, pages 339—345) and using the identity of standard normal den- 
sity, we can express 


R (Spt; K, B, T) + V8 (S, t5 K, B, T) = V4, t; K, B, T) + V,j GS, t; K, B, T) 


LAN u/i 
+R [C2"(S,, t; B, T) + P” (S, t; В,Т)) 


= Р,(5,5 K,T) 
5 CAVE s, 
la) *G) | 


5. Down-and-Out/In Barrier Options with Immediate Rebates. Let {W, UE 0) be a Р- 
standard Wiener process on the probability space (Q, 2, Р) and assume that we are іп 
the Black-Scholes world where at time t < Т, the asset price S, follows the SDE 


dS, = (и — D)S,dt + o.S,dW, 


where и, D and c > 0 are the drift, dividend yield and volatility, respectively, and there is 
a risk-free asset which earns interest at a constant rate г. Let V,.(S,, t; K,T) be the price 
of a European option satisfying the Black-Scholes equation 


OE 21 22207; aV 
SE Hd oss = DS c VOS KT 
3:556 Ёл +(r ) rV(S; )- 


with 
V(ST,T; K, T) = Y(ST) 


where (S) is the option payoff for a strike price К at expiry time T. When incorporating 
a rebate К payable at knock-out/knock-in time t,t <t € T, let V ПАЛ t; К, B, T) and 
V due t; K, B, T) be the European down-and-out and down-and-in options, respectively 
with common barrier B, strike price К, rebate К and expiry time Т. 

By writing 


£r ji 5 K, B, T) = V4 (S, 5 K, B. T) + 5,1; B,T) 


2 


Spt; K, B,T) = (5, К, B,T) + VEG, t; В,Т) 


ve ай 


where Ил (5,1; К,В,Т) and У.//(5,, K, B, T) are the European down-and-out and 
down-and-in barrier option prices without rebates, respectively, whilst m (Sits B,T) 
and V НАС o 65 В,Т) are the corresponding option prices associated with ко rebate 
at knock-out/knock-in time, show that 

VF Seti K,B,T) = RC2"(S,t; B,T) 


VF (5,5 К, B,T) = RP?"(S,t; B,T) 
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where C AM Sp, t; В, T) and РА"(5 „Е В, T) are the immediate-touch сай and put options, 
respectively defined as 


24 | T S, Ay S, A. 
Cj CS, t; B,T) = B (d) + B Ф(а_) 


апа 
" s V^ s, V 
Р, (8,5 В,Ту- F Ф(-а.) + 3 Ф(—а_) 
such that 
-(r-D- 562) - үе -D- 562): + 202r 
PEE 
£ c? 
log(S,/ B) + (T t) (r - D — 502) + 20?r 
qe ЕЕ 
Б сүТ-1 
апа 


х 1 
Ф(х) = / ШЕ” 
-œ \/2л 


is the cdf of a standard normal. 
Finally, verify that 


Vf Gi в K, BT) +V Snt; K, В,Т) = У,(8,К,Т) 
+В END + NT 
B B | 
Solution: At time t we first set up the portfolio TCS 1) having the following options 
I5, 2) = Vf Ge 5 K, B,T) + V Sr t; K, B,T) 


where 


Vf, (Si. в K, B. T) = Vajo(Si.ts К, B. T) + Vj, (Snt; В.Т), 
Vj Si 5 К, B.T) = Vqj S, 5 K, B.T) + VG, t; BT). 
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At any time т, t < т € T, only one of the two barrier options can be active. If barrier 
В is triggered that is max S, < B such that V; /,(S,, t; K, B, T) vanishes then under the 
1<т<Т 


risk-neutral measure @ the rebate price is 


Vii (Si t K, B, T) = Vj, (5,1; В,Т) 


= RE? | max e" T7? q 
1<т<Т 5,<В 


= RPÍ"(S, t; BT). 
Correspondingly, if max, 5: < B then the rebate price VEG. t; B, T) vanishes so that 
1<т< 
Vii S, t K, B. T) = V4jGS, t; К, B, T). 


1 


Conversely if В is never triggered, max, S, > B then under the risk-neutral measure Q 
1<т< 
Vj Si. t К, В,Т) = V4j, (5,1; К,В,Т) 
and 


Vii S, t; K, B.T) = Vf, GS, t; В,Т) 


= RE? | max e "Т-Э1 
po S,>B 


= RC" В,Т). 


Thus, we can conclude that the European down-and-out/in barrier option prices with imme- 
diate rebates are 


У (5 5К,В,Т)-У,/(5,5К,В,Т)- R PA"(S,,t; В,Т) 
Vi Ge t; K, B, T) = V4 (S, t5; К, B,T) + RC/"(S,t; B,T). 
Finally, by subsituting the values of C ғ UNA t; B, T) and PON S. t; B, T) (see Problems 
3.2.3.15 and 3.2.3.16, pages 339—345) and using the identity of standard normal density, 
we can write 
Vf Ge GK,B,T) + V Se t; K, B, T) = Vg (S; t; К, B, D) + Ул (5,1; К, B,T) 


+R [PA"(S,,t; B, T) + C2"(S,. t; B, T)] 
= V4, GS, t; K, B, T) 


"(8 6) | 
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6. Reflection Principle Properties for Black-Scholes Equation. Assume we are in the Black— 
Scholes world where at time f, the asset price S, follows the SDE 


dS, = (и — D)S,dt + oS,dW, 


where и, Р and o > 0 are the drift, dividend yield and volatility, respectively, W, is the 
standard Wiener process and there is a risk-free asset which earns interest at a constant 
rate ғ. Let И(5,,1,К,Т) be the price of a European option satisfying the Black-Scholes 
equation 


дү 


1 2о292У дү 
ot 2 d 


2 : = 
oS 252 +(r— 2595, —rV(S,,t;K,T) =0 
with 


V(S7,T; K,T) = 4(5т) 
where Ф(5т) is the option payoff for a strike price К at expiry time Т. Show that 


S,e-PT-) апа Ke7'( 7? satisfy the Black-Scholes equation. Hence, deduce from the 
reflection principle that for a constant B 


r-D 


es 1- 
5, (%) 26 e D(T-0 and К (%) j^ e (TD) 


also satisfy the Black-Scholes equation. 


Solution: By setting V(S,, t; K,T) = S,e “4-9 we have 


Ve DS, 29, же e DT-0 and zr =0 


1 


ді 95, 


and substituting the partial derivatives into the Black-Scholes equation we һауе 


OV 1 52,.29V oV 
42025 +- D)S,— – rV(S, t; KT 
д 2^ 8 052 ac тй ) 


= ре 2479 +r- D) S e7 P070 = rS,e D(T-0 
= 0. 


In contrast, by setting V (S,, t; K, T) = Ke~"- and taking partial derivatives 


and substituting them into the Black-Scholes equation we have 


—— 


2529? V 
дї d 


oV 
+e- DS, avs KOT) =0. 
282 ‘dS, | 
Therefore, we can conclude that both S,e~?7—9 and Ке-"7-0 satisfy the Black-Scholes 
equation. 
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If V(S,,t; К, T) satisfies the Black-Scholes equation then from the reflection principle 


for a constant B, (s,/B)* V (B?/S,, t; K, T) also satisfies the Black-Scholes equation 
2 1 r-D 
deda = -|1- 

provided а = 2 г. 


26 
2 
Hence, using the reflection principle 


2 2(a—1) zx 
2 i B? е-Ра-0 — S, 5 г е-1ХТ-4) — 5, St je eg DT-0 
B 5, В В 


апа 


2 1- 
5, Ке-(Т-0-Кк 5,\ 122 е-"Т-9 
В В 


would yield an additional two solutions to the Black-Scholes equation. 


7. Reflection Principle for Black Equation. Assume we are in the Black-Scholes world where 
at time f, the asset price 5, follows the SDE 


dS, = (и- D)S,dt + oS,dW, 


where и, D and с > 0 are the drift, dividend yield and volatility, respectively, W, is the 
standard Wiener process and there is a risk-free asset which earns interest at a constant 
rate г. Recall that the price of a futures contract at delivery time Т on an asset ‚5, at time 
tis F(t, T) = S,e"-D(T-D and for an option with value V(F(t,T),t; К, т) on a futures 
F(t, T) with strike price K, expiry time т < Т the corresponding Black formula is 


wv 1 TUA 
— + -0o F(t, T) —— —rV(F(t,T),t; K, 7) = 0. 
a + 50? Fe TY аҙ VEGTER 2) 


Show that if V (F(t, Т), 1; K, т) is a solution to the above equation, then so is 
(FG, T)/ BV (B'/F(, T), t К, т) 


for any constant B. 

Hence, for a constant B, show that the prices of European call C4, (F(t, T), t; K, 7) and 
put P, (F(t, T), t; К, т) options on F(t, T) with the same strike К and expiry т < T have 
the following relationships 


K B? F(t,T) B? 
В Св (rem. e) = В Py, | =t; K,T 


апа 


К в? F(t,T) в? 
в?» (кты 5.) - В С;; QUT]. 


4.2.3 Further Barrier-Style Options 423 


» 2 
Solution: Let F(t, T) = S uM and define 
F(t, T) 


POG T) t, К,т) = Py (£a. Т); кл) | 


By differentiating (Е (t, T), t; К,т) with respect to t and F(t, T) we һауе 


ov EGT) oV 


дї В дї 
07 _ VFOT).1) , ECT) av o£ 
OF _ B Вв 9poF 
_ Уфо,тэл) | Ев,туду (__B? 
| B B ОРЦ ғат) 
VT.) B v 
B F(T) af 


and 
eV _ 1oVoF B oV в VoF 


OF? BgfgoF F(,TP9gf£ FT) әр дЕ 
В UM c Жж OV A 2) 
FENTY ор F(,TPoP NF(.T)] ор? 


cq Ip Par 
“ ХЕО,Т)/ of» 


By substituting the above expressions into the Black formula we have 


are + 50° FU, rp eh - rf (FG, T), t: Kv) 


у(Ра,Т), t; Kc) 


о. 
2 ЕСТ) WV 1, т ( В ) = ЕФТ) 


B à 2 of? В 


_ FT) E + тату ( В ) av -rV (ÊG, T), t, К E 
B F? 


= Ем + уо°Ра, Шаға —rV(FU,T),t;K, 2 
=0 
since 
UAR lS? r2 2 Y. -rV (F, T), t; К,т) = 
ot 2 ДЕ? 


Hence, for a constant B, (F(t, T)/ B)V (82/Е(, Т), К,т) also satisfies the Black 
formula. 
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Finally, to show the relationship between the call and put options on F(t, T) we note 
that at expiry z « T 


С; (F(7, T), т; K, 7) = max (Ғ(т,Т)- K,0) 
Р, (F(7, T), т; K, v) = max {К — F(t,T),0}. 


Thus, 


2 2 
Fe Dp. B ,т:К,т| = LACER K- 26 
B F(t,T) B F(t,T) 


a FG) К max [re - Жо) 


В F(T) 


2 
= K max { re. - то) 
В К 


2 
с (re. Т),т; =, 3 
and similarly 


Е(т,Т 2 Е(т,Т 2 
52 с E ‚т;К,т|= с“, ДЭГ В -К,0 
В Е(т,Т) В 


_ Ев,Т) К max { = _ кето) 
В Е(т,Т) K 


2 
- K тах [f - кето} 
К 


В 


2 
- Ер, СЕХ 5.) ; 


Hence, for all t < т we can deduce that 


2 F(t,T 2 
К. F(t,T),t; Б = (t, ур, 28 oe 
В К В F(t,T) 


and 


2 F(t,T 2 
Зэр, FET), t, т = @, FA B iK, . 
B K B F(t, T) 


8. Knock-Out and Knock-In Options on Futures. Let { W, : t > 0} be a P-standard Wiener 
process on the probability space (Q, F, P) and assume we are in the Black-Scholes world 
where at time f, the asset price S, follows ће SDE 


dS, = (и — D)S,dt + o.S,dW, 


where и, D and o > 0 are the drift, dividend yield and volatility, respectively, and there is 
a risk-free asset which earns interest at a constant rate r. 
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Given that the price of a futures contract at delivery time Т on an asset S, at time f is 
F(t, T) = S,e-DXT-? and under the risk-neutral measure Q, find the European up-and- 
out/in and down-and-out/in call and put options on futures at time f, expiring at time t < T 
with strike price K and barrier B. 


Solution: From Girsanov's theorem, under the risk-neutral measure Q, S, follows 


48, Ч 
—. = (r — D)dt+odW, 
5, 


=r 
where w?2 шүгэл t+ W, is а Q-standard Wiener process. For Т >t and given 


б 
F(t, T) = 5,60-0ХТ-0, from Taylor's theorem 


2 
дЕ@,Т) | EGT) jg p 19? F(,T) 


ау ET 
95, ' 2 gp WOW 


dF(t,T) = 


and by applying Ito's lemma we have 


аЕа,Т) = сањо. 
Е(,Т) d 


Hence, for т < T the solution to the above SDE is 
F(z, T) = F(t, Tje P 
where W = -3e(T —t)+ we. 
By comparing both the SDEs for an asset price S, and the futures price Ғ(1,Т), the 


equivalent up-and-out/in and down-and-out/in call and put option prices for futures expir- 
ing at т € Т can by setting г — D = 0 and replacing S, with F(t, Т) so that 


Cujo (F(t, T), t; К,т) = Cys (F(t, T). t; Kv) 
—[C,, (F, T), t; В, т) + (B – K)C4(G' (6 T). t; B, т)] 


F(t,T) B 
= B (с, (aks) 
В? 
= ler (ғаз) 
2 
+(B – K)C, (prene) 


Сл (F(t, T), t; K, T) = Cp; (F(t,T), t; B, т) Ер (В ны К)С:(Е(,Т), t; B,v) 


F(t, T) В? 
Qucm £K, 
шин ( bs Ge T) 3 


2 
= Cy; HC DNE 
FET) 
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Сар» (F(t, T), t; К, т) 


Сал FT), t5 К, т) 


Ро (F(t, T), t; K, T) 


P, ji (F(t, T), t K, T) 


Cy, C'(t, T). t; K,T) 
F(t,T 2 
О Вин ГЖ 
В F(t,T) 
Cbs (F(t, T), t; T, B) 
+(В — K)Cy (F(t, T), t; В, т) 


F(t, T 2 
NE | (5) ШВ>К 


Ға,т 2 
(6 сс, 5 HE ifB<K 
B Е(,Т) 


С, CF(t, T), t; K, 1) 
-С,; (F(t, T), t; B, T) 
-(B — K)C, (F, T), t; В, т) ifB>K 


F(t,T 2 
+ (f, ) Е (ғары) 


В 
+(В— К)С, 


Py, F(t, T), t; K,T) 
F(t,T 2 
ERG (ане ыл!) ЖЕЕК 
В F(t,T) 
Py; (ЕТ), г; В, т) 
+(K — B)P, (F(t,T),t; В, т) 


F(t,T 2 
eal (ева) if B< K 


2 
ЁФТ) р (ike) 1В-К 
В 


24/2) Р, шавь ї;В,т 
В BNET ? 


2 
кк ВР, (2 _ Br | В<К 
—(К — B)P4 (F(t, T), t; В, т) 
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Pajo(F(t,T),t; К,т) = Py, CF, T), t5 K,T) 
-|Р,(Ғй,Т), В, т) + (К — B)P,(F(t,T),t; В, т) 


ЕЛ9 Р Eu 5 K,c 
B bs \ FT) 


Тай (F(t,T),t; K,T) = Р, (F(t, T), Е; В, т) + (К - B)P,(FC,T),t; В, т) 


Ға,Т) B 2 
+ B b. (ike) 
a |n. (seater) 
FT) 
B 
+(K т? В)С, (225 вл) } 


where C,,(X,t; У, т) and C,(X,t; Y, т) are the vanilla and digital call options on futures 
defined as 


105(Х куче -1) 
C4 UG EY, v) = eT- Е (Со 
o(t — t) 


(94 2% 502(т = "у 
-ҮФ тэгээ ан 
о(т-1) 


апа 


loe( X /Y) —162(c -t 
o(t — t) 


апа P4,(X,t; Y,v) and P)(X,t; Ү,т) are the vanilla and digital put options on futures 
defined as 


o(t — t) 


(- log(X /Y) — 502(7 = ") 
=). A 
o(t — t) 


—log(X /Y) + 102(т — 0) 
P, (X,Y, т) =e") |» (cM 
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and 


—log(X /Y Tun Zirt 
P X,t Y, c) =е ОФ (it) 
о(т-1) 


х 1 
| gea du is the cdf of a standard normal. 


respectively. Note that Ф(х) = / 
-œ \/2л 


9. Knock-Out Equity Accumulator. Assume we аге іп the Black-Scholes world where at time 
t, the asset price S, follows the SDE 


dS, = (и — D)S,dt + oS,dW, 


where и, Р and o > 0 are the drift, dividend yield and volatility, respectively, W, is the 
-standard Wiener process on the probability space (Q, F, Р) and there is a risk-free asset 
which earns interest at a constant rate r. 

An accumulator is a product that accumulates a specific asset at a fixed strike price K 
every day until the contract expires at time T or the asset price rises above a preset barrier 
level В. Here, К is set below the asset price S, at initial time t < T and К < 5, < В. 
By denoting N as the number of days between f and Т, show that under the risk-neutral 
measure Q the present value of this product at time f is 


N 
V(S,t; K, B,T) = V [Cyj(Sp 5 К, B.) — P, S5 К, В,1) 
ї=1 


where t; = t+ (=) (T -1),i = 1,2,...,N, Су, t; К, B, tj) and P,/,(S,,t; К,В,1)) 


are the up-and-out European call and put options evaluated at time t with common strike 
К, barrier В and expiry time f;, respectively. 


Solution: From the definition of the equity accumulator, the payoff on date 1; is a futures 
contract with a knock-out barrier B where it can be decomposed into a long up-and-out 
European call option and a short up-and-out European put option (see Figure 4.9) for the 
construction of the accumulator payoff. 

By denoting %(5,) as the payoff on date t;, i = 1,2,..., М we сап write 


4(5,) = max { 5, " ко) О 
І<и<1; 


-max {K -8,0) I max S, < В} 
t<us<t; 


and the total accumulated payoff is therefore 


N 
WS, SoS), = У WS). 
1-1 
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yo Sr. T; К, B, T) -Руо(5т,Т; К, B, T) 


Figure 4.9 Accumulator payoff diagram. 


From the risk-neutral measure Q, the value of the accumulator contract at time f is 


N 
V(S,.t; K, B,T) = Ye E® |ж5,)%| 


М 
= Уе r(t;j-t)g- Q max 5, -к,о} I max S, « B) d 
i=l 15и<1; 
М 
- У ситора [те (sn) E nud ей] d 
І<и<1; 


ї=1 
М 
= У [С,,05,,5; К, B. tj) — Р (5,1; K, B, tp) 


і=1 


10. Merton Model for Default of a Company П. At time t, we assume that the asset A, of a 
company satisfies the SDE 


dA, 
А, = udt + сай’, 
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where и is the drift parameter, с > 015 the volatility and (W, : t > 0} is a standard Wiener 
process on the probability space (Q, F , P). The risk-free interest rate is denoted by ғ. In 
financial accounting, the asset A, is a combination of equity E, and debt D, so that 


A, = E, + D, 


where, if at any time t < T, the company will be in default if A, < Е where F > 0 is 
the face value and the debt holders will receive A, whilst the equity holders will receive 
nothing. In contrast, if the company is not in default by time t < Т, the debt holders will 
receive F and the equity holders will receive the rest of the value of the company. 

By constructing the payoff diagrams for Ет and От, and using the reflection principle, 
find the values of E, and D, for all t € T under the Black-Scholes framework. 


Solution: Following Problem 2.2.2.30 (page 158) at terminal time Т, the payoff diagram 
for equity shareholders is given in Figure 4.10. 
Because the company can default at any time t < T, we can write Ет as 


Ет = тах{Ат — Е,0}1{ min A, > F} 
1<и<Т 


which is a down-and-out European сай option on the assets with strike and barrier equal 
to the face value. 

By discounting the entire payoff under the risk-neutral measure Q and using the reflec- 
tion principle, we can write E, as 


E, = C(A,,t; F,T) Ar 47 F? 5 F,T 
‚Жн 19 5» , Е A , 


Payoff 


F Ат 


Figure 4.10 Payment to equity holders at time Т. 
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Payoff 
A 


F 


Figure 4.11 Payment to debt holders at time Т. 


1 : 2 : 
where а = 5 ( - 5) r is the risk-free interest rate, 
2 


(2227 + ("+ 502) = ") 
С(Х,;Ү,Т)у= ХФ | -—————————— 
сүт -t 
—lg2yT - 
уын Ей; ( log(X /Y) + (r – 507)(Т J 
oNT —t 


5 1 
апа Ф(х) = | : e" du 18 the сағ of a standard normal. 
-œ \/2л 


As for payment to the debt holders, the payoff diagram at time T' is given in Figure 4.11 
Given that the debt at terminal time T' is 


by discounting the payoff under the risk-neutral measure Q and from the results of the 
equity holders at time f 
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11. Consider a binomial tree model for an underlying asset process (5, : 0 < n < 3} following 
the Cox-Ross-Rubinstein model. With the initial asset price Sy = 100, let 


uS, with probability z 
S п+1 = 
dS, with probability 1-л 


where и = e^ V^! and d = 1/u, with c the volatility and At the binomial time step. Assum- 
ing the risk-free interest rate ғ = 3%, continuous dividend yield D = 1% and volatility 
с = 4%, find the price of a European-style up-and-out barrier call option at time t = 0 
with strike К = 95, barrier B = 102 with expiry time Т = 1 year in a 3-period binomial 
tree model. 


Solution: Given Sọ = 100, К = 95, r = 0.03, D = 0.01, с = 0.04 and time step At = P 
we have 


0.04 
poe tee qs = 1.0233 
and 


= -ova om. жен 772 
di и = 10233 = 09772. 


Therefore, the risk-neutral probabilities are 


(r-D)At _ 
л = — — 0.6390 


и- 
апа 
1-л=1- 0.6390 = 0.3610. 
The binomial tree іп Figure 4.12 shows Фе price movement of Sp in а 3-period binomial 
model. 
By setting 


SP cua So ї=0,1,..‚п‚, j=0,1,...,i 


the up-and-out call option price at each of the lattice points is 


_ т Сэр” 
жы a [т +а-лк | 17,50 < в 
ыы 
0 ifs?» В 


where i = 0,1, ...,n and j 20,1, ..., i. 
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иЗ 50 
и 50 
ud Sg 
50 ud So 
ud? So 
435, 
435, 


Figure 4.12 A 3-period binomial tree model. 


At terminal node i = n 


max { 5? = к.) if SY < В 
yo 2 (50) ыг 
0 if SY > В. 


At time period п = 3 (i.e., option expiry time Т = 1 year) 


(0) wes 
у,” Ws) 
тах { 435, — К,0) 4455,-8 
0 if 435% > В 


= шах {0.97723 x 100 — 95,0} 
=0 


O 5 weg 
И; = (537) 
max {ud’So — К,0) ifud*Sy < B 


0 if ud? Sọ > В 


= max{1.0233 x 0.97722 x 100 — 95,0) 
= 0.27169 
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0) _ (< 
үр = С) 
max (/2450- К,0) ifu’dSy < В 


0 if u?d Sọ > В 


max (и35- К,0) ifi? Sy < B 


0 ifu^Sy > В 


At time period n = 2 


evi? ea- mY] #425, < В 


СЕ 
0 if 425% > В 
ШТС 
= е7 3 [0.6390 x 2.7169 + 0.3610 x 0] 
= 1.7188 
gt laze +a- луу? if ud Sy < B 
үФ 
2 
0 if ud Sy > B 
0.03 
= е7 [0.6390 x 0 + 0.3610 x 2.7169] 
= 0.9710 
et БА +01 л)и | #и?5, < B 
ү? _ Б 
ЫГ 
0 if w2Sy > B 
= 0. 


At time period п = 1 


ЕТ gt Ей +a- av,” | if dS) < B 
1 ть 
0 45у > B 


0.03 
=e 3 [0.6390 x 0.9710 + 0.3610 x 1.7188] 
= 1.2286 
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” gt [тї +01 ти] ifusy« B 
Ф 2 
0 if uSy > B 


= 0. 


Finally, at time period n = 0 


" gt [ev ® +а-лу®]| #5, < В 
0 = 
0 if Sy>B 


0.03 
=e 3 [0.6390 x 0+ 0.3610 x 1.2286] 
= 0.4391. 


Therefore, the price of the up-and-out call option based on a 3-period binomial model is 
V4 = 0.4391. 


12. Table 4.1 shows the up-and-in call option С,/,(5,,1; K, B, T) prices on an asset S, = $30, 
strike К = $35, time to expiry T — t = 9 months for various barrier values B. 


Table 4.1 European call up-and-in 
prices for different barriers. 


B C, S. t; К, В,Т) 
0 1.76119 

10 1.76100 

20 1.76076 

30 1.76061 

40 1.66433 

50 0.75711 

60 0.19322 


By considering the following payoff 
3 тах{5т – К,0) 1#0 < 57 «40 
WS) = 4 2 шах{5т —К,0} if40 < Sr < 60 
0 if Sr > 60 


calculate the price of this 9-month 35-strike European “partial barrier” option. 


Solution: By setting B, = 40 and B, = 60, the payoff V(S) can be constructed by 
adding two payoffs (Sr) = 3max( 57 — K,0]llozs, <в, and Ғ;(5т) = 2 тах{5т — 
К, О} Ig «s, «p, (see Figure 4.13). 
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%,(5ғ) 


| E 


0 К В, В, Sr 


Figure 4.13 Construction of payoff W(S;.). 


For payoff %|(8-) it is essentially a multiple of an up-and-out call option 
C, Sr. Т;К, B,,T) such that 


%1(5т) = 3C, Sr. Т; K, B,,T) 
= 3 [CCS T; K,T) - Cj CS, T; К, B,,T)| 


where С(5т,Т; K,T) is the European call option payoff with strike К. 
In contrast, for payoff V,(S7.) it can be constructed as in Figure 4.14. 
This is a difference between two multiples of up-and-in call options 


(Sp) = 2 [Сл r. T; К, Bj, T) – Cj GS, T; K, By, T)] . 
Collectively we can express Ч($'т) as 


V(S,) =P (Sp) + (51) 
= 3[C(Sp,T; K,T) - C, GS, T; K, By,T)| 
+2 [C, jS. T; K, Bj, T) - С, Sp, T; K, B5, T)] 
= 3C(Sr. T; K,T) - C, (Sp, T; K, Bj, T) - 2C, (Sp. T; К, B5, T) 
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2C,/,(S7,T; К,В,,Т) 1 2C, 67, T; K, Bj, T) 


0 K В, B, Sr 


Figure 4.14 Construction of payoff Р, (S7). 


and by discounting the payoff back to time 1, the option price is 


V(S,.t; K, Bj, By, T) = 3C(S,t; K,T) — Cy) S, t K, B}, T) 
—2С (5,8; K, By, T) 
= 3 x 1.76110 — 1.66433 — 2 x 0.19322 
= $3.23253 


since C(S,,t; K,T) = Си б; К, 0, T) for barrier В = 0. 


5 
Asian Options 


In this chapter we look at the pricing of Asian options or average options, which are another 
popular variant of exotic options. However, unlike barrier options which are weakly path- 
dependent, Asian options are truly path-dependent options as their payoffs depend on the 
history of the underlying asset price during its contract period. In the simplest terms, Asian 
options have payoffs that depend on the average price of the underlying asset over a prede- 
termined period of time as opposed to the options’ expiry time. Given that the average of an 
underlying asset price is less volatile than the asset path, Asian options can be cheaper than 
their equivalent European or American options. 


5.1 INTRODUCTION 


In general, an Asian option is an option whose payoff depends on the average of the asset price 
over some prespecified period of time and observation frequency during the option contract 
time. For an investor, buying Asian options provides a cost-efficient way of hedging cash or 
asset flows over extended periods of time as the averaging features make the payoff less sus- 
ceptible to large asset price movements, including attempts to manipulate the price just before 
expiry. 

There are two kinds of averaging techniques used in Asian options 


e arithmetic 
* geometric 


where the average can be measured discretely or continuously, weighted or unweighted. The 
majority of Asian options trading in the OTC exchange are mainly arithmetic average prices 
with European-style payoffs. However, no closed-form solution exists for these options due to 
the fact that the arithmetic average is not lognormally distributed even when all the individual 
asset prices follow a lognormal process. As such, the option prices often rely on numerical 
techniques or approximation methods. In contrast, although being less common in practice, 
geometric averaging with a European-style payoff has a closed-form solution since geometric 
averages are also lognormally distributed when all the individual prices follow a lognormal 
process. 
In the discretely sampled arithmetic average case, it is defined as 


n 
1 
Ar, T) = -2,5, 
ї=1 


whilst the discretely sampled geometric average is defined as 


n 


G,G.T) - |] (5) 


1-1 
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where T € t; < <>“ <1_ «t, € T are the sampling dates over the time period |т,Т| and 
S, i = 1,2,...,nis the asset price at time f;. 
For the continuously sampled arithmetic average, it is defined as 


1 T 
A(r, T) = —— S, du 
T —5J; 
and the corresponding continuous geometric average is defined as 
1 Т 
G(t,T) = eT= Se Sy du 
where the asset price S,,, u € [r, Т] is continuously monitored over the time period [т,Т]. 


Within the family of Asian option payoffs, we can group them into average rate (fixed strike) 
and average strike (floating strike) options payoffs. 


Average Rate (Fixed Strike) Option Payoff 


For a fixed strike or exercise price K, the average rate (fixed strike) Asian payoff can be sub- 
divided into the following: 


* For discretely sampled arithmetic average 


n 
max ü У: S, — ко} Гог сай орпоп 
п $ 
і=1 


+057, А„(т,Т)) = 


п 
тах Kil ) x for put option. 
n 1 
і=1 


® For discretely sampled geometric average 


п 1 
шах fi (5, ) "—K, 1 for сай option 


№057, G,(t,T)) = 


п 1 
тах {к - П (5, ) ie 1 for put option. 
i=l 
® For continuously sampled arithmetic average 


T 
max { ! | а-қ) Гог сай орпоп 


T 
max (к -т l 7i 5, ano} for put option. 


—T 


Y(Sr, A(c, T)) = 
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* For continuously sampled geometric average 


max [er Л Su su — K,0) for call option 
Ф(5т, С(т,Т)) = 
тах {к - era Л Sudu 9) for put option. 


Average Strike (Floating Strike) Option Payoff 


With S. being the asset price at the option expiry time Т, the average strike (floating strike) 
Asian payoff can be subdivided into the following: 


* For discretely sampled arithmetic average 


n 
ax is - : у 5,0) Гог сай орпоп 
і=1 


WS, А„(т,Т)) = 


D Ys -45т,0 ) for put option. 


® For discretely sampled geometric average 


ax is - П (5,) of for call option 


W(S7,G,(c,T)) = 


1 


n 
шах fi (8; ) i sro} for put option. 


® For continuously sampled arithmetic average 


T 
a{ s-z / 22 for сай option 
-=r J: 


T 
шах ( Т : Е Ї 5,4и- 5.0) for put option. 


%(8т, А(т,Т)) = 


* For continuously sampled geometric average 


max {Sr — era fe Sudu 9) for сай option 
Y(Sr, GG, T)) = 
-| JI S, du А 
тах [ет D — Sp, 0j for put option. 
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Put-Call Parity 


Like its counterparts in European options, there are also put-call parity relationships for 
European-style Asian options with continuous sampling under the Black-Scholes framework. 
At time f we assume that the asset price S, has the following SDE under the risk-neutral mea- 
sure Q 


48, 


t 


where r is the risk-free interest rate, D is the continuous dividend yield, o is the volatility and 
W, is the Q-standard Wiener process. In addition, let 


t 
ТЕТІ Si, аи 


апа 


By defining С. Бал 1,1:К,Т) (POS „11; K, T)) to be the arithmetic average rate call (put) 
option price written on S, with strike price К and expiry Т, we have the arithmetic average 
rate (fixed strike) put—call relation as 


(a) (a) e PT) — e TT- L, Ат) 
CIS, 1,6 К,Т)- Р (5,156 KT) = pos 9 *l ro. E) 


Similarly, by defining ces, Lt; T) (POS, I,,t;T)) to be the arithmetic average strike 


call (put) option price written on S, with floating strike price and expiry Т, we have the 


arithmetic average strike (floating strike) put—call relation as 


CHS, I, t; T) = pos, I, t T) 


e D(T-2) — g-r(T-7) 


= —————— ccs des = 262 gt) 
(r - БТ – т) t BU E А 


In contrast, by defining CES, Т1; K,T) (PES, I,,t; K,T)) to be the geometric average 
rate call (put) option price written on S, with strike price K and expiry Т, we have the geo- 
metric average rate (fixed strike) put—call relation as 


Tee (Poh a r 
C®(S,,1,,t;K,T) - PE (S, 1,5; K,T) = eT Se PT) _ Ке-"Т-д, 
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Finally, by defining C, Bes. І,ҚТ) (ps p Ij 6 T)) to be the geometric average strike call 


(put) option price written on S, with floating strike price Г and expiry T', we have the 
-т 


geometric average strike (floating strike) put—call relation ав 


T-t 
T 


I, 
COSp Tp t; T) – P®(S,, Ip t; T) = Se 0-0 — eF ST е-0(-0, 


52 PROBLEMS AND SOLUTIONS 
5.2.1 Discrete Sampling 


- 


. Limit of Discrete Arithmetic Average. а ын time interval [т, T] be partitioned into n 


equal subintervals each of length At = Т and let 5 tt = T+ iAt be the stock price at 


the end of the ith interval, і = 1,2,...,n. Ву denoting the discretely measured arithmetic 
average of the stock price as 


n 
1 
А.Т) = - 9,8, 
1-1 


show that in the limit n > оо, 


T 
lim A,(z, T) = 7 / S, du. 
noo Т-т 2 


Solution: By definition 


T n n n 
А : ЕЛГЕ Шел 
| S im Esa 0 = im У = Jim TE Ys, 
I= i= 


izl 


and hence 


ly 1 f 
lim — S, = S du. 
Le ti 7 | пее 


N 


. Limit of Discrete Geometric Average. Let the time interval (т, T] be partitioned into n equal 
subintervals each of length At = (T — т)/п and let S, , t; = т + iAt be the stock price at 
the end of the ith interval, i = 1,2,...,n. By denoting the discretely measured geometric 
average of the stock price as 


! 


G,, T) = (П 8) | 
ї=1 
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show that in the limit n > со, 
тї 
lim G,(z, T) = eT- /; log S, du. 
п оо 


1 


п п 
Solution: Given G,(z, T) = (П 8) we can write 
і=1 


п п 
Иа dos (П s | У log S, 
4 D. "л | 


ог 
G, (c, T) = en Diet 685, 
From Problem 5.2.1.1 (page 443) we can deduce that 
ly 1 f 
Jim 5 28 5; = Lj log S, du 


and hence 


3. Let the time interval [т, Т] be partitioned into и equal subintervals each of length Ат = 
(T — т)/п and let 5,» f; =T + iAt be the stock price at the end of the ith interval, i = 
1,2, ..., n. By defining the discretely measured arithmetic average as 


п 
1 
A,(t,T) = = У 5, 
1-1 


and the discretely measured geometric average as 


1 


G,(t,T) = (П 8) 
1-1 


show that 


С,(т,Т) < А,(т,Т). 
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Solution: From the MacLaurin series expansion of e*, x Е R 


EET (a 


and because e* > 0 we can therefore deduce that 


e~>1+x, х ЄЙ. 
Ге 
S, 
p ---1, =1,2,...,n 
А(т,Т) 
so that 
Sti ES S, S, 
езе) >1-------і----. 
А,(-,Т) А,(-,Т) 
Since 
S, St; КЕ 
і «€ ест) 
A, T) 7 


multiplying by the inequality for i = 1,2, ... ‚п yields 


S S S BILE Sty Stn _ 
A ланың Ж ТҮ ший wA РУУ o 
A,(t,T) А,(т,Т) А,(т,Т) 
and hence 
II. 5, Уе Sti пАң(т,Т) 
fer es a, < e АСТ) = e АТ) = 1 
А„(т,Т)" 


or 


1 
(П 8) < А„(т,Т). 
і=1 


1 


Since G,(z, T) = (IT, S, ) " then б,(г,Т)< A,(r, T). 


4. Arithmetic-Geometric Average Rate (Fixed Strike) Identity. Let the asset price S, follow 
the GBM 


dS, 
-с--(и- D)+odw, 
5, 
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where W, is the P-standard Wiener process оп the probability space (©, F, P), и, D апас 
are the drift parameter, continuous dividend yield and volatility, respectively. In addition, 
let r be the risk-free interest rate. 

Let the time interval [т, T] be partitioned into n equal subintervals each of length At = 
(T — т)/п and let S,, t; = т +iAt be the stock price at the end of the ith interval, i = 
1,2,...,n. Define the discretely measured arithmetic average as 


n 
1 
Ar, T) = - % 5, 
1-1 


and the discretely measured geometric average as 


1 


G,(t,T) = (П 5) " 
ї=1 


At time f, for a common strike value К and expiry time Т > f, let the arithmetic average 
rate (fixed strike) Asian call and put options be 


CO(S,, A,G, T), t5; K,T) = e" 7E? [max{ A, (t,T) – K,0}| 3] 
P(S,, A (c, T), t; K,T) = е "1 E? [max(K — A,(c, T),0)| 2) 


where the expectation is defined under the risk-neutral measure Q. 
In contrast, let the corresponding geometric average rate (fixed strike) Asian call and 
put options be 


COS, G.(c, T), t; K,T) = e "PE? [max(G,(G, T) — К,0 F] 
P(S, G(T, T), t; K,T) = e "TE? [max(K — G,(, T),0)| F] . 


Show that 


COS, G, (c, T), t; K,T) € CO(S,, A, G, T), t; K,T) 


< С (S, G, Gr, T), t; K,T) + e 079 {E9 | A C, T)| &] — E? [б„(т‚Т)| 81) 


and 


PS, G,(z, T), t; К,Т)— eT (E9 | А„(т,Т)| £;] - Е [GE D| 951) 


< POS, A (c, T), t; K,T) < P®(S,,G,(t,T),t; K,T). 


Solution: From Problem 5.2.1.3 (see page 444) we have С,(т,Т) € A,(z, T), therefore 


eT EP [max(G,(r, T) - K,0)| F| x e "TE? [max(A,(r. T) — К,0 F] 
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or 


COS, G,(r, T), t; K,T) < СФ(5,, A, (n, T), t; K,T). 


In addition, we note that 


max(A,(r, T) - K,0) = тах{ А„(т, T) — GG, T) + G,G,T) — К,0) 
€ A,G,T) — GG, T) + max(G,(r, T) — К,0). 


Thus, 


COS, A, (c, T), t; K,T) = е 0 E? [max(A,(c, T) - К,0 3] 
< e" T-DEO [A (c, T) - G,(t,T)| F] 
+e? DE? [max(G,(r, T) — K,0}| Z;] 
КЛИРИНГ 
+C(S,,G,(t,T), t; K,T). 


In contrast, for the average rate put options 


е" DEP [max(K — A,G,T),0)| Ж] < e" VES [max(K — G,(z,T),0}| 9 | 


or 


P(S,,A,(t,T),t:K,T) < P®(S,,G,(t,T),t; K,T). 


Further, we note that 


max(K — А„(т,Т), 0} = max{K — G,(¢,T)+G,(c,T) — A,(t,T), 0} 
= max(K — G,(z, T) - (А„(т,Т) - С, (т,Т)),0) 
> шах{К — G,(r, T),0) — (А„(т, T) — G,(z, T)). 


Therefore, 


PS, A (c, T), t; K,T) = е "1 E® [max(K — А,(т,Т),0 2) 
> е "ТЕЗ [max(K — G,(t,T), 0}| F,| 
-e "T-»E | А„(т,Т) — G,(r. T)| F] 
= P®)(S,,G,(t,T),t; K, T) 
—e 079 {E2 | А.(с,ТЭ| F) - E? [G,G. T)| #,] }. 
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5. Arithmetic-Geometric Average Strike (Floating Strike) Identity. Let the asset price S, 
follow the GBM 


dS, 
= =(u-D)+odw, 
5, 


where И’, is the P-standard Wiener process оп the probability space (Q, F, P), и, D апіс 
are the drift parameter, continuous dividend yield and volatility, respectively. In addition, 
let r be the risk-free interest rate. 

Let the time interval [т, T] be partitioned into n equal subintervals each of length At = 
(T — т)/п and let 5,» t; = т + iAt be the stock price at the end of the ith interval, i = 
1,2, ..., n. Define the discretely measured arithmetic average as 


n 
1 
A,(t,T) 2 - У 5, 
n 
and the discretely measured geometric average as 


1 
G,(t,T) = (П 8) ; 
i=1 


At time t, for a common strike value K and expiry time T > t, let the arithmetic average 
strike (floating strike) Asian call and put options be 


CO(S,, A, (c, T), t; T) = e" TE? [max{Sr — А,(т,Т),0Ң F] 
PAX, A, (c, T), T) = e PES [max( A,G. T) — Sp, 0}| F] 


where the expectation is under the risk-neutral measure О. 
In contrast, let the corresponding geometric average strike (floating strike) Asian call 
and put options be 


COS, G, (c, T), ti T) = e ”T-DEQ [пах (5. - G,(r,T),0)| F] 
PAYS, G (t, T) T) = € "DE? [тах(С,(т,Т) – 5,012]. 


Show that 


COS, A (7, T), tT) < СЁС(5,б,(с,Т),1:1) 


< CQ, A GT), 5 T) + e 0779 (E9 | А„(т,Т)| F| - Е® [G D| |) 


and 


P(S,,A,(t,T),1;T) — eT- (E? [ A,G, Т] — E9 [G, (c. T)| F] } 


< PP (S, G,(c, T), t; T) «Р (5, A, (c, T), t; T). 
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Solution: Following Problem 5.2.1.3 (see page 444) we have G,(r,T) < А„(т,Т), 
therefore 


e "TE? | max{ Sp — A,(t,T),0}| £;] < е77-9Е% [max{ Sr — 6,(2,7),0 F,] 
or 
CX, A (c, T), t5 T) < COS, б„(т,Т),т,Т). 
In addition, we note that 


тах (Sy — G,(v, T),0) = max( Sy — A,(t,T) + AG, T) — С, (т, T), 0} 
< max( Sr — А„(т,Т),0} + А,(т,Т)-а,(т,Т). 


Thus, 


CHS, G, (c, T), t; T) = e "1 E? [max{ Sp — С„(т,Т),0}| 3] 
<е T-DE9 [max(S, — А„(т,Т),0}| ;] 
+e"? MEQ 4,G, T) - G, D| F] 
eO СА Gr T) t T) 
te 07D (E? | А„(т,Т)| | - E? [G,(v. D] |). 


In contrast, for the average strike put options 


e "T E? [max(G, (c, T) – 5т,0}| F| < e"? PE® [ъах(А, (с, T) - S7,0)| Ж] 


or 


PS, G (t, T), t; T) < Р (5, A, (c, T), t T). 
In addition, we note that 


тах(б,(т,Т)- 8,0) = max{G,,(t,T) — A,G, T) + A,G, T) — 5,0) 
= max{A,(t,T) – Sp — (A,(c, T) — G,(t,T)), 0} 
> max(A,(r, T) – Sp,0} — (A,(c, T) — G, (c, T)). 


Therefore, 


PES, G,G, T) t; T) = e 7E? [max(G, (Gr, T) — Sr, 0)| F] 
> e" E? [max(A,(r, T) – 5т,0Ң 3] 
-e "TEL [A (c, T) - С„(т,Т)| 8 | 
= PÓXS,, A (r, T), t; T) 
-e 0179 (E? [A (c, T)| F) - E? [G, (c, T)| |}. 
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6. Discrete Geometric Average Rate (Fixed Strike) Asian Option. Let the asset price S, follow 
the GBM 


dS, 
— = (и– D)+odw, 
5, 


where И/, is the P-standard Wiener process on the probability space (О, F, P), и, D ando 
are the drift parameter, continuous dividend yield and volatility, respectively. In addition, 
let r be the risk-free interest rate. 

Let the time interval [т, T] be partitioned into п equal subintervals each of length 
Ағ-(Т-ту/п and let S,» lj - T t [Ат be the asset price at the end of the ith 
interval, i = 1,2,...,n. We define the discretely measured geometric average of asset 
prices as 


1 
n 5 
G,(t,T) = (П 8) 
i=l 
and we consider a fixed strike geometric Asian call option at expiry T > t > т with payoff 
(057, а (е,Т)) = max(G,(z, T) — K,0} 


where К > 0 is the strike price. 
Show that if X ~ N (ux, o?) then for a constant К > 0 


б ? -logK - 
Е | шах(8(еХ — K),0}] = àe^*27*& (mm ЕЗ (== log 9) 


[^ Oo 


x x 


where 6 Е {—1, 1} and ®(-) denotes the cdf of a standard normal. 
Suppose $;,.$,,..., S, 1 < k < п- I have been observed and let rj € t «дүү where 
t = fy + eAt, e [0, 1). Show that under the risk-neutral measure Q 


1 1 
к үгт аку ОНЬС ЭГ дар 
mE tn NI 14-2 ЦЭН! 
б„(т,Т) = 5, | у" ОИ ucc ШІ 2383 
ша (П ) | Е ЛЕ ) (5 ) (==) 
i=] п-1 n-2 n-3 


and deduce that 


log G,(z, T) ~ N (m, 52) 
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where 


2n n 


4(7-9-16) [ев е-и), 


апа 


5 


TE зз з" Юе 2 Аф 
би2 n2 


Using the above information show that under the risk-neutral measure Q, the discrete geo- 
metric average rate Asian call option price at time f, т « t « T is 


E "ош — = Е 
CGX(S, G,(r, T), t; K,T) = (П 8) 8 e DT - 0g) — Ke T-0g(q y 
1-1 


where 
1 п-К 
la |n. 5,) И — 102 К + (r- D, + 102) T-t) 
a” = 
5 o, VT -t 
D= nT- (п-К-1)п-і (n-k\(l-e)| At 
nE Т-т 2п п T-t 
(n—-k—-1l)(n—-k) (-01-6)| At 
| 2п Ь п | = 
20: (-К-І)п-КЮ) (п-К-І1)п-КЮОп-2К-1) 
2 2n би? 
,@= 90-9 (- ka-6)] At 
n n T-t 
and 


С. Е -k-1Y(n-k)Qn-2k-1) , (n- Ю)?(1 – 2 At 
= 
Ч би? п? Т-і 


Finally, show that in the limit n > со, 


Е = — 
lim CS, G,(c, T), t; K,T) = eT S, T о-РО-Оф(д,)- Ke" @(d_) 
noo 
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where 


t 
І, =) 106,8, ди 


Г - 

+(2= - log 5, - -log kK + (r- D+ 13) T- 
4 _ Т-т Т-т 2 
ша 

Т-і 
= zx 2 = 
D= „(м жү, P(T- Let (= (= 5%) 
2 Т-т 2 12 Т-т 


_2 о? ( T -t i 
o = — : 
3 \Т-т 
Solution: For the first part of the results refer to Problem 1.2.2.7 of Problems and Solutions 


in Mathematical Finance, Volume 1: Stochastic Calculus. 
From Girsanov’s theorem, under the risk-neutral measure Q, the asset price S, follows 


45, Б 
-(ғ- D)dt + c dW, 


t 


where иЗ is а Q-standard Wiener process. 
na the time interval [т, T] be partitioned into n equal subintervals each of length 
= (T — т)/п and let S,» 1; = т + iAt be the asset price at the end of the ith interval. 
| Sro $5, ss Өү, ‚1 < k € n — 1 have been observed and let 1, <і<і, where 
t=t, + ЗАР Е е 10. 1. By definition 


ші- 


б„(т,Т) = (П 8) 
1-1 


11 
Ух 
Цэн 

ке 
We 
зі- 
2. “ 
ic 
ee 
Ми 
зі- 


К п 1 
= (ms) (5,5,5, ,- ` "баны" 


1 x Е 
(9) (963 G)-&r] 
= 9 y LT sea ONE я 
1-1 Spi Si S o 5, 


From Ito's lemma we can easily show for i = k -2,k -3,...,n— ln 


5, 1 
ГЕ )-(-»- 2 с?) =t Оо, 63 


= (r-D- 50 лоно, 


1 
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and 


1 S ud Ei 12 
05 EC -1г-0р- 5° (thay — t) - oW, ЭЭР 


= (r-D- 362) 0 ~e)At+ow® 


feu 70 


From the independent increment property of the standard Wiener process we can deduce 
that 


1 5, п S, a 5, n-2 5, k+2 5, k+l 
og $ ‚ log s p log spo log я | log Ло 
1-1 1-2 11-3 ЦЭН 1 


are mutually independent. Thus, 


1 
k п п-к 
log С,(т,Т) = log (П 8) 5," 


zl 


5, 5, 1 

+— ЕД» (= ШЕ, +) 
5, 5, К+1 

өле ( $2) КЕЗЕЎ 5, ) 


log S, ~ № [log 5, , +(r-D- 50°) 7) , i=k+2,k+3,...,n 


and because 


log S, ~ № [log S,+ (r -D- 502) A- oAt o? — 37] 


we һауе 


х(1+2+3+...+(и—К—1)+(и— КЮ)(1— €)) At 


= log (П 8) S," 
ї=1 


4(1-9-16) [ызы ыы: n 


2n n 
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and 


2 
Var? [log б,(г,ТЭ| = 2, (12 +22 +32 +... + (п – k- 1)2 + (п – k? -— e)) At 
п 


[ик Юй-Ю0Ол-2Е-1) | (n — Ю)?(1—-є) 19 


бп? п? 


Thus, using the above information we can deduce that the discrete geometric average rate 
Asian call option price at time т < t < T is 


COS, Gc, T), t; K,T) = e "PE? [max{G,,(c,T) — К,0 2] 
1 - 221 
= е0 Ф) Ke OG”) 


where 
k n п-К 
m= log (15) 5, " 
i=l 
+(r-D- 262) (psp Doro o re Шш Р 
2 2п п 
- = 27 = x Бэ 2 ID 
uz gs | ла шш шы Ж оо кын 
бп? n 
-0) m+s — log K 
pF 5 
апа 
—(n) (n) 
4 = a = 
Therefore, 


И we 
e" * 5 -r(T-0 2 (П 8) 5, п e Dx(T-0 
ї=1 
п-к 


1 
log [us s sj -log К + (r - р, + 16) T-t) 
-(ө) 


T о,УТ-і 
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where 
B, =r- (r- p- $29) E e ‚т-юч 9] Ас 
2 2n n T-t 
_о? (п-к (п – Ю0п- 28-1) | (n— X1 е) At 
22 бп? "2 Т-і 
EP nT- (n-k-Dn-k) (п-Ю(1-е) At 
E T-c 2n n T-t 
(n—-k-l)(n—-k) (п-Ю(-өе)| At 
«| 2п T n ІН 
ол (1-К-1їп-К) (п-К-1)1п-4)2п-2К-1) 
E 2n 7 6n2 
Ап -К(1-«) (п- К? -е)] At 
п п Т-і 
апа 


п 


ae |: фе BORDER. or ose] At 
g^ = oF |р 
6n? n T-t 


Thus, we can write the discrete geometric average rate Asian call option price at time 1, 
tT<t<T as 


k п п-к 2-2 UE ES 
C(S,,G,(t,T), t;K,T) = (П 8) S,” e Dtp.) _ Ke" od”), 
i=l 


For the limiting case, we note that since T = т + nAt andt=t, + eAt = т + (k + e)At, 
€ € [0, 1) therefore 


lim (n — K)At = lim (T —t+eAt)=T -t 
noo noo 
lim (n — k — А = lim (T + (= DAD =T -t 
noo noo 
and 


lim (2n — 2k — DAt = lim Q(T — t + єлї) + At) = 2(T – р). 
noo noo 
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t 
By setting 1= | log S, du, 


L 
n-k 
n 


1 
п п n-k n n 
lim (115,| 5," = На ( [[S, ] tim s, 
поо i поо 1 п- оо 
is] i=] 
(n—k)At 


1 k 
lim er: Zi 854". Jim др лай 
no noo 


шин filo 5,4 БЭ 
Z = 8 9u du с T-t 
= eT-r Jt 5, 
T-t 


at 
шет Б 


lim D, = im r = (n - k — Dn — K) sl At 


noo noo Т-т 2п п Т-і 
| (n=k-1Xn-k) (п-Ю1-ө)| At 
24 — F ыы To 
ion с? == (п = К) (m-k-1yn-Kk)Qn-2k- 1) 
noo 2n 6n? 
„© -Ю(1-е (п-іЮ21 = At 
n n T-t 
m" | (n—k—-1(n—k)A? (и = Ю)(1 2 
= lim r|1— ——————— — - ————————— 
noo 2nAt(T — t) nAt(T — t) 
MEA E —k- 1)(и – ЮАР й (n — ky – >] 
йг» со 2nAt(T — t) nAt(T — t) 
EE o? Б -k-Dn-KEAP (п-Кё-1)їп-Ю(п-2К-1)АГ 
n>% 2 2nAt(T — t) 6n2 APT — t) 
(n — Ю)(1 — eA? | (n- k? = c 
пАТ(Т — t) nAt(T — t) 


Ен iet были 9551 5: 22898 dee 
x XT — т) XT – т) 2 |207 -т) 3(T-:Y 


= Ла ээг 


Т-т Т-т 12\Т-т Т-т 
апа 
lim 2 = li 2 | ап-к- 1)(п— Kk)2n -2k - 1) (n—kY(1—6)] At 
I. Өз Т Бао © 6n? + п? T -t 
n2 (n—k-D(n-k)2n-2k — DAP | (n— k*(1 - e)AP 
= с 
поо 6n2At2(T — t) пАР(Т — t) 
-Z (=) 
"3 \T-r/ ` 
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Thus, in the limit n — оо, 


T 


1; t — = E 
lim C(9(S,, G,(r, T), t; K,T) = eT S77 e PT @(d,) — Ke" oq ) 
naw 


where 
1 = = 
f + (Z) ogs, - tog k + (r7 De 22) -0 
d _ Т-т Tc 2 
quem 
сүт -t 
= = = 2 = = 
p=5(t m) (T SE (2 31655: 5%) 
2 Т-т 2 \Т-т 12 \Т-т Т-т 
апа 


2 шү 
o = — А 
3 1Т-т 


-4 


. Levy Approximation - Discrete Arithmetic Average Rate (Fixed Strike) Asian Option. 
Let the asset price S, follow the GBM 


dS, 


t 


where И’, is the P-standard Wiener process оп the probability space (О, F, P), и, D апіс 
are the drift parameter, continuous dividend yield and volatility, respectively. In addition, 
let r be the risk-free interest rate. 

Let the time interval [т, T] be partitioned into n equal subintervals each of length At = 
(T — т)/п and let S,» ti = t КІЛІ be the asset price at the end of the ith interval, i = 
1,2, ..., n. We define the discretely measured arithmetic average of asset prices as 


n 
1 
Ar, T) = = pi 8; 
і=1 


and we consider an arithmetic average rate Asian put option with expiry T » t > т and 
payoff 
WS, A (t, T)) = max{ К — А,(т,Т),0) 


where К > 0 is the strike price. 
Show that if X ~ N (ux, o2) then for a constant К > 0 anda EN, 


Е(Х9) == tlt а? от 
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and 


| б(и +02 — log K) ó(u, — log К 
Е [max {5(e* — K),0}] = бе”х*з°хф 59 —6КФ ин 
б, б, 


where 6 Е {—1, 1} and ®(-) denotes the cdf of a standard normal. 
Suppose 5, , Sp -> S, 1 < k < n— I have been observed and let t < t < 1,,, where 


= и + eAt, € € (0, 1) and 


А„(т,Т) = А (Ц, + А, (р, tn) 


К п 
where A,(t;,1,) = Уз. and A,(ty44.t,) = i > 5,. Show that under the risk- 
nw s n : 


і ї=К+1 


neutral measure Q 


| s,| 25 ol DXü-k-e)At 


ЕО |5, 
cQ (8, 7 


where f;,1; > tp- 
By assuming 


t 
cm 
Fai 


— ọ2,(r-DXi+j-2k-2e)At+0?(min{i,j}—k-e)At 
| = Sre d 


Ан (аль) © log N (m, 82) 


and using the moment-matching technique up to second order show that 


Д 
т 21овЕ® | Адуу 5-5 log E? | Ata 25 | 


апа 


s? x log ЕО ЕШТЕ s -2108 E? [4,041,015]. 


Find E? ЦА, (1,3 S;| and E? [ А (т, ү,1„)?| S;], and hence show that the discrete 
arithmetic average rate Asian put option at time т < t < Т can be approximated by 


— АКТ — (п) l2 WT— —(n) 
POCS, A (5,1, 1), 5 K T) & Кеф") - e" *3* Tad") 


m4 52 — log K —(n) 
— а 


where K = K — A,(t4, tj), т. = п44 =й, - 5. 


Finally, show that in the limit п оо, 


S (eC DT 70 -1) 
(r — DXT —т) 


lim E? ГА, (ца: t| S] = 


naw 
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and 


2 ( ет-Ю+о?у(Т-) _ 1) е("-БХТ-9) 


52 
lim E? [ Ati. t| 84 = ————— 
noo ПЕ ("= РУТ — г? г= О +0? 


1 
Гай анж E 1) 


2 l2 
r Dto 


Solution: For the first two parts of the results see Problems 1.2.2.7 and 1.2.2.10 of Prob- 
lems and Solutions in Mathematical Finance, Volume 1: Stochastic Calculus. 
Under the risk-neutral measure Q, S, follows 


48, Ы 


t 


= ғ 
where we = (£— ) t + W, is a Q-standard Wiener process. Thus, conditional оп S, for 
c 


1 
S, = Spe P7 36000700, 


1:3. 
_ q2 4 (-D- 56^)t;-ttt;-D o (W;; +, a) 
8,5, = Spe 2 е 


Since t = f, + eAt and t; = т + jAt, j = i,k we have 


cQ |84 s = S,e 7 DXti70 = SF Рие) 25 СОКЕН 


From Problem 2.2.1.4 of Problems and Solutions in Mathematical Finance, Volume 1: 
Stochastic Calculus we can deduce 


Соу(И/, _,, W,,-1) =min{t; — t,t; — t} = min{t;, tj} — t 
and hence 


Wirt Wi ~ N (0, t; +t; + 2min{t;,t;} — 40). 
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Therefore, conditional on 5, 


оо). 102041. inft..t.}— 
-Q ЕЯ 8| È 52407 Ю- 50° \(t;+t;—2t)+50°(t; +1; +2 min{t;,t;}—41) 
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n 
Let А, Қат l % 5, & log-A (m, 52) and Бу matching the moments up to second 
n 1 


i=k+1 
order we have 


1 2 
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Е® | А,булл» | 8,| = e"*2* and E? ЕСТІ? Е д е?!+?5 
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1 І 
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Solving the approximate equations simultaneously we have 


І 
m & 2108 E? [ 4,4-1,1 Si] — 5 log E? | Atia t| S 


and 


s? x log E? ЕТТЕГІ s —-2log E? [4,012,915]. 


By definition 
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whilst for 
1 п п 
о 2 2 rQ 
Е ЕСТЕ? Е БИ > > (5,5, 8| 
П къ ЕН 
52е 2—-0+0)ем 
ooo Rw 
n n 
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n n 
B= Y e DG j-21) Arco? (min(i,j) -K)At 
i=k+1 j=k+1 
i=j 
n n 
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For the case 
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whilst for 
n n 
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and given each term is a geometric series 
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Using similar steps we would eventually have 


n n 
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i=k+1 j=k+1 
i>j 
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Thus, using the above information we can deduce that the discrete arithmetic average rate 
Asian put option price at time t < Т can be approximated by 


n 
POCS, A, 5; K,T) = e" (T-0gQ Б {к ad у 5,0} d 
n 1 
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-- - 1 - 
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where 


s(n) т+ 52 —logK 
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In contrast, 
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By taking limits n > оо and by applying L' Hópital's rule 
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and 
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8. Curran Approximation — Discrete Arithmetic Average Rate (Fixed Strike) Asian Option. 
Let the asset price S, follow the GBM 


dS, 


t 


5.2.1 Discrete Sampling 


where W, is the P-standard Wiener process оп the probability space (©, F, P), и, D ando 
are the drift parameter, continuous dividend yield and volatility, respectively. In addition, 
let r be the risk-free interest rate. 

Let the time interval [т, T] be partitioned into n equal subintervals each of length At = 
(T — т)/п and let S, , t; = c + iAt be the asset price at the end of the ith interval, i = 
1,2,...,n. We define the discretely measured arithmetic average of asset prices as 


n 
1 
Ar, T) = = » 5, 
1-1 


and the discretely measured geometric average of asset prices as 


1 
n n 
а (т, Т) = (i 8) 
i=l 
We consider an arithmetic average rate Asian call option with expiry T > t > t and payoff 
P(Sr, A, (t, T)) = тах{ А„(т,Т)— К,0) 


where K > 0 is the strike price. 
Show that if the random variables X and Y follow a joint normal distribution 


(X,Y) ~ Л, (4,5) 

ШИГ? = Var(X) Cov(X,Y) 

шахаа = А Е Біз: Y) Мау) 

Их, Hy are the means, 62, c^ are the variances and Pxy € (—1, 1) is the correlation coeffi- 
cient, then the conditional distribution 
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б 0,0 
= | x Pry 2 | where 


Рхубхбу бу 
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хіу-у- (харыг (у — Hy), a-&ps). 


Suppose 5; , $,,..., S, 1 < k < n— I have been observed and let t, < t < 11,1 where 
t — f, + €At, € € [0, 1). Show that under the risk-neutral measure Q, for f; > t 


log S, ~ N (u; 07) 
log С„(т,Т) ~ N (ug. 02) 


where 


= log S, +(r-D- 70 )ü-k =) 


' = o?(i — k — e)At 
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and 
1 
k em 
Hg = log (П s, 5/5 
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«(r2 p- So?) | 2400-0, о-оо, 
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Given the pair of random variables (log S;,,log G,G.T)). t; > fy show that it has the 


covariance matrix 


2 
о, біс 
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2, 
ОС ос; 


where 
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апа (log S;,,log С,(т, т)) follows a bivariate normal distribution. 


Hence, deduce that the conditional distribution of log S, , t; > tą given log С,(т,Туів 
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б; б. 
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ба °G 


Show that for any random variable Z under the filtration %, 


0 < E(max{Z,0}| #)— max (ECZ| ¥),0} < 5 VVar(Z| =). 


By defining the arithmetic average rate (fixed strike) call option price at time f, т < t, < 
t<T as 


C(S,, A, (c, T), t; K,T) = e "1 E? | max{ A,(t,T) - К,0 F] 


and by setting А,(1ү,1,) = н x Sy, and using the following tower property 
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show that 
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and Ф(х) = / Eros du is the cdf of a standard normal. 


© \/2л 
Solution: If (X, У) follows a bivariate normal distribution then the joint pdf is given as 
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The pdf of the conditional distribution 
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(oy 
Hence, X| Y = y ~ М С + рлу - uy). 0 - 223) 


y 
Under the risk-neutral measure Q, S, follows 


dS, б 


t 


= : ; 
where w^? = (£—) t + W, is a Q-standard Wiener process. 
с 
Thus, conditional оп 5, for t; > f, 


—p-lg2yr,— 
5, = Se" D 36 X(t; гу W, -r 
1 
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log 5; = log S, + (r -D- 509) (t; t) c Уй 


where W, |, ~ N (0, t; — t). Hence, we can easily deduce that 


1085, ~ N (uj, о?) 


where и; = E? [iog 5 8| апа o? = Var? [iog S, 5]. 


Since т = f, + ЕДЬ t; =7+iAtandt, = T + KAt, 
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For the geometric average, since 5,» Si. seas So ] < k <n- 1 have been observed, Бу 
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1 1 1 
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k 1 n-k 1 1 п 
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Since W,- ~ N (0,t у — t) and because the sum of normal variates is also normal, we сап 
therefore deduce 


log G,(t,T) ~ N (ug, 02) 


with ис = E? [log G,(z,T)| S;] and o2 = Var? [log С,(т,ТЭ| S;]. 
Since t = f, +ЕДЬ t; =T + jAt and fj =T + КДЕ, 
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the variance is 
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To find the covariance of the random variables (log S t? log С,(т,Т)), by definition 
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To show that the pair (log S р log G,(z, T)) follows a bivariate normal distribution, let 


log $, -и,%с,2| 
log G,(r,T) = ug + Cg (2 тай P) 


б; 
where 21, 25 ~ N (0,1), 7, 1 Z, and p = 218. 
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From the definition of the moment-generating function, for 04, 0, Е R 
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which is the moment-generating function of a bivariate normal distribution. Hence 


2 
: 0j Ге; 
(log S, ,log G,(r, T)) ~ .М»(и,) where и = | Mi | and X = 
; Ис 2 
ОС ос; 


: б 
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б; бс 
distribution, we һауе 


and following the result of the conditional distribution of normal 
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То show that for any random variable Z under the filtration @ 


0 < E(max{Z,0}| 9) — max (ECZ| ¥),0} < Уат] =) 


we note that since max(x, 0} is а non-negative convex function, from the conditional 
Jensen’s inequality (see Problem 1.2.3.14 of Problems and Solutions in Mathematical 
Finance, Volume 1: Stochastic Calculus) 


Е (тах{ 4,01 9) > max (E(Z| $),0]. 


For a random variable U we can set 


[U| = max{U,0} — min{U, 0} 
U = max(U,0] + min(U,0]. 


Thus, we can write 


E(|Z|| V) = E(max(Z,0)| 9) — Е(тіп{ 4,01 9) 
= E(max{Z,0}| 29) - [ECZ| 9) —E(max{Z,0}| 2)] 
= 2Е (тах{ 2,014) - E(Z| €) 
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or 


E(max{Z,0}|%)= - (ECIZI| 9) +Е(4[2)). 


1 
2 


Further, we can write 


ECZ| 2)| = max {E(Z| 2),0] —min{E(Z| 2),0] 
E(Z| 2) = max (ECZ| 2),0) + min (E(Z| 2),0) 


and by adding the two equations, 


max (Е(2|%),0)- 5 (IECZI S] & ECZI )). 


Thus, 
Е (max{Z,0} 9) — max {E (Z| $),0) = 5 (ECIZII £) - ECZI $)) 
< 5E(IZ-E(ZI9)I8) 
< УМС). 


From the definition of the average rate сай option price at time t, c < t, <t<T 


C(S,,A,(t,T),t; K,T) = e "TE? [max{A,(t,T) - К,0 3] 
r(T-t)p-Q 


-е 


E9 [тах{ А„(т,Т)— К,0}| G,G.T))| я | | 


== 


Using the inequality 


max (E( Z| 2),0) < E(max(Z,0]| 9) < max (E(Z| 25,0) + $ War (ZI €) 


for a random variable Z, Се, and C, are 


Cromer = e” T-DEQ [max{ ЕО [А„(т,Т)— K|G,(z,T)] .0}| A 


and 


1 
Cupper = Съше + 5е Т-у®@ | Var | A(r, T) - K| р] s 


= Ciower 
1 1/ эс 
E MT) EQ) 4 Var СЕ - У 5, -К 
п 1 
i=k+1 


С„(т, 1 ?, 


п 


= Chower + 54 шингэн Var [ 2; 5, 


ISl 


G,(r, n % |. 
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By setting g(z) as the pdf of G, (v, Т) and because А,(т,Т) > С,(т,Т) 


Cromer = е"Т-ЭЕ® | max {E°[A,(z,T) - K| G, T)] ,0}| F] 


== E f max ( EO | А„(т, Т) Ян К| С,(т, Т) B d ‚0) 8(2) ge 
0 


K 
= гі тах 1 ЕР [ А„(т,Т) - К| G, T) = z] .0) BG) ae 
0 


жеде 18 max (E? [ А„(т,Т)— К] б„(т,Т) = z] ,0} g(z) dz 
K 


K 
= In max { E? | А„(т,Т) - К| G,(r, T) = z] 0} а 
0 


кез | © ЕО [дету |9.) = 4 (д4: 
К 


К 
gen 2! ЕО [ А„(т,Т) -К| G,(t,T) = 2| g(z)dz 
K 


eer f E [Ae D - K| Gy) = 2] dz 
K 


= eT p A E? [A,(, T) - K[G,G. T) = z| ё(2)42 
K 


where 


К = (z| E? [A,(, T)| GG, T) = z] = K}. 


To find K , we note that 


n 
1 
E [ А„(т,Т)| С„(т,Т) = z| = А, (c, t) + E? Е » 5,|6,6.Т)- 1 
Ш =] 
1 п 
= A,(t,t,) + E [ x 5; log G,(r, T) = us] Е 
n k+l 
Since 
066 2 бїс 
log S, (ов С, (т,Т) = у~ N | m+- Bw 
96 96 
then 


2 
б; б; 

5,1 log G,(z, T) = y ~ log -М и + (у = uo), o? = a ў 
°G 96 
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n 
ЕО [ > S, 


i=k+1 


log G (t,T)= log 1 эь ойг 008 2-ис) [6+5 (0; 01/66) 
им» 


апа by finding the root of the equation 


n 
A ct) У өбеді 0/65) = K 
п ? 
п 
ї=К+1 


we can obtain a value for К. 


Therefore, 


Cue g. E? | А„(т,Т)— К| б„(т,Т) = z| 8(2) dz 
K 


= eT- f^ E [A DIG T 2 094: 
K 


Ke} 1 2(2) 42 
K 
со 1 п 
цана? Dues ЕС Г > S, 
K "пара 
-Ke (070 Í g(z)dz 
K 


со п 
= е" 1 IDE 


i=k+1 


G,(t,T) = 1 | g(z)dz 


G,(t,T) = 1 g(z)dz 


ран (А, С, 1)- К) ГА g(z) dz. 
K 


Since 


21 log z-ug 2 
2. ос 


8(2)- 


1 
—— — e 
vV2zogz 


therefore 


со – 108 К 
r^ юа o (fe E) 
K бс 


5.2.1 Discrete Sampling 479 


and 
со 
1 E" ЕЯ С, (т,Т) = z| g(z)dz 
K 1 
со 
= /, E" | 5, Пов б, (e. T) = log z] 2(z) dz 
K 
© шов z-ugyio [02 162-02, [02 
= ен 8 Z—-UG)OiG 60137) iG! 9G g(z)dz 
K 
50 1 / log z- 2 
- [7 ertani НӘ) a 
K \ 2лос2 
(log zg)? +02 
- ен 291 ——— e$ G dz 
К y2rogz 
By setting 
1082-36-06 ,dv 1 
бс dz OGZ 
therefore 


2402 
1 (log z-ug) +07 
qx Te 1 безен (ВАН 
ені 2% =e G dz 
K 2лс(2 


Thus, the lower bound of the arithmetic average rate сай option is 


" 2 
—log K ; 
Стошеғ = e (0-70 ü J eritin КС Б ze) 


M ні OG 


+ (Ас. - K) ® (=) | | 
бс 
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5.22 Continuous Sampling 


1. Black-Scholes Equation for Asian Option. Let (И, : t > 0} be a P-standard Wiener pro- 
cess on the probability space (Q, F, Р) and let the asset price S, follow а GBM with the 
following SDE 

45, 
KA = (и — D)dt + c dW, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility param- 
eter and r denotes the risk-free interest rate. 

Let V(S,, I, t) be the exotic path-dependent Asian option price at time t which depends 
on 


1 
5, and = f f(S,,u)du 


where the function f is a function of S, and 1, so that J, is the integral of the asset price 
function from initial time т up to time t. By considering a hedging portfolio involving both 
an option V (S,, I,, 1) which cannot be exercised before its expiry time T, т < t < T and 
an asset price ,S;, show that V (S,, 1,,1) satisfies the PDE 


д 


PE 2% ,0?V 
50752 — + (r — р), 
дї гы me SS 


+ CS), 124 -rVGS, 1,1) = 0 
Solution: At time 7 we let the value of a portfolio П, be 


II, = V(S, 1,0) AS, 


where it involves buying one unit of option V (S;, I, t) and selling A units of 5,. Since we 
receive D.S,dt for every asset held, the change in portfolio П, is therefore 


ап, = dV — A(dSS, + DS,dt) = dV — Ad S, – ADS,dt. 
Expanding V (S,, I,, t) using Taylor's series 


QV , ду ди о 
dV аға а 45 
о as? o 


10. sp n 


Sd I, 
re ие 


and by substituting dS, = (и — D)S,dt+oS,dW,, dI, = f(S,,t)dt and applying Ito's 
lemma we have 


ду 
195, ш; 


2y 
АСЕ ш DS 


д 2 t 952 


1 


+ ISDE 3r +05 
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Substituting the above expression into 4П, and rearranging terms, we һауе 


V 


OV |l 25,2 
ап, = | — + = B D)S 5,1 
t СЕ тоя SS + /(5, x 2r 


+9555 dW,- А [и - D)S,dt + oS, АИ’, + ЭКУ] 


z (z^ І с + (u - D)S, 2L + 705 097 -иА8, E dt 
1 


ot 2 D 
ду 
S, | — -4A | аи’. 
+0 (2 ) й 


To eliminate the random component we choose 


-V 
95, 


which leads to 


V | 1 2:29"V aV aV 
ап, = | — + 5025; - DS,— + /(5,,)— |dt 
; (® 127 ‘as? ‘aS, + PSs Z) 


Under the no-arbitrage condition the return on the amount Г, invested in a risk-free interest 
rate would see a growth of 


dll, = rIL,dt 
and hence we can set 
дуу 1 2202 дү 
Idt = | — + = o? S? — — DS, S, t 
а ab ОЗ ' 952 ras, TI SeT ЭГ 
WV 1 o 09V 
"(У(8,1,0-4А8)---5%56 52-05 252 = 55, + 708,097 
oV WV | l1 оди 
V(óS,L,)-S,—|--—-T2zo5S ape 9654 5.09. 
12222: L3 ar 2° "rasa "as, ОБ) 


Rearranging terms, we finally have the Black-Scholes equation for Asian options given 
by 


дү 


1202027 
t 2 


o’ S? Casi + (+ - руѕ,2 = 705,027 - rV(S, 1,1) 20 


108; 
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2. Similarity Reduction I. Let {W, : t = 0} be the P-standard Wiener process on the proba- 
bility space (©, F, P) and let the asset price 5, follow the SDE 


= (и- D)dt + o dW, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 

Let V(S;, I,,t) be a path-dependent Asian option price at time t, T < f « T which 
depends on 


t 
S, and Г, -/ S, du 


where т is the initial time and the option can only be exercised at expiry time Т. Assume 
that (5,, Г,, t) satisfies the following PDE 


an 


Lago ди 
1025 
др 2° 8 3542 


+(r r= D ur rV(S, 11) 20 


with payoff 
V(Sr, Ir) = SEF (Ip/ ST) 
for some constant « and function F. By considering the change of variables 
И(5,,1,,10) = SPH(x,t), х-1,/6, 
show that Н (x, t) satisfies 


: 1 Ї р он 
ЕШШ EE + {( — a)c? - (r — )} х| = 


-fa -a (5 Šida ^er) ғар) Н(х,) =0 
with payoff 
H(x,T) = F(x). 
Solution: Based on the change of variables 
V(S,, 1,1) = SPH (x,t), x= L/S; 


we have 


QV _ с«дН. дУ _ aH Ox _ oa 1 dH 
ot ot’ 01, ! dx Ol, “ x 
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ан. = а54-! H(x, даяан 587 se (aro. x9) 
t 

aV д 5 oH 

asas (800-5) 

25: } х 


(a — 1,527? (ано, t)— XT) 


2 
+ ба-1 адН дх дх ӘН _у9 Н дх 
дх 95, - 0S, дх дх2 д5, 


-(а- 1)64-2 (ано, Шы хан) 


дх 
x: д2Н 9Н 
а-2 2 


Sore ( 20H _ 2(а — х8 + a(a — 1)Н(х, D) : 
дх2 
By substituting the above expressions into the PDE, we һауе 


+" D)S? - N- m + e — rS? Hx, 1) =0 


and taking out S% and rearranging terms we eventually have 


ОН (15,29 H + [1+ {0 - a0? -(r- D)) x] = он 
х2 


3 а = (520? +r) ғар) Н(х,) = 0 
with payoff 
Н(х,Т)- F(x) 


since V (Sr, Ir, T) = 52Е(1/8т)- 5ТНт/5т,Т) and x = 1т/5т. 


3. Similarity Reduction II. Let (W, : t > 0} be the P-standard Wiener process on the proba- 
bility space (©, F, Р) and let the asset price S, follow the SDE 


= (u — Dt + o dW, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 
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Let У(5,,1,,1) be a path-dependent Asian option price at time f, т < t « T which 
depends on 


1 
S, and I, = / log S, du 


where т is the initial time and the option can only be exercised at expiry time Т. Assume 
that V (S,, I,, t) satisfies the following PDE 


OV 1 220V ди oV 
+ 02,5 + (r — D)S, — + 106.5, 
дй 2^"! 052 POD да” ш; 


—-rV(S, 1,1) 0 
with payoff 
№057, Іт) = РИТ) 


where F is only a function of Гг. By considering the change of variables 


I, - (T — t)log S 
V(S,1,t) = HG,t x24 T ова 
—T 


show that Н (x, t) satisfies 


2 
ӘН 1fo(T-1t)\’ Нн ( күле 
— + – — -D-- — —rH(x,t) = 0 
1.10270) ee z Т-т/ дх ы) 
with payoff 


Н(х,Т) = F(x(T — т)). 


Solution: Using the technique of changing variables 


I, + (T — t)log S 
Ио: aa Se 
Т-т 
we һауе 


ду _ OH дх | OH _дН _logS, 9H 
ot ox ot Ot ot Т-т dx 


QV ӘН 0x | | OH 


д1, dx dl, Т-т дх 
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> 


ду _ ОН ox ши 


95, дх 0S, 5,/1Т-1/ dx 
ОАВ теин 
д5? 95, |5,\Т—т/ Ox 


шан _1дН , 1д°Н ox 
САТ-т 52 0х 8, dx? 08, 
{= 1 (жазыл ХА 


Т-т Т-т 742 дх 


ини | 


n 
5; 
- 1 (2-1) = Ек 
E Т-т T-«/ ox? ox |. 


By substituting the above expressions into the PDE, we have 


ox? 52 дх 


dH _logS,ðH 1 = (=: дн 
ot Т-тдх 2 Т-т Т-т/ 0x? Ox 


Т-їүдН | logS,oH 
-о( ) ~rH(x,t) = 
n ) Т-т/ дх Т-т Ox ы. 
ОГ 
2 
ðH 1(соТ-0ү H ( LR 
-D- —rH(x,t)=0 

a r(e) TEE п M 

with payoff 


Н(х,Т) = F(x(T – т)) 


since V (Sr, Ir, T) = Е(Іт)- H(x,T) and x = Ip/(T — т). 


. Similarity Reduction Ш. Let {W, : t = 0} be ће P-standard Wiener process on ће prob- 


ability space (©, F, P) and let the asset price S, follow the SDE 


t 


ds 
—- = (и — D)dt + c dW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 

Let V(S;, I;,1) be а path-dependent Asian option price at time f£, т « f « T which 
depends on 


1 
5, апа = | og S, du 
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where т > 0 is the initial time and the option can only be exercised at expiry time Т. 
Assume that V (5, I, t) satisfies the following PDE 


OV 1 52,29V oV ди 2% 
ді + 2° 5 252 + (ғ cS. TEE -rV (Sp 1,,t) =0 
t 
with payoff 
ТРЕК (£5 
( T> т)= Т Sr 


for some constant о and function F. By considering the change of variables 


I, — (t — т)105.5 
V(Sp Int) = 8“Н(х), х= LU DEN 
=F 


show that Н (x, t) satisfies 


2 232 22 
ese (at) 52-| + 520-0? (2) 28 
t 2 Т-т/ ox? 2 Т-т/1 Ox 
+ ЕС ae? ес 1 H(x,t) 20 
with payoff 
Н(х,Т)- F(e*). 
Solution: Using the change of variables 
1-40-т)10855, 
VGS, 1,1) = S* H(x,t), 2 =з 
(5, 1,1) = SH (x,t) Tot 
we have 
OV ge (ӘН дх , OH) _ ga (OH _ IES: om 
ot '\дхдї ot t \ ot Т-тдх 
OV _ дшдН дх 8/7 oH 
д1, "дхдї, Т-т дх 
дү -1 9Н дх -1 (= т\н 
© = аен (х) Sf = ает Hou 5 (1) 8 
аш ахай эц си er 
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and 
АЛ 2 19H дх 
— = - 1)84-<Н(х,1 SM 
252 -а(а- 1) (х,1) -а 35 25; 
за (Е шуна pum a 
T - дх d Т- дх2 95, 


Een 


sco [ava - рне) a (© дх 


кое) 
= se? (=) £5 - e - (Iz -5) 20 caia - DHG, D|. 


By substituting the above expressions into the PDE, we have 


log 5 2 2 a2 
а OH _ 8 (ОН + 1 2 ба ( і-т ) д°Н 
t at Т Ox 2 "АТ-т/ ox 


—(2a — 1) (= 5) ao. + a(a — 1)H (x, г) +a(r— D)S? Н (x, t) 
t ðH log 5, 0H 

= - 2)5* ( 5) se - rS*H (x,t) = 

4 15) Т-т/ дх Trox Ч фо 


By removing $ and rearranging terms, we һауе 


ӘН 6 28 | 1 е 
-|r- D4 2Qa-1 = 
an 2 pm d 51 qe es а ах 


$ ЕС -24)6 Байг D) - 1 Hóx,t) 0 


with payoff 


H(x,T) = Е(е*) 


| elr (T-*) Ir 
since V (Sr, Ir, T) = SFF | ———— | = S7H(x,T) and x = —— - log Sr. 
ST Т-т 


5. Arithmetic Average Rate (Fixed Strike) Asian Option (PDE Approach). Let {W, : t > 0} 
be the P-standard Wiener process on the probability space (Q, F, Р) and let the asset price 
S, follow the SDE 


= (и- Dt + c dW, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 
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5.2.2 Continuous Sampling 
We define 


t 
1= f SS, du 


to be the asset running sum from initial time т > 0 until time f and consider the arithmetic 
average rate call option with payoff 


1т 
Y(Sr, [т) = max 4 ——— — K,0 
Т-т 


where К > 018 the strike price and Т is the option expiry time. Assume that the arithmetic 
average rate call option price at time t < T, cs, I,,t; K,T) satisfies the PDE 


әсе) 


(а) (а) (а) 
Yo 5250 € Ce дс? а) 

1: ——— - (r - D)S +5 —rC(S,,t;K,T) 20 
gp os m д5? цах ЖО OE. ar Os | 


with boundary condition 


(a) 1т 
С (Sr, L7, T; K,T) = max ТЕ №0 . 


By considering the change of variables 


I, - KT -« 
CS, Int; K,T) = S u(x,t), x-- ( ) 


S(T – т) 
show that u(x, t) satisfies 


д?и 1 ди 

222 

— +> — —— — — (r - р)х| — - Du(x,t) = 0 
sto vw gu Тос (г )х ЭХ u(x, t) 


with boundary condition 


u(x, T) = тахіх,0). 
By setting 


u(x,t) = a(t)x + b(t) 
show that a(t) and b(t) satisfy the ODEs 


a _ 45 240) 
п-ка =0 and F- ры) = -=——-. 


Т-т 
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Hence, show that for x > 0 andr # D the arithmetic average rate call option price at time 
tT«t«T is 


COSp 1,5; K,T тала от шин 
,1,4:К,Т)-1 —— - *t[————— 
c ne rj ин CDT- Jj" 


What is the solution if r > D? 


Solution: From the change of variables 


L-K(T- 
COS, 1; K,T) = Sulx,t), х= 0-0) 


S(T —7) 
we have 
әсе ди 
= 5, — 
дї дї 
(а) 
дСағ ша ди Ox 2 ди 1 _ 1 ди 
д1, "дхдї,  “дх54Т-т) Т-тдх 
(а) 
Cor Ou Ox ди 
= u(x,t) + 5,————— = u(x,t) - x — 
os c Аста усе 
PCa _ ди dx ux ди ax _ (ди(1-КТ-1)ү _ х2 ди 
д42 Ox 0S, "Ax? AS, дхд5, ох 8ХТ-т) S, dx?” 
By substituting the above results into the PDE, we have 
ди 1 2,2 (х үди ди 5, ди Ё 
5,22 + 2026; (= cS +C- DS, (ед - x55) + oS "би =0 
or 
ди 1 > 5д?и = |“ 
-- + с02х7— + - (r = D)x| — – Du(x,t) = 0 
ЭГ og сазға Шар, [сты ы 


with boundary condition 


u(x, T) = max(x,0) 


since 
(a) ; Ip 
С), (Sr, Ir,T;K,T) = max puo 


ы ІҺ-К(Т-т) 
== Spmax 0001 


= S, шах(х,0). 
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Let u(x, t) = a(t)x + b(t) so that 


ди da db Qu д?и 
a олт Л стан селі, 


and by substituting the results into the PDE satisfied by u(x, t) 


х9 + Т + (-- вы рух) a(t) — Da(t)x — Db(t) = 0 
ог 
% (44 Sma аш) + + *7 DIA) + zo =0. 
Hence, we сап set 
4а —ra(t) 0 and m - Db(t) = =. 
То solve 4а — ra(t) = 0 we let the integrating factor [ = e- / rdt е-" and therefore 


4. (a(De "") = 0 or a(t)e" = C, 


where С, is а constant. Hence, a(t) = Се". 
a(t) 


In contrast, for m - Db(t) = =т= we let the integrating factor Г, = е-/ Dat = 
ME 


е"?! Therefore, 


d = (t) _ 
3; (be us = -e Dt 


penc cL. 1 a(tye-P'at. 
Т-т 
Substituting a(t) = Се" we һауе 


С 
b(t)e P! = SE / oP dt 
—T 


С, eU- р) 
ЕС — DYT — n 


where С; is a constant. Thus, 


C, еп 


Пі 
г . 


u(x,t) = Сүе"х- 
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At the boundary condition for x > 0, и(х,Т) = x we therefore have 


С rT 
Сетх- ee Ce =x 
(-0ХТ-т) 


апа by equating coefficients 


e DT 


C,—-e'T and C, = —— ——— 
15e ad з= отут Тт) 


which leads to 


е ОТ) _ е-КТ-9 


“узт ы) 
и(х,1) = хе + СРТ) ` 


1 1 
ETE: 
=}, 


COST. K,T) Ее 
= 5, 1,- К(Т-т) gr 5 + e D(T-0 _ g-r(T-0 s, 
S(T — т) (r - DT —т) 
t —D(T-t) — ,-r(T-1) 
= 8,4и-К|е"ЧТ-04(9----9-- 16 
Т-т/, (r - DT – т) 


Finally, for the case r — D and from the application of L' Hópital's rule 


Thus, for x > 0 or 
T 


1 
lim cs, I, t; K,T) = lim (= / 5, аи — к) e 0-0 
гәр -- БАТ 0 


е-Р@Т-ї) _ „—г(Т-ї!) 
lim 5, 
гәр ("= DT — т) 


DT- 20 —re 0) 
ІЗ Uwe Е ЫЫ эсэн 
m du — e D(T-0 ын DS, e D(T-0 
= К Т-т 


E Де г 5, ысы) zi EM ELA 
EU 


6. Arithmetic Average Strike (Floating Strike) Asian Option (PDE Approach). Let (W, : t > 
0} be the P-standard Wiener process on the probability space (О, F, P) and let the asset 
price S, follow the SDE 


= (u — D)dt + o dW, 
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where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 


We define 
t 
1= f S, du 


to be the asset running sum from initial time 7 7 0 until time f and consider the arithmetic 
average strike put option with payoff 


Іт 
WS, Іт) = max 4 ——— — 57,0 
Т-т 


where Т > 118 the option expiry time. Assume that the arithmetic average strike put option 
price at time f, c « t « T, pU. I,,t;T) satisfies the PDE 


рФ 2 p? рФ p? 

д а$ 1 2 29 as д а д а5 

+ 5 +(r— D)S +5 — rPOXS,, Lt; T =0 
й 2° ' gs? u 5:795, ' ol, FECI 


with boundary condition 
(a) Ir 
Pis (Sp, Іт, T; T) = max To 5т,0 6. 


By considering the change of variables 


LS c 
POS, It, T) = S,u(x, t), x= -ST 


show that u(x, t) satisfies 


ди 1 
— + – 


ди 
Зоо z—-6-D6 D| 5 — Рх) =0 


2 
с? (х + D T” 
with boundary condition 
u(x, T) = max{x, 0}. 
By setting 
u(x,t) = a(t)x + b(t) 
show that a(t) and b(t) satisfy the ODEs 


da _ db у; Ж ae 
57-га) =0 and ©°— Db | (ғ D)| а). 
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Hence, show that for x > 0 andr Æ D the arithmetic average strike put option price at time 
t,7<t<Tis 


1 ; T- 
POS I, t, T) = (х= / 5, ш-5)) жа 


1-(ғ- D)(T —7) -D(T-0) _ ,-r(T-t) 
(MX K e ) S, 


What is the solution if r > D? 


Solution: From the change of variables 


I,- S(T — 
PO(S,,1,,t;T) = Su(x,t), x= Fee =e) 
m S(T — т) 
we have 
әре) ди 
= S,— 
дї дї 
ОРЦ) dudx сл __1 ди 
ol, "дхдї, “9х8(Т-т) Т-тдх 
әре) 
OS u(x,t) + genes 
05, дх д5, 
1, 
-и(х,0- &( - t ) 
x \ SAT — т) 
= u(x,t) — (x + ps 
дх 
апа 
PPE _ ди дх д?и Ox ди дх 


= ы (и Тут ле. ME 


x 
952 дх д5, дх2 08, д9хд98, 


c а 
о) 


(х + D? д2и 
5, дх2` 


494 5.2.2 Continuous Sampling 


By substituting the above results into the PDE, we have 


s. 1, мд ган р), (uw. (х + DS) 


‘at 2 5, дх2 
К 5, ди 
Т-тдх 
ОГ 
oo a+ 02 z*[r-e-mo + )] - Dua) = 0 


with boundary condition 
u(x, T) = max(x,0) 


since 


I. 
P (Sp, Ip, T; T) = max ( a - sro} 


= Sr max = 
ST - 7) 


= S, max{x,0}. 
Let u(x, t) = a(t)x + b(t) so that 


ди da db Qu д?и 
o uu т ВВ 9 


and by substituting the results into the PDE satisfied by u(x, t) we have 


da , db 1 
ET + Ji + (= — (т — D\(x+ D) a(t) — Da(t)x — Db(t) = 0 


or 
x (Se -ra 0) + 2 – pe + (= -(т- D)) alt) = 0 


Hence, we can set 


da _ db КЕЗЕГІ 
-ғай-0 and 57 - Dow) = (ғ- (ғ р). 


гат — e! 


To solve т — r a(t) = 0 we let the integrating factor I, = e^ / and therefore 


d =f | 
3 (a(De "") -Оога(0е7" = C, 
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where C} is a constant. Hence, a(t) = Се". 
In contrast, for < — Db(t) 2 — (-- -(к- р)) a(t) we let the integrating factor 
-т 


I, = е-/ Dd! — e-Dt Therefore, 


L (be) = - (=— -(r- р) а()ет?! 


b(re P! = — (=— ы E р)) / alte Pdt. 


Substituting a(t) = Се" we have 


Бе?" = —С, (= -(ғ- р)) Ї е 0141 


ево, 


(r — DXT – т) 
-c ұлы дас) а ЛАН. ш 
== 21 C- DXT —т) ): + Ce 


where С; is a constant. Thus, 


1-(r- D)T — 2) ад Сем. 


u(x,t) = Се"х-С, ( G- DTD 


At the boundary condition for x > 0, u(x, T) = x we therefore have 


pe) Жейде ы 


FI 
Cie x С, ( " = DT — т) 


апа by equating coefficients 


1 wn ES 


& gal = 
С, =e and С, = ( (г m DXT m т) 


which leads to 


u(x,t) = xe "(1-0 + (SS) Санах 3 eT) 


(r — DXT – т) 
and hence 
POCS, L,t;T) = Su(x,t) 


t 
= (х= / 5,4-5) шіл? 


1-(7-0ХТ-т) (e-DT-) —е-"Т-0)$ 
("= Р)(Т – т) 4 
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Finally, for the case r > D and using L’ Hópital's rule 


| | b. ат 
lim POCS, LT) = lim (т 2 | 5,4и- 5) gus 


e D(T-0 _ g-r(T-1) 

+ lim | — — À—— ——- |5 
r>D\ (r— DY(T т) 

— lim (e PC) — eT) S, 


r>D 
t —r(T-1) 
1 5,4и- 5) qa lim 6: s, 


1 
(т -т гәр Т-т 
d DS 
41.3 ri S,du- S, | 0070 — — eo PT) 
Т-т/, Т-т 


1 
= Е l ( / 8,4и- о) 5 s| g-DT-0, 
E 


7. Put-Call Parity for Arithmetic Average Options (Probabilistic Approach). Let (И, : t > 
0) be the P-standard Wiener process on the probability space (О, F, Р) and let the asset 
price ,5, follow the SDE 


48, 
—. = (u — D)dt + o dW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility рагат- 
eter and let r be the risk-free interest rate from the money-market account. 


We define 
t 
= f SS, du 


to be the asset running sum within the time period [t,t], 0 € т < t and consider the arith- 
metic average option with zero-strike call payoff 


VS, Ir) = Lr 
S SET T Tor 


where T' is the option expiry time. Using the risk-neutral valuation method find the 
arbitrage-free arithmetic average option price at time f, т < t < T. 
Consider the payoffs of arithmetic average rate options 


(a) | Tr 
C (S, Lp, T; K,T) = max Tot - K,0 


РФ(8,.1:,Т:К,Т)- ГОИ Е 
ar (ST, T5 , ) = max “Т ? 
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and arithmetic average strike options 


1. 
C (Sp, Ir, T; T) = шах is - pe 


Ir 
P (Sp, Ir, T; T) = max ( Acl 5.0) ; 


Show that the put—call relation for the arithmetic average rate and arithmetic average strike 
options are 


COS, I,, t; К,Т)- РФ(8,,1,К,Т) 


t —D(T-t) _ ,-r(T-t) 
2123 / Sink о 
Т-т/, (r - БТ — т) 


and 


CHS, I,.t; T) - POS, 1,5 T) 
1 
-(%- 1 | S,du | eT- + (к= Р) т) -1 (е-7@-9 _ 7r) s, 
Цан (— DXT — 2) 


respectively. 


Solution: From Girsanov's theorem, under the risk-neutral measure Q, S, follows 


48, 5 


t 


where w^? =W,+ (=) t is a Q-standard Wiener process. 


б 
Hence, using the risk-neutral valuation method, the price of the option at time t < T 
with payoff 


1 Т 
VS, Ir) = 1 5, аи 
I-—-J; 
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18 


У(5,1,5Т)-е"4-9Е4 (58,113 2] 


11 
М 
- 
| |= 
ч 
= 
0 
Q 
= 
Ne a LL 
S S 
А, 
ы 
+ 
- 
| 
ч 
с 
д 
ы 
=) 
m 
ы 
^ 
ш 
Q 
= 


Using Ito's lemma we can easily show that for и > t 


2 Ту 1 ТРАН Q 
5,- бе PTIT 00-0 үүд us М(0,и — f). 


u 


Hence, E® KM EA = S,e("- DXu7? and the option price becomes 


; Т 
VG, 1,15 T) = : S, du ) e 079 + 41 erT- SeU ду 
Т-т/: Т-т t 


= T 
= (zh f swan) ert seme m 
Т-т), " fe! r-D|, 


1 -D(T-t) _ ,-r(T-1t) 
= : SS, аи Сал ыг бк 
Т-т/, (r — DXT – т) 


At expiry time Т, the put-call parity for arithmetic average rate options is 


COS, Ir, T; K,T) - PÓ(Sr, Ip, T; K, T) 


1 x 1 3 
S,du-K if S,du>K 
Т-т/, Т-т/, 
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By discounting the payoffs back to time t under the risk-neutral measure Q, we have 


q 
CS, It; KT) - PO(S;, I, t; K,T) = e "Е | l 1 5: i-is 
T 


T 
ханыг / к=) 
2 


—Ke 0-0 
1 
B І / 5,4и| е7"? 
Т-т), " 
е-Р@-— — е-КТ-9 Зет 
| су ие 
1 1 
- (т — / 5,4и- к) g To 


е-Р@-) _ о-кІ-) 
+| ———_——_ |5. 
(r — DXT – т) 


In contrast, at expiry time Т the put—call parity for arithmetic average strike options is 


COS, Er, T; T) - P®(Sr, Ep, T; T) 


1 а 1 T 
s-z f S, du tsp» oh f S, du 


1 d 1 Е 
8-т-/ 5,4и | S, du. 


By discounting the payoffs back to time ¢ under the risk-neutral measure Q, we have 


CS, Ip t, T) - POS, I, t; T) = oF OEP Е - — S, du 
T 


= е "ТГ 9Е%|8:| F] 


Т 
-с-ға-ора [ |. S, du 
es: 
t 
= Se DT) _ (= 1 S, du) гө 
2003 


о-0(7-4) _ g-r(T-0 
- 5, 
(r — D)T – т) 
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1 t 
= (8- г-/ 5, du) eT- 
T — /, 
" (r—- DXT – т) – 1 
(r — DXT — т) 


х (e 2075 = en) S,. 


8. Geometric Average Rate (Fixed Strike) Asian Option (PDE Approach). Let (М, : t > 0} 
be the P-standard Wiener process on the probability space (Q, F, P) and let the asset price 
S, follow the SDE 


48, 
—. -(и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 


We define 
t 
i= | log S„ du 


to be the geometric sum of an asset from initial time т > 0 until time / and consider the 
geometric average rate call option with payoff 


I 
WS, Ir) = max 5 5 ко) 


where К > 0 is the strike price and Т is ће option expiry time. Assume that ће geometric 
average rate call option price at time f£, т « t < T, CO. I,,t; K,T) satisfies the PDE 


(g) (2) (8) 
1 2 494€ OCG 0C; (g) 2 2 
+ 29 5, 282 +(r— D)S, 25, Шы кта -кС2 (S,,1,,t;K,T) =0 


әсе 
ді 


with boundary condition 
І 
CS, Ip, T; K,T) = max fer z ко| : 


By considering the change of variables 


I, + (T —t)log S, 
X = —— 


COS, 1,6 K,T) = H(x,t), ЛЭЭ 
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show that H (x, t) satisfies 


oH i е ( зүү т=н 
-D- -rH(x,t)=0 
йо те Ту rea) ae ee 


with boundary condition 
H(x,T) = max(e* — K,0}. 
By setting 
5, = е* 


show that the PDE сап be transformed into 


NV 2 = - ^ 
a tr rci) Sog prom Gel] Grae) 845 
t —T д5; =F ET д5, 


-rH(S,,t) 20 
with terminal payoff 
Н(5,,Т)- max{ Sp — K,0}. 


Hence, deduce from the European option price formula that the geometric average rate call 
option price at time f, т < t < T is 


T 


I =t = = 2 
COS, 11; K,T) = eT ST" e PT @(d ,) — Ке-"Т-Ф(а ) 


where 


1 22 = 
. +(2—*) log S, -log K + (r7 D + 
Т-т 


1 ovT-t 


Dat (Pete) (ТГ) (ТР (ТЕ) 


Т-т 12ХТ-т Т-т Т-т 
pat (Жағу 
3 NE =T 


and Ф(-) is the cdf of a standard normal. 


Solution: To obtain the PDEs satisfied by С 6, 1,1:К,Т) апа H(x,t), see Problem 
5.2.2.3 (page 483). 
By setting S, = e* we can express 


> 


он _dH9S, _ „дн _ 90H 
дх 05, dx as, 726 


t 
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502 
2H OS, 4 2H 95, -2H А 2 
а Жы E ы ж L к улаан 
ox! 9х 9$ aS? 90x 0908, oS? 706; 282 


By substituting the above results into the PDE satisfied by H (х, t) we have 


ЭРЭ 2 = Ke 
ОН о? (1 -) ЗАН SIE. + ("-р- 50?) (5— -)$ 25. 
Ї 2 Т-т 25, as? 2 Т-т as, 
-rH($,1) =0 
or 
— 112 А, д2 = = P 
БЛОГ т 92s 
t 2 Т-т as? 2 Т-т Т-т 98, 
-rH($,1) = 0 


with payoff 
Н($т,Т) = тах{ 5. — K,0} 


which is a Black-Scholes equation with time-dependent dividend yield 


Эв (2221 (925 


and volatility 


Hence, we can deduce that 


H,O = Seh 9% у— Ke" Tad) 


where 
log(S,/K) + / (е – Dw) + $6(u)?) du 


4, 
Vf" ёш? du 
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with 
[ om [ese EDI Go) o G9] 4 
T = " 2 22 
af Е 2 eie (E25) (а) + p (Z) Y au 


Т-т 
ru- 02 (т-ти тү QT--[ 
BUE E 9 цах БЕРЕН 
— (Г-41-21ХТ-1) 

E XT — т) 
с? Шы ыыы ыыы 
12 (Т – т)2 
EL D(T -ty 

(Т-ту XT — т) 
1:(Т-41-2т c?(T-t T 2t Зт 
НІ Т-т )+5 (=) ( Т-т ) 

D(T-t 
с 6-9 


апа 


Т Т 2 
REND 2(Т-и 
du = ---) а 
ЕС и J eG) u 
oT -up| 
3(T — т)2 
„сү 
Т-т 


ї 


) а-о 


Thus, we сар rewrite Н (5, 1) ав 


H($,1) = Se T-O) — Ке-"Т-9Ф(а_) 


where 


log(S,/ K) - (r - D + 350° \(T — 1) 
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and 
С Т eee 
o = T o(u)* du. 
Е 1 
ж It+(T—t) log S; 1; T-t 
By substituting S, = ех =e Т- = eT-:,$7 * ће geometric average rate call option 
price is 
I Ta — - > 
COS, L,t; K,T) = eT ST е-20-0ф(4,)- Ke" od ) 
where 
1, Т-і “тү 1—5 
=) log S, - logK + (r- D 26^ )(T - t 
Eu e Lud dui d йа. 


* owvT —t 


9. Geometric Average Strike (Floating Strike) Asian Option (PDE Approach). Let (W, : t > 
0) be the P-standard Wiener process on the probability space (©, F, P) and let the asset 
price S, follow the SDE 


48, 


1 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 


We define 
t 
1= | log S„ du 


to be the geometric sum of an asset in the time period [z, t], т > 0 and consider the geo- 
metric average strike put option with payoff 


I 
УС5ү, Ir) = max (өв 5 5.0) 


where Т is ће option expiry time. Assume that ће geometric average strike put option 
price at time f, т « t « T, Ps, I,,t; T) satisfies the PDE 


(g) 2 pls) (g) (g) 
o Pis 1 202 Pis o Pis o Pis (8) 
àt 59 5 ser АЙ атта ы. al, = 7Р5 (GS, 1,05; T)-0 


1 
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with boundary condition 
Ir 
P® (Sp, Ip, T; T) = max {етв - sro} 
By considering the change of variables 


I,— (t—rt)log S 
P®(S,,1,,t:T) = S,H(x,t), x= IX ыл АІ 


Т-т 
show that H (x, t) satisfies 
-т А? д2 = 
он 50? (1 =) oH ЕТЕ 2) 29 рн) =0 
£22 Т-т/ ox? 2 Т-т/ дх 


with boundary condition 
Н(х,Т) = max{e* — 1,0}. 
By setting 
$ = ех 


show that фе PDE сап be transformed into 


2 2 2 = = A 

oF о? (2 5) $22 -p- nez (2 SJE 2) 52 
ot 2 Т-т 2 
—~DH(S,,t) =0 

with terminal payoff 


H(S,,T) = max{ Śr — 1,0}. 


Hence, deduce from the European option price formula that the geometric average strike 
put option price at time f, т < t < T is 


no T 
-— 


POS, Ip t; T) = eT S77 e DT-0o(q,)— Se PT O_) 
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where 
1, t=T -- 1-2 
5 log 5 (ғ-Б-, )а-: 
donet fig B 85 2° ( ) 
„= 
сүт -t 
— - 2 2 - нь 
= (= m) (I г) + (2 31655: 5%) 
2 Т-т 2 \Т-т 12 \Т-т Т-т 
zx _ 0 (T-+0t-DT-)+04-? 
© (Т – т)2 


and Ф(-) is the cdf of a standard normal. 


Solution: To obtain the PDEs satisfied by ps o Tj, 5 T) and H (х, 1), see Problem 5.2.2.4 
(page 485). 
By setting S, = e* we can express 


oH 2H9$ 0H сон 

dx 05, dx as, 798 

н 3 ðH HƏ, „ән сон дән ён 
2 уч FTA = е*——+е*$, 22 = 5, +5; 6. 

ox? 9х 9$, 9582 Ox as, 95; д5, 282 


By substituting the above results into the PDE satisfied by H (х, t) we can write 


= 2f А 2 = A 
aH Ma 80 (344-824). (-- а Т күрен 


2 Т-т as, "2% 2 Т-т as, 
—~DH(S,,t) =0 
or 
LX ғы д2. z 2: A 
т a (1=6) бөн 
дї 2 Т-т 282 2 Т-т Т-т 98, 
-DH($,t) 20 
with payoff 


H(S,, T) = max($, — 1,0) 


which is a Black-Scholes equation with interest rate D, time-dependent dividend yield 


(тт) + тже (т) 
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and volatility 


o(t — т) 


o(t) = т. 


Hence, we сап deduce that 


Н(8,1) = бе-/ Войо) — PT ad) 


with 
~ log S, + [7D - box 18(и)2) du 
уа eee 
Vf" Gu)? du 
where 


T. T uc T-u 15/T-u и-т 

| бое | le ee) ae (rae) (pay) « 
2-7) pyT-w* в? (Т7-ши-т) (ит)? 
|-T-) XT-9) 2 2 9 

шигшээ ВФ 


Т 


1 


2(T — т) XT – т) 
sae E – (T — c + (t - «YT — c) + (t т)2) 
12 (T -т)? 
XT - tt т)? 
тт) | 


-E CREE) GE) 
SS ERES) o 


and 


o? ( (T – т) - (t- т) 
E T-T} ) 
2(T-tP +(t-7t\(T —7)+(¢-7)) T-t) 
(Т-т)? | 
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Hence, we can rewrite Н(,,,/) as 


HS, t) = Зе To) – e PT @Z_) 


where 
_ log(S,/K) + (D -D+ i) T-t) 
d, = 
Е ovT -t 
= 1 АК 
р--- D(u)d 
Т; (и) аи 
апа 
И Ое" 
с = —— о(и) du. 
Т-і), 
ж I,-tlog S, 1, 225 
By substituting S, = ех =e Т =ет S, Т, the geometric average strike put option at 
time t < T is 
POS. ВЕТ) = S,H(x,t) 
в Іш - ын = 
= eT ST eT -@G,)— Se PT OG_) 
where 


d 7 E T 
= сүтТ-1 
= a ET 2 M 2: 
Е er eer) ar rae 
p= (2-00 0а соне) 
3 (Т – т)2 | 


10. Geometric Average Rate (Fixed Strike) Asian Option (Probabilistic Approach). Let {W, : 
t > 0} be ће P-standard Wiener process on the probability space (О, F, Р) and let the 
asset price ,5, follow the SDE 


45, 
— = (и — D)dt - o dW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility рагат- 
eter and let r be the risk-free interest rate from the money-market account. 
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We define 


t 
І, = / log S, du 


to be the geometric sum of the asset in the time period [r,t], where т > 0 and consider the 
geometric average rate put option with payoff 


1 
VS, Ir) = max {к - ель) 


where К > 0 is the strike price and Т is the option expiry time. 
Show that if X ~ N (s. 62) then for a constant К > 0 


ô 2 — log К Е 
г [max {5(e* — K,0)}} = sential (и, tor og | -8КФ (1 =R) 


Ox Ox 


where 6 € {—1, 1} and Ф(.) denotes the cdf of a standard normal. 
Given that W,, , ~ N(0,u — t), u > t show, using integration by parts, that 


T T 
T ж. f (T —u)dW,, 
t t 


and deduce that 


T x 
/ и, а= N o В | 
1 


Ir 
—T 


follows 


dp Ега : 
By considering еТ-т and ег-г show under the risk-neutral measure Q that T 


a normal distribution with mean 


$ 
F, Et. log S,du + (T - 01055, + 5 (r- D- 50?) (7-1 
Т-т z 2 2 


and variance 


)- 2522: 
} 3(T-o 


Hence, deduce that under the risk-neutral measure Q the geometric average rate put option 
at time f « T' is 


Var? ЇЕ 
Т-т 


= в I4 — - 
POS, 1,5; K,T) = Ке”"Т-0ф(-4 )-ет 5,7 г-24-0е(- 4) 
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510 
where 
1. 24 - 
: + (Z=) logs, - ювк+ (r- De 25) T -0 
4 Т-т Т-т 2 
їнэ 
ovT-t 
ші = = 2 m = 
р=;(— (i + (2 31655: 5%) 
2 Т-т 2 \Т-т 12\Т-т Т-т 
E a 
с = — . 
3 NT =r 


Solution: For the first part of the results refer to Problem 1.2.2.7 of Problems and Solutions 
in Mathematical Finance, Volume 1: Stochastic Calculus. 
From the stationary increment property of a standard Wiener process 


Т Т 
| наи | (W, Чи 
1 1 


Т Т 
-f w,du- | du 
t t 


T 
-/ W, du — W,T — t). 
1 


Using integration by parts 


T T 
/ W,du- ww - | udW, 
t t 


T 
-ти-- | udW, 
t 


and therefore 
T T 
1 W, ди = TW, — tW, -/ udW,,-—W,(T – 1) 
1 1 
Т 
= TWr_; аж / udW, 


" 1 
= / (T — u) dW,,. 
{ 


Using the properties of the standard Wiener process we һауе 


Е жми] eL [mm] =0 
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апа 


MAR UE: 
а, 


dU n ] n 


Since we can write 


1 


і 


Т Т n-i 
| "emo | т-шаж,= jim Ут пт, ж) 
t t i=0 


where t; = t + КТ — t)/n, we can see that each term of ИИ. Уй, is multiplied by а 

deterministic term. Thus, the product is normal and given that the sum of normal variables 
T- 

=| 


T 
is also normal, we can deduce that Ма М E 


1 
Under the risk-neutral measure Q, S, follows 
45, о 
1 


where w^? =W,+ (£—) 118 a Q-standard Wiener process. Using Ito's lemma 
с 


dS, 1(dS,\? 
41085, = — – = | —] + 
S DCS 


(r - Ddt +o dW} - Zodi 


= (r- D- 202) ate caw 


and taking integrals for f « и « Т we have 


и и 1 и 
f aos = | ("= р- 302) ажо f ау/2 
1 t 2 t 


ОГ 
log S, = log S 102 5 
og S, = log ‚+ (r-D- 50?) u-) жай, 


1, Іт 


1 1 Т 
= етт and Ст = ет-е/ 198 50и L oT so that 


1 
For t < T, let G, = er: / 198 Su du 


t 
п-ов, = | log S, du 
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and 
T 
(T - ntes; - | log S, du. 


By subtraction 


T t 
(T= DleeGr - t - Diog G, = | log S,du- | log S, du 
T 
= log S, du 
t 


and substituting log 5, = log S, + (r — D — zo? Yu -1) + owe we have 


T 
@-ююгвбт-(@-ювб,= / ов 5, + (5-р 50?) и 0 ew] ди 
1 


Т 
E (T - Dl, | (к= D— 502и – 1) du 
1 


Т 
+o f we du 
t 


= (T —f)log S, + 5 (r-D- 502) T- 


T 
+o f (Т-шай/2,, 
1 


: 1т 
Since log Ст = Т 


I, 
and log б, = — therefore 


, 
Т 


—-— 
T 

_ = T4 ту Л om | 202 Е о 

Ip = 1, + -0lgSz(r-D-26)m-9 «o | т-щата, 
t 


or 


Ir 1 1 1 
— =—{[ Т-1)1085 2 ("= 0- 502) 0)? 
Т-т paz {et )log (t5 Я 2° ( ) 


Т 
+o f a -wawe, }. 
t 


5.2.2 Continuous Sampling 513 


T 
Since T (T —u) ау/2, is normally distributed, then conditional on the filtration F, 
1 


Ir 1 1 1 
zl F~ N |2 (0 0)0085,+5 (5-р 502) 07), 
o? (Т – t 
3 (Т- т) || 
Using the identity 


— log К „+02 -—logK 
bnt еле ко 882859) оен. 


б, б, 


for X ~ N (ux, 62) and 6 = —1, under the risk-neutral measure О the geometric average 
rate put option price at time f is 


I 
RUS TUR Dye EP Б (к - езе) d 


= Ке”"Т-9ф(-4 ) ЕЦ e378 -"Т-0Ф(—@,) 


where 
Wace {+T 00 5+5 (r-D- 50?) 7-17} 
~ Poe Bet) 2 
EN iUe 
3 (Т-т)? 
2,- Л? -Ю8К 
5 
ug 
Hence, 


2014 1 үл 1 62 T- 
LE к, 0юв 5,41(--0-1024Т "m к-т 


= E " T 5 
where D =; (I5) 4 P (T. цаг үке x 
2 2 Т-т 
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In contrast, 


+= = 
5 


1 
Т-т 


ы: 29 
- +5 — log К 
2 m+s og 


Т-т Т-т 


апа 


4 -4,-5 
=d,—-avT-t 
1, «(IL 
Т-т Т-т 


ER) с (T-t\2 
where o => ( 1: 


- 1 
POS, 1,1: K,T) = Ке””Т-0Ф(-4 )-ет 5 


where d, = L= Pot 


E 


1 


- 


(1467-0854 : (r-D- 50?) т} 


log К 


в? T- 
3 (Т-т)? 


I Ж = 
L 4 (=<) tog s, - tog K + (-D+ 50°) r= 


1 


) log S, - leg K + (r-D- 53°) (7-1) 


T-t 
T 


| e DT-Dg(-d ) 


I - _ 
22: (<=) og 5, -log K + (к-Б+5°)(т-) 


. Geometric Average Strike (Floating Strike) Asian Option (Probabilistic Approach). Let 


{W, : t > 0} be the P-standard Wiener process on the probability space (Q, F, Р) and let 


the asset price S, follow the SDE 


45 


—. = (u — D)dt+ сам, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility рагат- 
eter and let r be the risk-free interest rate from the money-market account. 
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We define 


t 
І, = / log S, du 


to be the geometric sum of the asset in the time period [r,t], where т > 0 and consider the 
geometric average strike call option with payoff 


I 
WS, Lp) = max Б = ель) 


where Т is the option expiry time. 
Show that if X ~ M(u,,02) and У ~ М (My, o?) have a joint bivariate normal distribu- 
tion with correlation coefficient Pxy Є (—1, 1), then 


E [max {ех - е",0)| 


Hx — Hy T с,(с, өл Рхубу) 2 ehti Hx — Hy EX о,(0, = Рхубх) 
4/02 – 2PxyFxOy + o? 4/02 — 2р,уб,бу + o? 


where Ф(-) is the cdf of a standard normal. 


522 
= е"х"29:ф 


Show that the pair of random variables (wi... de Wit du) has the covariance matrix 


T-t IT-0? 

У = 
1 J d 3 
„(Т —1) a =) 


3 
with correlation coefficient КЕ апа (wi... X М, du) follows a bivariate normal dis- 


tribution. 
Using Ito's formula show that under the risk-neutral measure, for t < T 


log Sr = log S, + (r-D- 302) -ожомд, 


1 
о ( д )=т={к+@-0юг%+5(,-ю-зе )r -n 


T 
+o f we, du} 
t 


where w^? 18 a Q-standard Wiener process. 
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Finally, deduce that under the risk-neutral measure Q the geometric average strike call 
option at time £, т < t < T is 


T 


= І, Ї — Ээ 
COS, Ip t, T) = Se P1 9 @(—d_) – eT 5 e PT D(—-d,, ) 


where 


2 ыг log S, (D- D 55")  -0 

SN УТ: 

Ba 5 ы Desc) 
-2 о?2°{[(Т-т)?+@-т)\(Т-т)+@-т)? 

4 -5 ( T-T? ) 


Solution: For the first part of the results see Problem 1.2.2.17 іп Problems and Solutions 
in Mathematical Finance, Volume 1: Stochastic Calculus. 
By definition, the covariance matrix for the pair of random variables (W7_,, 


f. W, du) is 


Уақ.) Соу (wi... Пи 2 
У = 
Т Т 
Cov (Wry и, иан) Var (Sf Ww, йи) 


Given that И, ~ Л(О, T — t) and from Problem 5.2.2.10 (page 508), we һауе 
Уаг(И/т_,) =T -t 


and 


Т 15 
Уаг (/ 212 - Уаг (/ аан) 
1 1 
Т Т 2 
-Е(| п) -E(f т-д) 
1 1 


= 5-0). 
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For the case Cov (wr... 15 И du) we can write 


T T 
Cov (Wr. [ 222 = E (w 2 И’ D 
t t 
T 
-EWr_,)E (/ Wat du) 
t 
T 
= (w ВИ 222) 
t 
T 
TES (/ Wr-Wa-t du) 
t 


ш (Wr Wa » du 


ll 
pr 


T 
E / E [И (о 7 W, + г] du. 
1 


From the independent increment property of a standard Wiener process we һауе 


T T 
Cov (Wr / Wu du) = Т E(W,_)E(Wy_, №, аи 
1 1 
Т 
1 / EQ? )ds 
1 
Т 
= | sw» 


t 
T 
= (u — (аи 
t 


- PT - 1). 


Therefore, the covariance matrix is 
T-t iT -02 


Тв? T-P 
5 (T-t) з (T — t) 
with correlation coefficient 


Cov LP И du) _ (т сар Е ТЕ 


Var(Wyr_;)Var ( SEW du) 50 -0 5 
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By expressing 
Уг = ү Т — 12 


Т — fy 
Ї Was du = y EP (22, + 1-2.) 
1 


where 21, 25 ~ А(0,1) апа Z, 4 Z;, for constants 0, and 0, 


- Сайныг SE ж, | СЕ СЗА 1Z4 405 УСТ а 


= Е le VT-t+06.V(T танти ына 
228 Сда +00, zo іг Баш за FB 


= es VT- KT-03 3 568-0 0-93. 


3 
By substituting p — ЗО? and setting Ө = (0,,05)’ we therefore have 


T 142 1 2,152 (T-03 
| Cu жн) = е291(Т-9+2810(Т—)?+ = 


0' x0 


1 
е? 


which is the moment-generating function of a bivariate normal distribution. Hence, 
(wr... SE И; и) follows a bivariate normal distribution. 


From Girsanov's theorem, under the risk-neutral measure 


48, : 
1 


=F 
where иЗ =W,+ (£—) t is a Q-standard Wiener process. From Ito's formula 
с 


dioi en TE 
og S; = —- = | — 
Pe су үг АҒ 


= (r- D)dt + o dW} — Todt 


= (r- D- 5e?) are caw? 


and taking integrals for f < и < T we have 


и и 1 и 
/Гчю5- | (r-D- 50?) arto f aw 
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or 
12 о 
log S, = log S, + (r-D- 29 )u-n+owe,. 


І 1 т. І 
ў log S, du — J; log S, du T 


Fort < T, let G, = ест = er and Ст = eT = eT-: so that 


t 
(= DleeG, = | log S, du 


and 
T 
(T — t) log Gr = / log S, du. 
By subtraction 
T t T 
(T — t)log Gr — (t — t) log G, = / log S,, du -/ log S, du = / log S, du 
T T 1 
and substituting log S, = log S, + r — D— 50° \(u —t)+ owe we have 
T 1 
(T - t)log Gyr - (t — 1) log G, = ү [log 5, + (r apo 29) (u—t)+ owe, | du 
t 


T 
= (T - t)log S, -/ (r-D- 502и – f) du 
1 


Т 
+o f we du 
t 


= (Т – t)log S, + 5 (r-D- 5e) (T —г)? 


T 
+0 |, №9 du. 
1 


I, 
; and log G, = ——., therefore 


Ir 
Since log Gr = T- 


T 
НИР We du 
t 


or 


Ip 1 1 
LU AUR Т, + (T - t)log S, (r- 5-3 a) T- 
= {+T -)logS,+ 5 (r 50?) (1) 


"n 
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T 
Since We, ~ N(0,T — t) and / we ди ~ N [o zT — n| , conditional on the fil- 
t 


tration F, 
log Sr| F, ~ N [log 5, + (r 1-2 502) (T-),0(T – г) 


апа 


Ir |o 1 = Ro etd 27. 
1 я м | {147 log 5, +5 (7 р 50?) (т 287 
oo] 
3 (Т-т)?|` 


In addition, since (Wr i Wat du) follows a bivariate normal we can also deduce that 


Ir 
Т- 
From the identity we have 


also follows a bivariate normal distribution. 


С Sr, 


Е [max {e* — е",0)| 


=H; t 0,(0, — б 1 = - 0,(0,- б 
Их Hy x( х Рху y) ану! Их Hy 3 у Рху х) 


2. 2 2o 2 
1/6:- 2р,уб,бу + б; A 9% — 2р,уб,бу + с; 


for a bivariate normal distribution such that X ~ N (ux, o?) and Y ~ N (иу. 07) with cor- 
relation coefficient р,, € (—1, 1). By setting 


122 
= ейх+5%Фф 


X = log Sp, и, = 085, + (r- D- 5e?) r - n. 02-04Т-0) 


GS 


1 1 1 
ee оны) n] 
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we have 


2 
б, 


where 


1 1 1 
Hx 592 еер 50° \(T 0+5 02(Т t) 


eo DXT-0 


с2 (T-t) 
6 (Т-т)2 


I (T-0log S+} (= D- 16?)(T t + 


1 
er 


I Т- ,-р(Т-02 sc? (T ) (T-1)2 
ет-т АУЫ e? Т-т 12 Т-т Т-т 


no Ты = 
= ет S el - DXT-0 


PT- 0 


— 2p,,0,0, - 02 = oT – 0) Tor з (Fo 
_ о? (T-t) (Т-і) 
=F pL ФЕ |а-» 
-Z (C2 He oT D ey 
3 (Т- т)2 
-01-1) 


= 7 (1402) Ртг) о е (Deas) 


Т-т 2 \Т-т 12 Т-т Т-т 
„= {== отп) 
ЫГ (T — т)2 | 


In addition, 


1,2 2 1 
Hx — Hy бү (бүс Pxy0y) = Hy — Hy + 50x расар су) + 29х — го 


=logS,+ (r- D- 502) T -0 


1 1 1 
-= |1, +1 00085,+ 5 (r-D-50) T -0| 
Ї-2 1:5 o? (T - t 
6 а 
T3904 135595 ) 6 TI) 
І, ї—т 
= log 5 
Т-т Т-т кык, 
Pi E E еленіп 
2 Т-т 12 \Т-т Т-т 
+] T -0 
1, f 
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and 


1,2 ЖӨН ӨБ ЖҮ EE 
Hx дуу рв) = My — Hy — 206; p EIE су) + 29х - 25у 


= log S, + (к-ю-о°)(т-1) 


-= | (7-0 5645 (r- D- 50?) T -0| 


-т 2 2 
1-2 1: o? T-t? 
=F роу, 
acu cupa ЕР 
4, 1-Т 
-- log 5 
Tos. Pap et 
п = ee) 
2 Т-т 12\Т-т Т-т 
-;°°]| @- 
1, ї—т mE 1—2 
=: 1 5,.- (0-2 L )m -: 
Tor тестен іы TT ( ) 


Hence, under the risk-neutral measure Q, the geometric average strike call option price at 


time f is 
Тез 


EM І, 1 - v 
= Se PT @(-d_) – ers SI e РФ) 


Ї 
CS, I, t; T) —e “Т-ӘгО БЕ - eo] 


I, - (225 


=- ТЕ” 
n ee )ogs,+(D-D+57)T-) 
where d, = 1-1 Т—т 2. . 


СҮТ -t 
N.B. The same result can also be obtained if we use the exchange option formula (see 
Problem 6.2.1.6, page 543). 


12. Put-Call Parity for Geometric Average Options (Probabilistic Approach). Let {W, : t > 
0) be the P-standard Wiener process on the probability space (О, F, P) and let the asset 
price S, follow the SDE 


48, 
—. = (u — D)dt + o dW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility рагат- 
eter and let r be the risk-free interest rate from the money-market account. 


We define 
t 
1= | SS, du 
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to be the asset running sum within the time period [r,t], т > 0 and consider the geometric 
average rate option with zero-strike call payoff 


Ir 
Y(S;., Ip) = еТ-т 


where Т is the option expiry time. Using the risk-neutral valuation method find the 
arbitrage-free geometric average option price at time t, т < t < Т. 
Consider the payoffs of geometric average rate options 


I 
COXSr., Ip, T; K,T) = max fer 2 ко) 
Іт 
PO(S,, I, T; K,T) = max (к = eo] 
and geometric average strike options 
Ir 
C® (Sp, Ip, T; T) = max is - еле) 
Іт 
POS, Er, T; T) — max (e = spo] . 


Show that the put-call relation for the geometric average rate and geometric average strike 
options are 


I Wes mm 
COS, Тт; K,T) – POS, Tp t; K,T) = er ST e PT) _ Ket) 


and 


T-t 


I. = 
COS, Tp t; T) - POCS, Tp t; T) = Se 0-0 — er ST e PT) 


respectively where 


SI 


шү = к = ж = 
Ж Т-т 2 УТ -т 12 \Т-т Т-т | 


Solution: From Girsanov's theorem, under the risk-neutral measure Q, S, follows 


dS, 5 
1 


where we? =W,+ (2) t is a Q-standard Wiener process. 
с 
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From Problem 5.2.2.11 (page 514), under the Q measure 


І 1 1 1 

== F,~ | {L+ T -Dlgs +5 (r-D-5P)T-0}, 
а 
3 (Т – т)? 


1 
Hence, the price of the option at time t, т < t < T with payoff P(S7, Ir) = ет-т is 


V($,, 1,15 T) = e TE? [ (5,1) F] 


т-ро | „22 
=e r( t) [т ет-т ?, 
| ртов 5у+1(т—р—162у(Т—)2 \+% а- T-t) 
= eT" Боз 2 "6 qo» 
no Ты 


where 


2 7 = 2 E 22 
Б= (+ ==) +> (7 -)e (2 (== =r). 
2, 2\T-t 12 \Т-т Т-т 


CES, Int; K,T) = POS, Lt K,T) Se" np [e -K s 
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In contrast, at expiry time T the put-call parity for geometric average strike options is 


dp. Jt: 
8т-ет-т if Sp > ет-т 


I ІТ 
Sr— eT- if Sp < ет-т 

Ir 

ES ST — eT-c 


By discounting the payoffs back to time t « T' under the risk-neutral measure О, and taking 
note that log 57| F, ~ М [log S, + (r -D- to?) (T -1),0°(T — 2] , we have 


=е "ТО ЕЯ [5т| F] 9р9 |^ 


I 
COS, D, t; T) - POS, Ip t; T) = e ORO | —ет= 


13. Symmetry of Average Strike (Floating) and Average Rate (Fixed) Strike in Arithmetic Aver- 
age Options. Let (W, : t 2 0} be the P-standard Wiener process on the probability space 
(Q, Z, P) and let the asset price S, follow the SDE 


48, 


1 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from the money-market account. 

Under the risk-neutral measure ©, we consider the arithmetic average option prices at 
time t < T 


COS tr, K,T) = e77 
POS 2, K,T) = eT 
COSp tr, A, T) = е0 
POS t; r, A, T) = eT 


max(A(t, T) — К,ОҢ EA 
max(K — A(t,T),0}| EA 
тах { 457 — A(t,T),0}| | 
тах { A(t,T) — 45,08 F,| 


Eo | 
ЕЗІ 
54 | 
E? | 


where A > 0 is a scaling factor, Т is the option expiry and arithmetic average A(t, Т) is 
defined as 


1 Т 
A(t, T) = ruf S, du. 
= t 


526 5.2.2 Continuous Sampling 


Show that the following symmetry results 


COS, tr, 4,Т) = POCS, t; Р, AS, T) 
COS, t;r, K,T) = РФ(8, t; П,К/8,Т) 


hold. 
Do the above results hold if the arithmetic average takes the form 


1 Т 
Ает 1 / SS, du 
wherez «t « T? 


Solution: From Girsanov's theorem, under the risk-neutral measure О, 5, takes the form 


48, T 


1 


И-" 


where we =W,+ t is a Q-standard Wiener process. 


б 
For a payoff Ф (т), under the change of numéraire 


NO ga? YCST) d огоо | EEST) | 
(1) t t (2) t 
Ny Ny 


where МО and N® are numéraires (positive non-dividend-paying assets) and Q( and 
Q are the measures under which the asset prices discounted by МО and N® аге 00) 
and QO)-martingales, respectively. 

For the first result we have 


COS, t; r, A, T) = e "1 E? Пшах(48-- Alt, T),0)| F). 
Under the risk-neutral measure Q, we set 
NO =e and NO ет 
and under ће Q ; measure where 5,677 is a non-dividend-paying asset we have 


NO = Se”! and NO = Spe. 
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Hence, using a change of numéraire 


CS, t; r, A, T) = e "1 E [max{4Sr — Alt, T), 0}| F] 


d 


S, A(t, T 
=е PT-)EQs нь (as, 38 ( о} 
57 


өңге E — A(t, T),0] | | 
ет t 


T Пир 
= Se 


Qs max{ 45т — A(t, Т), 0} 
терт 


2g DT-0pQs | max (AS, — A*(t, T),0}| я | 


5,40,Т) 
Sr ` 
Under ће Ос measure, the discounted money-market account 


where A*(t, T) — 


-І 
Х, = (уе?!) еп 
— c-1,0—- DX 
=S e 


is a Q,-martingale. 
From 1675 lemma, 


ах, Sats. | 


= (r — Dye D'g-1qt + S !е”-9У4(551) 


= (r — D)X,dt + X 29: 28 Е 
= (г t t $, $, ar 


(r — D)X,dt + X, (-(r - D)dt - e 4W? + o?dt) 


o? X,dt – oX, aW 


= -оХ,ау/* 


where ws = w? - ot is а О -ѕѓапаага Wiener process. 
Thus, under Ос 


45 
u = (r - Ddt + o (aW? + odt) 


t 
= (r- D--o)dt + саи“. 
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To find the solution of the SDE, we first expand d log S, using Taylor’s theorem and by 
applying Ito's lemma 


diggs (s 
og S; = — – = | — 
СО 2\5, 


= (r- D-- o)dt c o dW3 – Zodi 
= (r- D+ 50°) ate caw;. 


Taking integrals, 


г--. 
EE 

a 

- 

О 

ga 

A 

I 


T 1 T 
/ (r-D+50*) ars f саи 
и 2 и 


2 5 
г-П-4-0 а-дан), 


o 
ga 
М 
A 
М 
I 


1 
2 
ог 


1 
See Жаға алың 


By substituting Sy into A*(t, T), 


5 T 
A*(t,T) = Sf ga 
1 


T-t 


T zu 
2321 / Spe P= 5 ONT -0+ WE, du 
pex 


since the reflected standard Wiener process ws = -w,s is also а Q's-standard Wiener 
process. 

Given that A*(t, T) is an arithmetic average of the price process of lognormal variates 
with drift D — r, therefore 


COS, t; r, A,T) = e 24-095 | max{AS, — A*(t,T), 0}| F] 
= POS, t D,AS,T). 


For the second result, we note that using the same steps we can also show 


POS, t;r, A, T) = CO(S,,t; D, AS, T). 
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By substituting D with ғ and AS, with К so that = K/S,, we can deduce 
COS, 57, K,T) = P(S, t; D, K/S, T). 
Note that the symmetry results do not hold if the arithmetic average takes the form 
А(т т=р= | 5 аи 
^ Т-т), " 


where т < t < T. For example, for an average strike (floating strike) call option payoff 


t T 
тах{45т — А(т,Т),0) = max { ar - f 5,4-2 f 22 
=T Jr -т) 


1 
5 
and when we divide it by Sy, the known term Т 1 / а du will no longer be a constant 
ZT jr Т 
value. 


6 
Ехойс Орйоп$ 


In the last two chapters we came across barrier and Asian options, which are the most popular 
exotic options traded in the OTC market. In this chapter we continue to discuss other types of 
exotic options, which are highly customised options that can be used for hedging or speculative 
purposes. Although these options are less traded and some might just be a two-party transac- 
tion, their payoffs have unique features which make them a very interesting subject in their 
own right. There are many reasons why exotic options are developed in the first place. Most 
notably, exotic options enable investors or speculators to focus their view on future market 
behaviour (such as the exchange rate risk or corporate/sovereign credit risk rating). 

In this chapter, different types of exotic options are presented and their valuations are dis- 
cussed in detail. Throughout this chapter, unless otherwise stated, we assume a continuous 
dividend yield and the volatility of the asset price and the risk-free interest rate are assumed 
to be constants within the life of the option contract. As the majority of the payoffs discussed 
in this chapter are based on European-style payoffs, the formulas of many exotic options are 
analytical. 


6.1 INTRODUCTION 


Within the family of exotic options, the options can be either path-independent or path- 
dependent-type options. 


Path-Independent Options 


For exotic options which are path-independent, their payoffs only depend on the terminal value 
of the underlying asset price, irrespective of the route taken. Examples of these are the simple 
digital and asset-or-nothing options, as the payoffs depend exclusively on the asset price at 
option expiry time. More complicated path-independent options may involve two or more 
assets, such as exchange options (exchange one asset for another), spread options (difference 
between asset prices) and rainbow options (best or worst of asset prices). 


Path-Dependent Options 


For exotic options which are path-dependent, their payoffs may depend on the whole path of 
the underlying asset price rather than just the terminal value. A great majority of exotic options 
are path-dependent, such as forward start options (where the option starts at a specified future 
date), compound options (where the underlying is another option), chooser options (which 
allow the holder of the option to choose at a specified time whether the contract becomes a 
European call or a European put) and lookback options (where the maximum or minimum of 
the underlying asset is attained over a certain period of time). 
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6.2 PROBLEMS AND SOLUTIONS 
6.2.1 Path-Independent Options 


1. Capped Option. Let {W, “ТР, 0} be a P-standard Wiener process оп the probability space 
(Q, ¥, P) and let the asset price S, follow a GBM with the following SDE 


45, 
—. = (u — D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield, o is the volatility рагат- 
eter and let r be the risk-free interest-rate parameter from the money-market account. 
We consider a capped call option with terminal payoff 


V(S7) = min{max{ Sr — K,0},M} 


at time Т > t with strike price К > 0 and M the cap value. Show that the capped call 
option price at time 2 is 


Ceap St; К, М,Т) = C4,05, t К,Т)-С,(5,5К--М,Т) 
where С, (X,t; Y, T) is the vanilla (or European) call option price defined as 


Cys (X,t; Y, T) = Xe P0799 (d,) - Уе ТОФ (а) 


zig | 
such that 4, = e 2“ du is Ше 


log(X /Y) + ("= D + 30°\T — t) ey 
and Ф(х) = | 


овүТ-і 


 4/2л 
cdf of a standard normal. 


Solution: From the definition of a capped call option payoff we can write 


0 Sp < К 
(57) -45:-К K<Sp<K+M 
М бт>К-М 


so that the payoff diagram for the capped сай option С,,,(5т,Т:К,М,Т) can be con- 
structed with the portfolios in Figure 6.1. 
Thus, at expiry time T we can write the capped call option price as 


Ceap (Sr, T; K M,T) = С, (Sz, T; K,T) - С(5$т,Т;К + M,T) 


21 
and by discounting the entire payoff under the risk-neutral measure О, we сап write the 
solution for the capped call option at time f as 


С, 


сар ($5 5 К, М,Т) = С, (5,5 K,T) — CSS t; К + М,Т). 
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ELT K,T) Сь(5т,Т;К + М,Т) 


Sr 0 K K+M Sr 


C 


cap Sr- TR M. d) 


0 K K+M 25 


Figure 6.1 Capped сай payoff diagram. 


2. Corridor Option. Let {W, га» 0) be а P-standard Wiener process on the probability 
space (Q, F, Р) and let the asset price S, follow a GBM with the following SDE 


45, 
----(и- D)dt + cdW, 
S 1 
where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest-rate parameter from the money-market account. 
We consider a corridor call option with terminal payoff 


1 ИК, < 5т < K, 
0 otherwise 


Ч(5$т) = ( 


which pays $1 at expiry time T > tif К < Sr < K, and nothing if Sy > K, or Sp < Ку, 
К; < K,. Show that the corridor call option price at time f is 


C, S, t; Ky, K3, T) = С,(5,, t; К, 2 T) = С,(5, t K3, T) 
where C, (X,t, Y, T) is the European digital call option price defined as 
C, (X,t; Y, T) 26070 (d ) 


log (X /Y) + (r - D 502)(Т - 1) х j ag 
such that d_ = and Ф(х) = / e 2 duis the 


сүТ-1 о \/2л 


cdf of a standard normal. 
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CAST KT) 


Ceorl ST T; К, , К», Т) 


0 E К, Sr 
Figure 6.2 Corridor payoff diagram. 
Solution: From the corridor option payoff 


1 НК, < 5т < К, 
0 otherwise 


Ф(5т) = ( 


the payoff diagram for С.,,(5т, Т; Ki, К-,Т) сап be constructed with the portfolios in 
Figure 6.2. 
Thus, at expiry time Т we can write the corridor option price as 


С, (Sr, T; Кү, Ky, T) = Cy (Sr, T; KT) — Cy(Sp,T; K, T) 


and by discounting the entire payoff under the risk-neutral measure ©, we can write the 
solution for the corridor option at time f as 


Coor (Sit; Ki, K2, T) = Cy (Spt; Ki, T) — C4GS5 t; Ko, T). 


3. Power Option. Let {W, {1> 0} be a P-standard Wiener process оп the probability space 
(Q, F, Р) and let the stock price S, follow a GBM with the following SDE 


48, 
—. = (u — D)dt + cdW, 
S, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility param- 
eter and let r be the risk-free interest rate from a money-market account. 
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We define У, = S? for п > 1. Using Ito's lemma, find the SDE satisfied by Y, and show 
that under the risk-neutral measure Q 


log (2) ~ N [ (r- D- 50°) (Т -1),n°o*(T – t) 
1 


fort < T. 
By using the European call price formula, deduce that the call option of a power option 
payoff 


Ҹ(57.) = тах{.57. – К,0} 


for strike price К > 018 
1 
CCS", ЕК, Т) = Ste PTV СИ) 2 Ketta 0- De XT-D aq) 


1 
log(S,/ K») + (r — D+ (n — 3)0°\(T —1) 
where dt = — ————————— — _ and d* = d? —nowNT — t. 


oNT —t 


Solution: From Girsanov's theorem, under the risk-neutral measure Q we can write 


— = (r — D)dt + саи 


such that wp} = W, + (= -) t is a Q-standard Wiener process. By expanding d(S7) 
с 


using Taylor's theorem and subsequently with the application of Ito's lemma, we can write 


п) = п8ү 145, + a(n- 0S7? (48, + 


t 
би (S) +4 ii но 
=п =п(п – 
el 5, 


= nS" [("- D)dt + сам | + smn - DS"c?dt 


= nS} [(r- D+ 5e- Do?) ar + caw] 


or 


dY, 
T =n(r-D+ 5" - De?) dt + nodW, 


t 
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Using Ito's lemma оп d (log Y,) we can write 


dY, qo dY V 
toi = 51-3 (2) + 


=n (r -D+ 50" - De?) dt + nodW}? - ото? 
= (nt – р) + тл - 1)? — 50°) dt + nodW}? 
= (nt – р) – іле?) dt + nodW? 

=n (r -D- 50°) dt + nodW e. 


Integrating over time we can write 


T T 1 T 
[a (oey,)au= | "(5-0 30°) dune || ау 


Үт 1 2 Q Q 
toe (22) -n(r-D- zc )a - 0 по (и; - W, ) 


1 


where we Е we = we Ж N (0, T — t). The expectation and variance are given as 


pa Е (2) =п (r- р- 362) (T-t) and Var? Е (2) = n^o^(T — 1) 


1 


log (>) ~N |n (r-D- 399) T -1),wor(T - 0] қ 


Ё 


To find the European сай price for a power option with payoff Ҹ(57.) = тах {57 — К, 0} 
by comparing the SDEs of 


dS, = (r - D)S,dt+oS,dw,? 


апа 
1 2 о 
dY, =n(r-D+ 50- Do ) уа + noY,d W, 
we can set 
dY, 
— = (r* — D*) dt + оаа 
Y, 


where r* = n (r + i(n — De?), D* = пр and c* = nc. Hence, we can deduce that the 


call option price at time < Т is 


С, K,T) = Ye P 0709 (а*) - Ke" 0706 (q*) 
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log(Y,/ K) + (r* — D* + 3(6* XT – t) 


o*NT —t 


By substituting back Y, = S? we have 


* 
where d des 


("+ 0e? }(Т-1) 


С(5", K,T) = Ste "PT ® (d*) - Ке Ф (а*) 
where 
log(S"/K)  n(r — D + 2(n — 10? + по?) – t) 
iod -1 
logCS, /K5 )t(r-D- zno? — 50? + ;no?yT — t) 
oyT -t 
1 
log(S,/K*) + (r - D + (n — 3)0°\(T —1) 
oyT -t 
and 


> 


. Let {Их : t > 0} and {W7 : : t > 0} be P-standard Wiener processes on the probability 
space (Q, F, P) and let the asset prices X, and Y, satisfy the following diffusion processes 


X, = (и, — Dj)X;dt + o, Х,ай 
d Y, = (uy — D,)Y,dt + 0,Y,dW,” 
уш: 
dW,* dW? = p,,dt 


where и, and и, are the drifts, D, and D, are the continuous dividend yields, б, and б, 
are the volatilities, р», is the correlation coefficient such that p,,, € (—1, 1) and let r be the 
risk-free interest rate from a money-market account. 

Using a hedging portfolio, show that a European-style option price V(X,, Y,, f) which 
depends on both X, and Y, satisfies the following two-dimensional Black-Scholes 


equation 
LAEE LE | ЕСА чы. улла 
ar 2°^ рд 257 зү» "9 ax ay, “ох; 
+r- DY, бү -rV (Xp Ypf) =0 
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Solution: At time f we let the portfolio IT, be 
II, = V(X, Y, f) - A,X; - A,Y, 


where the investor is long one unit of option V (X;, Y;, t) and short A, and А, units of X, 
and Ү,, respectively. Let the change of portfolio be 


dll, = dV — A,(d X, + D,X,dt) — A (dY, + D,Y,dr) 


where the investor receives D, X,dt and D,Y,dt for holding assets X, and Ү,, respectively. 
From Taylor's theorem 


102/ 
2 ay? 


ди ди LO s da 
dV = —dt+ — ах, + АМ -— (X 
T ðX, " +2 xi px 


— Y? 


ду 
ЭХ, дҮ, 


(аХаҮ)-.. 


and by substituting аХ,-(и,- D)X,dt co, X,dW?, dY, = (иу — Dy)Y,dt + 
c,Y,dW/, а^. dW, = pxydt and applying Ito's lemma 


[XV ‚1 228V ‚1 оди ду дү 
аУ- (% 25,1 эх? 2 + 39, ду? + Pyy х бух ӘҮ, + (и, – р Xy; 


дү дү 
“Қи, "ES py) dt+ 0X IW" + буй, ay TW; 


Substituting dV back into АП, we eventually have 


OV 15,202 Году ду 
ап, = | — + 10? X? — + -0Y + 
d (% 2 x71 3 29! ay? Ёху®х®у aX дү, 
ди ди 
TG, G D,)X, OX, m ихА,Х, + (и, = Ру Е 252 dt 


221652 ШАР! (Z-s, ) aw. 


To eliminate the random components we set 
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which leads to 


oV Р сад үз И ду oV 
ап, = Y, +: ur ДЕЕ a 
i (® 2 x04 х? ОТЕ ко, 
ду 
-D Y, — di 
xx) 


Under the no-arbitrage condition the return on the amount П, invested in a risk-free interest 
rate r would see a growth of 


ап, = "Па 
and therefore we һауе 
[XV 1 228V ‚1 5,29?V ду дү 
"Пий = СЕ Гу “туу + PxyF x ӘХ ӘҮ, _ Хх, 
1 
oV 
D,Y, — | dt 
22 
ог 
_ (WV , 1 2,29 V , 1 5,59?V 
r (VG. Yet) = AX, — AY) dt = (% 29 9х2 291" дүз 
zt хөд - 22 
Руа ау * 'ax, 
oV 
=D; dt 
2:3 
дү ди V 1 2,29V |1 »,50?V 
X,Y, t) -X -Ү-- )dt=| -----с:Х2---- мэн 
(ve „шот ax) (% 2-5 3x2 7 27r! gy? 
T ana = ша 
Хау * 'ox, 
руу x ) 
19 
Finally, by removing dt and rearranging terms we eventually have 
V 1 5,000 layi V ү ду oV 
— += Х?— - — — DX 
Qr 290: ay2 1 27r 1 ay2 ! Po^?r3x ay, TOS 


+(r – Ру = rV (X,, Y, t) =0 
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5. Exchange Option (PDE Approach). Let {МХ : t 2 0} and (м, : t > 0} be P-standard 
Wiener processes on the probability space (О, ¥,P) and let the asset prices X, and У, 
satisfy the following diffusion processes 


X, = (ux — D,)X dt + 0,X,dW* 
dY, = (uy — Dy)Y,dt + o, Y,dW 
айх - dW, = p,,dt 


where и, and и, are the drifts, D, and D, are the continuous dividend yields, б, and с, 
are the volatilities, р, is the correlation coefficient such that p,,, € (—1, 1) and let r be the 
risk-free interest rate from a money-market account. 

We consider the exchange option with payoff 


W(X, Yr) = max( Xp - Уг,0} 


at expiry time T > f where it gives the option holder the right but not the obligation to 
exchange asset Үү for another asset Хт. 

Show that if V (X,, У,, t; Т) is the price of the exchange option at time 1, then it satisfies 
the two-dimensional Black-Scholes equation 


OV 1 220V 1 o,50?V ду ди 

43ошо2Х Y + o, ———— +(r— DX, — 
007.3 * 4932 72 976 aya Pax oy, VUE X: 
+(r – руу —rV(X,,Y,,t;T) 20 


OY, 
with boundary condition 
V(X_7, Yr, T; T) = max( Хт - Ут, 0}. 
By setting 


X; V(X, У, ЕТ) 
2.2 and ПЕ 555 0 
Y, Y, 


show that U (Z,, t) satisfies 


oU 


QU 1022020 ди 
172 


2722 
2.5 + Dy - D,)Z, - D,U(Z,,t;T) =0 
"222 ( 02197; yU (Zi, ) 


with boundary condition 


U(Z,,T;T) = тах{ Хт - 1,0} 


тсз, 202227 2 
where o = 4/0. — 204,040, + бу. 
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Hence, deduce that the exchange option price V (X,, Y,,t; Т) is 


V(X, Y, t; T) = Хе 29а, ) — Уе Ч -9Ф(а_) 


log(X,/Y,) + (D, — D, 50° \(T -1) хор 1:5 
where d, = ————————— — — — and Ф(х) = 
oyT -t -ю \/2л 
Solution: The first part of the solution can easily be derived following Problem 6.2.1.4 
(page 537). As for the second part, we let 


Z,2JX,Yr' and V(X4Y,5T)- U(Z, 5 T)Y, 


so that 
av уду 
дї дї 
ду ди OZ, aU aU 


ди au 92, -190 
Жи 
oY, (2.0) 197, OY, (2-9) "f ƏZ, 
PV _ ә (av) дид уди 

ax? дХ,\д7,) д220Х, ' 072 

2 97 20 OZ 

V OU ee XQ OO аыл 


oU -4(2)-5228- хүү-2070 


дХ,дҮ, ӘҮ, VOZ, oz20Y, ~"' az? 


зас. OV ду дү PV oy 
Непсе, Бу substituting —-, ох. OY, эх?" дү? ап ЭХЭҮ 
1 1 


OV | 1 2,20V Году ду 
ЕЛ 5°х^! ax? z% дү? + PxyOx ӘХ ду, дү, 
+0" = р EY ("= D б -rV(X,Y,t;T) 20 


in terms of U(Z,,t; Т) and Z, we eventually have 


ðU 1 2.v2v 29?U 
Y, 526; - 20хубубу + 0,)X; Y, 377 
1 

+D, - DYXY ! — ШШ - DjU(Z, 5 T)| = 


д7, 
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or 


ди 
102, 


ðU 1 5,,522U 
3 59 Z; 322 +(р,- р,)2 


1 


where o = 4/02 — 2Pxy0x0 + o2, which is equivalent to a Black-Scholes equation with 


volatility = c 


- D,U(Z,,t;T) 20 


continuous dividend yield — D, 


risk-free interest rate — D, 


and boundary condition 


U(Zy, T;T) = шах{Хт — Yr, 0)Y7! 
= тах{ Хт/Үг — 1,0} 
= max(Zr - 1,0} 


which is the payoff of a European сай option with strike price К = 1. Hence, following 
Problem 2.2.2.4 (page 95) we can deduce that 


U(Z, t; T) = Zee Px? Y@(d,) — e PX @(d_) 
where 


: log Z, + (D, - D, + 50°\(T -1) 
ЖЗ mm 
oyT -t 


and substituting 


UZ ЕТу- БОСА QE and лада” 


we һауе 
УСЫ Yon T) _ (Xt) „-эәт-да(ду— е-РУТ-дацд ) 
Ү, Y, 
ОГ 
V(X, Y, t; T) = Хе PT DEd) — Y,e ?›Т-9Фф(а_) 
log(X,/Y,) + (D, — D, + о? Т — t) 
where а, m  — 


oNT -t 
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6. Exchange Option (Probabilistic Approach). Let {W,*:t 2 0} and (97 :t> 0} be 
P-standard Wiener processes on the probability space (Q, F, Р) and let the asset prices 
X, and Y, have the following diffusion processes 


dX, = (ux — D,)X,dt + 0,X,dW,* 
dY, = (uy — D,)Y,dt + o Y,d W7 
dW*-dW,? = Pxydt 
where и, and и, are the drifts, D, and D, are the continuous dividend yields, б, and с, 


are the volatilities, р, у is the correlation coefficient such that p,,, € (—1, 1) and let r be the 
risk-free interest rate from a money-market account. 


By defining two new independent standard Wiener processes w? and ? i such that 
S LL Sy my 
dW? = p.d WP + y/1- pt df, 
dW? = dW, 
ай» dW” =0 


Hy -T 


С. 


where, under the risk-neutral measure Q, Ww, = х + ( ) 1 апа ГАМ = Ww? + 


х 


Ну? : : : 
( Ё ) 1 are Q-standard Wiener processes, we define the price of an exchange option 


y 
at time t with payoff 
VY(X7, Үү) = max( Xy - Үр,0) 


at expiry time Т > t as 


V Qt, Y, t5 T) = eT E? [max{ Xp — Yr, 0}| 25 


By denoting Оу as the new measure where Yes is the numéraire and taking note that 
the discounted money-market account 


(үе)! e"! 


is a Qy-martingale, show that under Оу, X, and Y, have the following diffusion processes 


dX, E — 1 2 dp 
xX = (r — D, + p,,0,0,)dt + p,,0,dW, 4-0, - px, d W, 
27 


---у 
z7 (r-D,+ o,)dt +o,dW, 
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where Ww, = Ww, - ot. Hence, by finding the diffusion process for X,/Y, under Qy show 
that 


«(ӘМ nmn 
1 


where o = 4/02 — 204,040, + o? and finally deduce Margrabe’s formula 


V(X, Y, t; T) = Хе ?«“-—9фФф(а ,) — Y,e ?›Т-9Фф(а_) 


log(X,/Y,) + (D, — D, + 40°)(T — 1) lp 
where = "and ®(x) = e?" du. 


oVT -t iE 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q 


dX, ae 
X, = (ғ - D,)dt+ o,dW, 


= m2) 
| -(ғ- D,)dt + o,dW, 


dW* - dW) = pdt 


Hy — 


x E r 
where W* = И/Х + (==) t and wW? = W? + Ч ) 1 are Q-standard Wiener 
Ox 


бу 
processes. By defining 


~ ~ — yl 
AW, = „аў + үп - оа? 
ай? EN ай” 
dW? ай” =0 


we һауе 


ах, Ww 7744 
зүгт б-рдйжө, (ла, + y1- gladly, В 
dY, 


Ең 
— -(r- р) + суай 


such that 


— — vl — 
(оа + Па) af = par 
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For a payoff Ф(Хт, Үт) under the change of numéraire, 


(Х-,Ү (Хх, Y; 
стан = mer [Мб 
Т Т 


where N and M аге numéraires (positive non-dividend-paying assets) and О and Оу 
аге the measures under which the asset prices discounted by М and М are О and Qy- 


martingales, respectively. 
Under the risk-neutral measure Q we have 
N, = е" and Nọ =e" 
and under the Qy measure, where Y,e? »' is a non-dividend-paying asset we have 


M, = Y,e?»' and My = Ype”. 


Using a change of numéraire, the exchange option at time f is 


V(X,Y,t;T) = e "OE? [max(X7 — Үг,0}| F] 


о | max( X7 /Yy — 1,0)Үр E 
ет t 
ау шах(Хү/Үү-1,0)Үг 2 
Үрер f 


= Y, PT -DEQ |max{Xr/Yr = 1,0)| F] . 


rty 


=e 


= Үе?» ш 


Under Оу the discounted money-market account 


-1 
7, = (Хе?) еп 
ge Y le-Dyt 
t 


is a Qy-martingale and from Ito's lemma 


dY, 612318 
dZ, = (r- Dye" PMY dt + уе mn (Ss (5) + 3 
1 1 


= (r—D,)Z,dt + Z, (- - D,)dt суай? + ош) 
= 022,4 = 0.7.4? 

= -0,Z,(dW,’ -с,) 

= -e,Z,dW, 


— a 9 И уі ~ — yl 
where W, = W? — о„г15 а Qy-standard Wiener process. Because W,” 1 W,”, then W7 


is also a Qy-standard Wiener process. 


546 6.2.1 Path-Independent Options 


Thus, under Оу 


dX, сәу 2 та» 
= =(r- БРйг+о, (ғ.а) + 1-1,4?) 
t 
—y —yl 
= (т — Djdt o, (o, dw; + PyyOydt + 4/1- 02,492 ) 
—y —yl 
= (r — D, + p4,0,0,)dt + p,,0,dW, + бул/1- аў? 


апа 


аү, ПУ 

Y, = (г = D,)dt + od W; 

-(ғ- Dydt +0, (aw; + вуй!) 
= (r- D, o5dt + o, dW. 


From Taylor’s theorem 


X 
Ч j 

Y, Y,|dX, X 2X d X,dY, 
о Ей. | 21 ШАН 


_ ах, аў, | dY,N? (ах, САР 
ОХ, n Y X, / NY, 


and by substituting d X,/ X,, dY,/Y, and using Ito's lemma 


ие — yl 
TFT = (r Dy + руусхсу)аї + p,0,dW , t сул /1- pL aW," 


РЕВ o,)dt - c,dW, + сї - PxyOxOydt 
—y — yl 
= (D, — D,)dt + (9,0, — oy)dW, + 0x4/ 1- айг : 


To find the distribution of X,/Y, we note that 


= (р-р, - 402) dt + (о, - 0, dW” + 0,4/1— Ра 
= y x 2 Рхубх y t x Pry t 
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= 2x 2 
where о = \/ ох — 204,040, + бу. 


Taking integrals 


T Х, Т 1 = 
d | log x == | (5- = р, „- 50?) ) du + КЕЛ 
1 и 
ae д-ра 
ог 
А БЕ аве рен w, 
a (E) (F) (өө pe rosenn o 


1- p. 


Because Wr 4 We ~ A'(0, T — t) and Wr, 1 We, hence 


log (=) е (>) + (2, - – D, "59 2)(Т-0, т-д). 
t 


Finally, by analogy with a European call price formula, we can deduce 


d 


X 
= Ye D,(T-1) E (D,—-Dy)T ТЕРГЕ 
t 


= X,e xT Nod.) — Үе Р›Т-°Фф(а_) 


X 
V(X, Y, t; T) = Уе PT OE® Б ( Ts - Lo) 
T 


log(X,/Y,) + (D, - D, + 10 2\(T – t) 
ovVT -t | 
. Spread Option I. Let {ИХ : t 2 0} and (И7: : t > 0} be P-standard Wiener processes on 


the probability space (Q, F, Р) and let the asset prices X, and У, have the following diffu- 
sion processes 


where d, = 


-4 


X, = (и, – D)X,dt + о, X,d W7 
Y, = (u, - D,)Y,dt + 0,Y,dW,” 
= 
dW/-dW; = py,dt 
where и, and и, are the drifts, D, and D, are the continuous dividend yields, б, and б, 


are the volatilities, р, is the correlation coefficient such that p,,, € (—1, 1) and let r be the 
risk-free interest rate from a money-market account. 
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a — yl 
By setting two new independent standard Wiener processes w? and w? such that 


~ — ны yl 
айх = „а? + үп p2,aW? 
ау? = dw, 
dW? ай» =0 


Hx Г 


92 


where, under the risk-neutral measure ©, ГА = х + ( ) t and ГА =W}? + 


х 


Hy—r 
( = ) t are Q-standard Wiener processes, for a strike price K > 0 we define the price 


Oy 


of a сай spread option at time ¢ with payoff 
V(X7, Үг) = max{ Хт — Үр- K,0} 


at expiry time Т > t as 


C, (X, У, K,T) = e "TE? [max {Xp — Yr - K,0)| 2]. 


For a small strike К << Y,, show that under ће Q measure, the process 2, = Y, + Ке") 
is approximately log normal with the following diffusion 


47, и 
Ze = (r ан D,)dt + o,dW, 


D,Y, oY, 
—— — — —— and с, = ——————_ are assumed to be constants. 
Y, + Ке-"Т-0 Үл Ке T-0 
By denoting Qz as the new measure where 2,62:7 is the numéraire and taking note that 
the discounted money-market account 


where D, — 


Жабғу” еп 


isa Q7 -martingale, show that under Q 2, X, and Z, have the following diffusion processes 


ах, — 2 up 
X = (r - D, + русхо) + p,,0,dW, +041] 1 — pi, dW, 
dZ, 


21 -(r- D, + o2dt + в.а, 
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where Ww, = w? —o,t. Therefore, by finding the diffusion process for X,/ Z, under Qz 
show that 


Xr X, D,Y, 1 
А (2-00--0-2-|Ї5ё|2-22--200 со: о ) (T - t), 
(9) Шегу) БЭЛ se en 


оТ - t) 


h 2-2 S Чи | d final 
where o = 1/0) — 204,00, Үл Kev + Y, + Ke- 0-5 ап nally 


deduce Kirk’s approximation formula 


DyY, 


-| vga )Т—9 
C, (X; Y, К) & X, 2-04 а,) (Y, + Ке") е Gr d г) Ф(а_) 


where 
X, D,Y, 1-2 
х (=) p [к-з T-t) 
а, = 
р oyT -t 
and 


х 
oo) = | В ae 
-œ \/2л 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q we сап write 


dX, зааг 
ка = (ғ = D,,)dt + сай, 
dY, 


БЯ = (ғ = Dy)dt + o,dW,” 


dW. - dW, = pdt 


Hx =F 


285 22 H,—r 
where W* = ^+ )' and W^ = Ww? + (2-0) аге Q-standard Wiener 
с 
у 


х 
processes. By defining 


dW* =p dw? + /1-02 aw” 

t “ЁЮху t + = Рху t 
а? = dW, 

dW? ай» =0 
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we have 


С pend айға - ай 
айны дн х) f cox Pxy 1 + T Pry t 


dY, 0 
Y, = (г =, D,)dt + oydW, 


such that 


~ — VL ~ 
(а + 1-4? ) aW? = p.a. 


For а small strike К < Y,, the diffusion process for Z, = Y, + Ke" (1 ? is 


dZ,=dY,+rKe"? at 
= (r- Dy)Y,dt + 297112 +„Ке "ТО 
= r (Y, + Ke” T) 4 – DyY,dt + o Y,d W? 
=rZ,dt— D,Y,dt + o,Y,d W? 


or 
dZ, ~y 
Z, = (r—D,)dt+o,dW, 
D,Y, бу, 
where D, = do By expanding d (log Z,) using НО 8 


— апіс, = ------. 
Y, + Ке-"1-0 5 Y,+ Ke-"T-) 


lemma we have 


аа ze 2 Le г 
В ON UE 


= (ғ- D. - 303) dt+o,dW?. 


By assuming both D, and с, to be constants and taking integrals 


T T 1 Т p 
] айвь20-/ (r- 0. - jet) aus f o dW? 

t t t 
2 Т. „дыз 
Ююв(-2|- (>-».-1-)т-о» | c,dW 
2, | 2 5 1 | й 
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we can therefore deduce that 


Үүл К : 12 2 
25 (7 + HE) па Ge CE 55) pr J | 


For а payoff Ф(Хт, Үр) under the change of numéraire 


Ф(Хт, Үт) 
Мт 


М, -Q | Y(Xr, Yr) 


Nr 


s = M,E°% | 


я 


where N and M are numéraires (positive non-dividend-paying assets) апа Q апа О; 
are the measures under which the asset prices discounted by N and M аге Q and Qz- 
martingales, respectively. 

Under the risk-neutral, measure Q we have 


N, = е" and № =e" 
and under the Qz measure, where Z,eP:' is a non-dividend-paying asset, we have 
M, = Z,eP*! and Мт = Zre?:". 


Using a change of numéraire, the call spread option at time f is 


C, (X, Y, t; K,T) = е "TE? [max(Xz — Yr - K,0)| 2] 


Ат 1,0 $ Yr + К) 
"Ryu or Ne bu 


е! 


Т 


шы (Ү, + Ke V 04D 


{ zm пође + К) 
тах eu T 
17 c eg c A 


(Үр + К)е?:Т 


F, 


= (Ү, Ер Ke 9уе РИТ 0 
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Under О 2, the discounted money-market account 


is a Q7-martingale and from Ito’s lemma 


= dZ dz 
ай, = (r- Dye" P2! а + Zhe Dt | + (2) +... 
2, 2, 


=(r—D,)Z,dt +Z, (-« - Djdt —0,dW, + оа) 
622,41 = o,Z,dW, 

-в,2 (а, -с,41) 

= -o,Z,dW, 


— ~ Р 4 — yl ~ 
where W, = w? —o,t is а Q7-standard Wiener process. Because we 1 w? , then 


уі 
therefore we is also a Q7-standard Wiener process. 
Thus, under О» 


dX, _ 7724 2 dw 
= й+о, (rd? + fA pai?) 
= (r- Dt +o, (o, dw; + p40,dt + 11-49) ) 
= (r — Dy + p,0,0;)dt + pa40,0W, +0,4/1— p? d 
and 


47, "T 
“7. = ("= D,)dt +o,dW, 


t 


T 
= (r= рда +0, (dW; + о.) 


= (r - р, + o2dt + o,dW,. 


From Taylor's theorem 


ах, dZ, (42, 2 [fdX,N(4Z, Й 
(X АЕ X jV 
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and by substituting d X,/ X,, d Z,/ Z, and using Ito's lemma 


---у уі 
= (r — Dy + p4,0,0.)dt + p,,0,dW, +054] 1 p аи’? 


—(= D, + о2)а1 - o,dW, + odt - Рхубхб;41 
E22) 
= (D, — D,)dt + (рус; — 0;)dW, + oy4/1 - рат. 


To find the distribution of X,/Z, we note that 


(n5) E. (2) 1 


- (2. -0,- 399) dt (охо, — c,)dW, 


— yl 
to, 4/1— р АИ’? 


where с = 4/02 — 2p,,0,0, + 02. 
Since we are assuming D, and c, to be constants and taking integrals 


T X T 1 T X 
/ a (to (>) J -/ (D. - D, - 50?) au f (руб, — ,)dW , 
t и 1 1 
Т 2 
+f 5401 02,40 
1 
ог 
jon EE eque = D,- D, T Ww. 

og Ze = log 7, +( E 5 " ( = t) T (PxyOx —0,W7., 


лау 
— 02 W? 
1 Pry T-t 


— — vL 
Because Wr " Wr. ~ A'(0, T — t) and Wr L ИГ hence 


log (%) эж Е Е ) $ (2.- D, - 165) пот) 
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Finally, by analogy with a European call price formula we can deduce Kirk’s approxima- 


tion formula 
2 
Х 1 


м Z,e D.(T-t) E (D,—D;XT ^ed.) - ed) 


= X,e D«T-0gy(q.) 


X 
Сь(Х„ Ynt; K,T) = OE Б ( = - Lo} 
T 


DyY, 


-| zm) 
= (Y, + Ke") е (= (Т 7) Ф(а ) 


lo © 2 Зун -р. 416 |(Т-0) 
ENZ E Kean) Хү, Кет) 527 
oNT —t 


8. Spread Option II. Let (Ww? : t > 0} and aw e : t > 0} be P-standard Wiener processes 


on the probability space (Q, F, Р) and let the asset prices se” and s follow ABMs of 
the form 


where d, = 


1 1 
dS” = (y, — D,)dt + od W,” 
2 2 
dS? = (m — Dy)dt + ood W? 
dw aw = pat 
where 4, and и» аге the drifts, Гү and Р» are the continuous dividend yields, бү and o, are 
the volatilities, p € (—1, 1) is the correlation coefficient and let ғ be the risk-free interest 
rate from a money-market account. 


Using Ito’s lemma show that under the risk-neutral measure © for T > t, the conditional 
distribution of se = 584 ) given 509 апа Ss is 


2) _ gD] 0) cO 2 
S SE б с А (т,5°) 


where 
Wim Бари) = se DIC) 
and 
2 2 
F -o [e e _ 1 + a M [е2—- 207-0 = 1 
2(r — Dj) 2(r — D3) 
2p0,0» 


im | ӨСӨН bed Ц | 
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Using the risk-neutral valuation approach show that for a strike price K > 0, the price of 
a сай spread option at time t < Т with payoff 


0) eQA.. (2) (1) 
P(S, Sp ) = max( $7. -= S7 - K,0} 


is 


(SP, SP, t, K,T) = (sQu- Duro E ui UEM qd 9) e (d) + 00'(d) 


where 
80)у-рх7-0) _ ва D\(T-t) _ Ке r(T—t) 
d d c —— ——— € 
б 
а оз 
ОР [e 20,(7- _ -2T Д с =й тез (е 2DT-0 _ 9-2r(T 9} 
ur posso 
2r — р, = р, 


% 1 
апа Ф(х) = / ! e" du is the standard normal cdf. 
2л 


Solution: Under the risk-neutral measure О, 


dS = ("- 25а! + ва 
dS? = ("- D) SP dt + оа?) 


(1) (2) 
H-r$, Ир = Н 
----- |1 and то = и + а-а) are Q- 
бі 92 


standard Wiener processes (see Problem 4.2.3.7, Problems and Solutions іп Mathematical 
Finance, Volume 1: Stochastic Calculus). 
From Problem 2.2.2.8 (page 109) we can easily show that for t < T, 


where W = WO + 


T 
50 _ SPDT а f el PT gH) 


t 


and 


T 
SË = SPET- + o, / e PIT дүрд), 
t 
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Thus, 


о) а) О) (r-DjXT-9 _ «(D -DI XT- 
EUST E. | &) = 5 еер) _ g(Do-DiXT-0 
апа 

a( 0). (0 
var ( SP - 509) 


1 2 1 2 
= Var? (s? я) + Var® (52) %) -2Соу9 (58:82) %) 
Т 2 
= 0E? [fi э-э) 2 
1 
Т 2 
2-0 [f жи 2 
1 


T T 
—2оүо»Соу® | / еер) gO), / et DXXT oq y 


1 1 


Т Т 
2-0 n е20-01ХТ-и) dy d > o2 cQ / еге-І9ХТ7->4у 
t t 


T Т 
22995077: | | ef -DT q gn. | e DXX gO) 
1 1 


+o 


N 


d 
d 


- 


By setting 
dw,” = рай’ + \/1 - dw,” 
so that dw? . dw” = 0, then 


ЭГ 
Var Є EC |.) 


T T 
2-0 p е207-0|ХТ-и) gy d + o2 rQ / е207-Р3ХТ-и) dqu 
1 1 


Т 
—26,0,Cov® / ef POE Yaw), 


t 


-0 


EN 
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T T 
2 / gr DX HO + TT pe / АЕ 
1 1 


T T 
= о? 1 el DIT—W dy + 2 i e2(t—Dy Tw) gy 
t t 


t t 


T T 
290,052 | / ее PIT а. / еерт gO) g 


T T 
= с? / е0 gy + 02 I е20-05ХТ-40 Ju 


t t 


Т 
-2роүо,ЕЧ | / екенш) 
1 


T T 
= о? / el" D IT dy + 2 T е20-І5ХТ-0ду 
1 1 


Т 
-2рб |6» / eOr-Di- DT, 
t 


Solving the integrals, we have 


2 
varo ( s2- sts )- ake [20-01070 — |] 
2(r - D) 
Б 
+ 2 | e2(r—D2)(T-1) _ 1 
2(r — Dp) 
_ 2рс |с» [е"-21-02)07-0) _ 1] 
2r = р, — D, : 
Since 
с? 
Sp se ~N 5% (r- DT-D. ((26-ріхт-) 2 1] 
"2(r- Dj) 
and 
2 
б 
(2)| eO (2) ,(r- D(T-1) 2 2(r- DJY(T —t) 
5 |8 ~NIS Ben erm 2ХТ-4 _ | 
Т t ( t е 2(r — D>) (е ) 
therefore 
(2) | ей) of) 2 
s sr | SO ~ Лт, 52) 
where 


m= SMe PDE - Se es) 
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and 


c? 2 


216 eH ЕЕЕ [е2 1007-0 2 Ц + шээх. [e 0207-0 2 П 
2(r — Di) 2(r — D3) 
NL o | 2”-0:-0537-0 _ 1] 
2r — р, ын р, | 


Using the same steps as described іп Problem 2.2.2.8 (page 109), we сап easily show that 
the call spread option price at time t < T is 


C, (51, 50, K, T) = eT MER | max( Sy — SP - K,0}| ss 
= е"Т-9 [on - Ke ( E) +o (2— <) 
M 5 


2 (бт Е 80, D\T-1)  ко-Т 9) Ф(а) 


+сФ'(а) 
where 
КЕ БУ Dea aise DT- _ gg-r(T-0 
б 
апа 
o? o2 
obras 1 [e 20,(7-4) 2-2ҚТ Д 4 2 [e 2р,(7-4) _ 5-2r(T Д 
2(r — Di) 2(r — Dj) 
___ 206162 [e“ Prt DMT) — 72702]. 


9. Rainbow Option I. Let X ~ М№(и,,с2) and У ~ N (py, 07) be jointly normally distributed 
with correlation coefficient Рху Є (-1, 1). If Z = min( X,Y } show that the probability 
density function (pdf) of Z is 


PxyO PxyO 
=Z + УТ ЭЭЛ Esa -=z + u, + “(2- uy) 
б 
fz(z) = ®| ——— —À— —— | fy (z) + 9 | — —— — | fy) 
с, lp б, 1—2, 
AET, ge Lo) 
where fy(z) = е ?\ ох, fy(z)= TX ву and Ф denotes the 


e 
0,V 2x o, V 2z 


cumulative distribution function of a standard normal. 
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Hence, show that 


Е | шах {е2 — K,0}| 


и +502 Ф Их + с? -log К Hy — Hx — ame рхубу) Ox — Рхубу 
=е* Ы > > 
e 222 2 2: — 2 
х 4/0% — 20,500, + с; 07 —2p,,0,0, + бу 
2 _ 
4е +357 ф Hy t о, — log T Hx — Hy — 0,(0, — Put) бу - PxyOx 
С 
у 02 — 2Pxy0x0y +03 02 — 29,040, + с? 
-К|Ф их —log К Hy — Их Ox — PxyOy 
а | 2,22 2 Qu 2 
x 1/62-2р,,6,6у + с; 07 — 2p. 0,0, су 
+Ф Hy — log K Их — Hy Oy — Рхубх 
0 М , 
y 02 —2p,,0,0,'F 02. 4/02 — 294,040, + с? 


where К > 0, E denotes the expectation with respect to е2 distribution and Ф denotes the 
cumulative distribution function of a standard bivariate normal distribution given as 


1 2 2 
(х“-2р,,ху--у4) 
2 ир 
е 20-еш) dydx 


и о 1 
ОРЕ та 
=% 4-9 27,11 – P2, 


where p,, € (-1, 1). 
Let the asset prices 5% апа sP have the following diffusion processes 


dS = (m — DSP dt + o 5 aw? 
dS = (m — Dj)S dt + Saw, 
dw” .dw® = pat 


where (w ® :£ > 0} and { wo : t > 0) are P-standard Wiener processes on the proba- 
bility space (©, F , P), иі and и» are the drift parameters, D, and D, are the continuous 
dividend yields, бү and бу are the volatilities, p € (—1, 1) is the correlation coefficient and 
let r be the risk-free interest rate from a money market account. 

Show that си, Ww) follows a bivariate normal distribution. 

Given the payoff of a rainbow call on the minimum option is defined as 


PSP, SP) = max { min{ sO, SP) - к,0) 


where К > 01$ the strike price, Т > t 15 the option expiry time, using the above results find 
the rainbow call on the minimum option price at time f under the risk-neutral measure Q. 


560 6.2.1 Path-Independent Options 


Solution: The first part of the results follows from Problem 1.2.2.15 of Problems and 
Solutions in Mathematical Finance, Volume 1: Stochastic Calculus. 
To calculate the closed-form solution of 


E [max {е2 — K,0}| 


where Z = min{X,Y}, X ~ A'(u,,02), У ~ N (Uy, 07), Cow(X,Y) = py,0,0,, руу Є 
(—1, 1) апа К > 0, the expectation can be written as 


+00 
E [max {е^ — K,0}| = / тах (e - к,0) fz(z)dz 


where fz(z) is the pdf of 2. 
By substituting the pdf of Z we have 


+00 
Е [max [eZ — K,0}] = ! (e к) fg(2) dz 
log K 
P,O 
des —Z+ fy + TG - Hy) 
-/ (e - K)o | ——— 7 | oaz 
log K су (1-2, 
Рууб 

+68 =Z + и; + 2—(2- иу) 
-/ (e? - K) 6| ——— | fy dz 

1 


n ДЕГ 


where 


fy (z) dz 


хубх 
+оо 
“=f sol ne fy(z) dz 
log K б, 1- Pry 


б 
зо | TZ Hy + "7 (z- py) 
B = к/ Ф : fx(z) dz 
log K с, = Pry 
xy“ x 
4:55 —Z-b Hyd (z — Hy) 
В,-К Ф d fy (z) dz. 
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For the case 


o 
xy" y 
Fo Z+ py + (z — Hy) 
Ay -/ е*Ф id Хх dz 
log K су 1 zs Pry 
2 — 
we let w = a and therefore 
б, 
+00 = I = 
А\ = ji gx t "9x ф Hy Их wo, PxyFy) 1 e à dw 


E буү/1- y Ул 
d у= иу-Их—-Ш(ох—рхусу) 
J gti / ity 1 go ду Д, 


Let v = w — o, and we then have 


Же, Иу-Их-(о4вх (Ox -0хубу) 


+оо У 
12 222 -1үр -1lg 
A, -/ is à ex * х 1 Sy AJ 1-рху 1 е 2У dy 1 2 50 40 
_ log К-их-ох Др / / 
UTE EU 95 2л 2л 
из их+о?—1ор K у= Иу-Их-бх(бх-Рхубу) /(бх--Рхубу) 
1.2 XUNG 2 4 ТА 2 1.2449 
= е!х" 39x ox Sy AJ 1-рұу Sy AJ 1-руу do 20 TU ) dydv. 
Em — 2л 
о(6,-р,,6,) 
= yey 1 жық ed 2 : 
Letu = y+ — al and by setting o^ = 02 — 2p,,0,0, + c, we will have 
буү/1- Ps 


Е fx +02-log K = Иу-Их-бх(бх-Рхубу) 


1:2: f me 
A = estin f E / суу 1-9y flu, v) dudv 
кө: >, —-00 


such that 


2 
2(oy —, бу) сх, с 
1,2 Cx E ues (14:53 Pu je 


2; ! 2 2 

1 : с 1-02 ву -рху) 

f(u, v) = p » d 
Л 
2 2 2(су-руусу)с 1-2 
1 с и: х ху уу ху 2 
2 7 7 7 uv+U 
ву(1-рху) o2 о 
1 2-2) 


| 
% 


^ 2x 
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Oy — PxyO 
> АА и Ж) х * 
By setting й = 7—— — — ——- and 5,, = e we have 
б 
27292, 
буү/1 Ps 
m ui to2-log K 7 Иу-Их-бх(бх-Рхубу) 
12 с с 
A, = e^t 39s 5 й,о) айар 
1 
— 00 = 00 
where 
2 
1 с (2 2(ех-рхубу) _ ; 2) 
= и шал 
2 1 o | “41-02 | е 
füv)-—|———le (М 
2л Ше 2 
бу Pry 
pc REED, 
- (u^ —2p, йо--о”) 
20 ху 
= 1 е 21-22) 
2592 
2741 ps 
Hence, 
2 
1 + o- —log К — HW, — 0,(o, — o с, — б 
A, = ehti Их х 8 My Их at x Pxy 24 х Рху y 
с 2 2 2 2 
х лал - 
oz +o; 2рхуб,бу от — 2p, 0,0, + с; 


Using the same techniques as discussed above we һауе 


?-logK y,—p,- Е Е 
б 
: ys - 2рхубхбу + с, ү = 2Pxy0x0y + o? 
For the case 
б 
у9у 
+оо =Z + My + (z — Hy) 
в-к/ : х fx(z) dz 
1 
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2. — 
we let w — * and therefore 


w(o, — Рхубу) 


+оо хэ = 
Жы 
вк | етт 
ENEN 2 
a бх ey 1 7 ру, 


Hy Hx 7 и(сх- ВугИх-И)Хбх-Рхубу) у) 


y V 1-7 E dy : dog dw 


шешені у= _ Вутийх _ | Мїбх- Ш(ох-0хуоу) 
Ж І- io 1 2202422 
-К ty 17, Ay 67207 +0") dydw 
= 223 2л 
и(с,-р,у6,) 
Letu = y+ УУ and by setting o? = в? + o? — 2p,,0,0, we will һауе 
— 92 
буү/1 ( 
— ux-log К ume. 
w= 
с. :4/1-о2 
B,=K | й "yxy e(u, Ww) dud w 
—00 — 00 
such that 
2 
1] 2 2(0х-рхусу) (бх-Рхубу) 2 
1 3|" uw-| 1+ 20-12) ил 
g(u, w) = —e 1-Рху усу 
ки) = — 
2л 
1 ( 2, ) 2 2(ох—рхуву)ву\/ 1-05 MT 
24991-05) ( o2 ) ci 
= dor e$ 0-52) 
2л 
" » " Ox — Рхуб 
By setting й = and p,, — У > we have 
с 
02 
сулу 1 e 
ib их—1ор К ü Hy Hx 
6. 
В =К i g(i, w) di dw 
- ОО —со 
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where 
1 с 22 2(ох-рхубу) _ 2) 
= и uwt+Ww 
= 1 б Р -р2 | ( ш 
g(a, w) = — ШЕГЕР 
2л T= 2 
бу Рху 
1 NC 2 
5— (u^ —2p, ,üw-Fw^) 
T 1 е 21-85) У | 
ET 

2л +/1 Ге 

Непсе, 
B, = Ko| ЕРЕК, 2-3 кес S 0. 
б 
x 07 —2p,,0,0, + o? ох — 2Pxy0x0y + о? 
Іп the same vein, we сап also show 
и, — log К и. = и 6,— PyyO 
B, = КФ y x y y Fxy"x 
б 
y o2 — 2руусхсу +02 4/02 — 2p, y0,0y + о? 


Hence, by substituting А, A2, B, and В, back to 


E [max {е2 - K,0j] we have 


E [max {е2 — K,0}| 


Hy + o? — log K Hy — Hx — б,(6,- Рхубу 


x ? 


MEUM Px — Ру? 


Ox 


2 2 2 2 

go 2Pxy0x0y + б; 0 —2p 0,0, + с; 
2 К 

Hy sls б, М log Hx — Hy — су(су ЕЯ PxyOx) 


Pm 2 2 2 
ү 2р,уб,бу + б; ү 2р,убхбу + с; 


122 с, = рус 
+e tI y Xy xX 


бу 
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Since we, Ww ~ N (0, t) with Соу(и/ 0, и, = pt then by expressing 


w = viz, 


WO = vi (22 +у1- Pez) 


where Z,, 25 ~ .N'(0, 1) and Z, 1 2,, therefore for constants 0, and 65, 


Е кыно = Е е Унуда 
р СД; Ио 


-E Баз әш УВ | ДЕ | уд 


1 1 
234350) Үр, Vt) | eiae 


t ipt 
By setting Ө = (01,0) and = we therefore have 
2 


`~ 


pg yw 162 102 
Е С HoW, = етӨїг+р®үбуї+ 5051 


Т 
210770 


which is the moment generating function of a bivariate normal distribution. Hence, 
Ww, wo» follows a bivariate normal distribution. 

From the definition of a rainbow call on the minimum option at time t under risk-neutral 
measure О, we һауе 


Corin SP, SD T, K) = eT OER тах {min( sy, s?) - к.оу 2 


where 


45 = (r - DSO + о 5 ау” 
dS? = ("- р,)50а + o, SP qw? 
dW . aW = pat 


~ —r 222 =r 
such that Ж = w” + (==) t and wo = Ж + (==) t are Q-standard 
01 02 
Wiener processes. 
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(1) (2) 
By setting SS. = e857 and sẹ ) 269857 we can write 


0) © 
Cs ЕК ТЕ е ФЕ ШЕ (eoe PLI: ) - ко} 4 


: (1) (2) 
ас r(T-0)pQ Б Cae log $7. ) = ко} d 


=е (T-0pQ | max {e7 - K,o)|».] 


(1) (2) 
where Z = min( X, Y), X = е!% т жау = ет such that (log SES log So?) follows 
a bivariate normal distribution. 
From Ito's formula we can show that 


log SP ~ N [log 5$® + (r - D,- 541) (T - 0), 0°(T - J 
log SO ~ N [log sO (r Ж 393) (Т—0,о(Т- 2] | 


By setting 


and after some algebraic manipulations we will have 


etti SP elr-DiT-1) 


ЯЛЫ Е so e D3T-0 


р. +0o2-logK — log(S\?/K) + (r— ру + зо? Г - 1) 


x oyT -t 
1 


Hy +02 — log K log(S®P /K) + (r — D, + 202) —1) 


бу оҮТ-і 


АЗ йе ыу. саха (D, - D; — Ко? — 2p0,0, + ep) T-t) 


И 0:0, с? (c? – 2p0,0, + 02)(Т — t) 


1 2 1 
ҮП oles pod: ORS (SVs (2, - D, - 16? - 2p0,0, + ep) T-t) 


oO 


ү -2р,,6,6,% о? үе! —2p0\0, + o2)T – f) 
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Ox — Рхубу Е 0, - po» 
4/02 —29,/0,0 + с? А / (07 - 2po,0; + o2)T — t) 
б, = Рхубх 05 — po, 


4/02 2A 0,0 yk с? \/ (0? — 26,05 + с2)(Т — t) 


u,-lgK 10805; /K)*(r- D, - 55) —1) 


с, о((Г-1) 
u,-lgK _ log(S,?/K) +r- D,- 30T - 1) 
o Е o,(T — f) 


y 


Dei: log(S® /S®) + (р, - D, + Ко? - ep) (T —12 


4 [2 — 2р,уб,6у“ о л [(o; - 2p0,0; + o2)T — f) 


log SU /S®)+ (р, - р, +1002 ep) (T -1) 


Bc, 


үе -2р,уб,6у + 02 үе! — 2po,0, + 02?)(T — t) 


By setting o = V с? — 290,05 + 02 and substituting the above expressions into 


Cmin( SP, SP, т; K,T), the rainbow call on the minimum option at time t, t< T is 
therefore 


1 2 1) — = 1 2) — = 2 
Cain l SP, SO, 15 K,T) = SMe Maa’, p, , pP) + SPT Maa, 8... pP) 


Ке MOG тыр ya Ke Эф( y, p”) 
where 


TOU 
Б УТ -t 


+1ог(5 7/50) + (Di – Dy F то? (Г = 1) 
сүт —t 


log(S\/K) + (r — Р» + 402)(T — t) 


log(S\?/K) + (r — D, + 402\(T – t) 


, 


н> 
| 


12:22 


5 ooVT -t 


+ log(S/S¢”) + (D, — Dy 152 — 02)(Т — t) 


SS эн 
4 ovT -t 
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10. Rainbow Option II. Let X ~ N(uy,02) апау ~ N (Hy, o?) be jointly normally distributed 
with correlation coefficient Pxy € (—1, 1). If Z = max{X,Y | show that the pdf of Z is 


Рхубу ху х 
z- py- ——(@-иу) 2-ш- (z — ну) 
y 
12(2) = Ф : Лх(2) + Ф fy) 
бу ey б, 1—4, 
M NECS 
where f y(z) = e ?\ ex / , fy(z) = е ?\ %® апа Ф(.) denotes the cdf 
o V 2a oV 2л 
of a standard normal. 
Hence, show that 
E | шах {е2 — K,0}| 
= ТА Hy + o? E log K —Hy их + б,(б, т PxyFy) —oy + Рхубу 
с 
х 4/02 — 20,,0,0, + оў o? — 2Pxy0x0y 263 
2. 
sel TD Hy + 9, log Е —Hx + Hy + су(с,, Е Рхубх) —0, + рубу 
б 
y 4/02 —2p,,0,0, + а> SU MH + o? 
Klo Hx — log K —Hy жи, с. + Рхубу 
с „ , 
x 02 —2p,,0,0,-F 02 4/02 — 2p,,0,0, +0? 
ip fcc TEE Hx + Hy | Oy + PyyOx 
бу ох — 2Pxy0x0y + o? ох —2p,,0,0, + оў 


where К > 0, Е denotes the expectation with respect to the e distribution апа Ф denotes 
the cumulative standard bivariate normal distribution function given as 


1 2 2 
(x^—2pyyxyt y^) 
e 201-0) М dydx 


и г 1 
Ф(и, и, Puy) = / / Е: 
=> -= А Lap 


where р, € (—1, 1). 
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Let the asset prices S and 52 have the following diffusion processes 


dS = (uj = D)SMPdt+o,S?aw 
dS = (m — р,)50 dt + oS aw, 
dw .dw® = pat 


where qw O :t > 0} and { Ww : t > 0} are P-standard Wiener processes on the proba- 
bility space (О, F, P), и and и» are the drift parameters, D, and D, are the continuous 
dividend yields, бү and бу are the volatilities, p € (—1, 1) is the correlation coefficient and 
let r be the risk-free interest rate from a money-market account. 

Show that Ww”, wo» follows a bivariate normal distribution. 

Given the payoff of a rainbow call on the maximum option is defined as 


where К > 0 is the strike price, Т > t is the option expiry time, using the above results 
find the rainbow call on the maximum option price at time t under the risk-neutral measure 


Q. 


Solution: The first part of the results follows from Problem 1.2.2.15 of Problems and 
Solutions in Mathematical Finance, Volume 1: Stochastic Calculus. 
Following Problem 6.2.1.9 (page 558), it can easily be shown that for К > 0 


Е | шах {е2 — K,0}] 


Е њо их + o? Slog K Hy от Ө (07-00) CU T0; 
с М , 
x (/62-2р,,,у% o? 02 — 20,,0,0, +0? 
2 _ Эв = 25 
ehti 5 t бу ЮВЕ Hx +My + бу(бу Рхубх) бу + Рхубх 
с 
y с? – 2р,уб,бу + o? с? — 20,040, + o? 
_xlo их = log К Hy + Hy —Ox t PxyOy 
с М EJ 
x ү: = 2Pxy0x0y + б? ү = 2Pxy0x0y +07 
-Ф Hip EE —Hx + Hy -бу + PxyOx 
с 
y ү: —20,,0,0, o? ү: —29:,0,0,3- o? 


To show that qv, и, follows a bivariate normal distribution, see Problem 6.2.1.9 
(page 558). 
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The rainbow call on the maximum option at time ¢ under the risk-neutral measure Q is 
defined as 


Cus ОН K, T) =e ит i zn [тах | шах(50),50)) TA к.о)| s 
where 


dS = (r— DSP ar + o SO qw? 
dS? = (r - Dy) SP at + oS? qw? 
а "72 
dW dW = pat 


~ -Г КМ =F 
such that WwW? = w,” + (=) t and We = Ww + (==) t are Q-standard 
бі 62 
Wiener processes. 
(1) (2) 
By setting S = е0 $т and Sp = е °®®т we can write 


a) Q 
СБ SRT) Ev E SER Ы { тах (en ‚её Sr ) - к.оу s 


(1) (2) 
05 rT- rQ Б Га log 57, ) _ куо} d 


= e" T-)EQ | max {е2 – K,0}| A 
(1) (2) 
where Z = тах{Х, У}, X = e!°85r апау = е°8 т such that (log Se, log Б) follows 
a bivariate normal distribution. 
From Ito's formula we can easily show that 


log S ~ N [log sO + (r - D,- 54) (T —),о(Т- 2] 


log S® ~ N [log 508 (r - D,- 541) (T = t), oÀ(T — г) 


By setting 
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and after some algebraic manipulations we have 


2 


етө = SVolr—Di\T-) 


e'*15 = SO e-DA- 


1 
My +02 —logK — log(S”/K) + (r — D, + уо )(Т—1) 


Ox o,vI-t 


2 1 
Hy + 02 — log К log(S\/K) + (r — Dy + 502XT —1) 


1 2 1 
“миры 190800750) (Dy = D- 32 = 2p0 02 +03) (T —1) 
4/02 — 20,,0,0, + o? | (0? — 200,05 + o2YT — t) 
2 1 1 
ETET AE E log(s® /s®)- (D, - D, - 16? 256,0 + 23) T —1) 


\/ с2 = 2р,,6,6у + o? V (с? ~ 20610 + o2YT = t) 


-б, t руусу 1. —0, + por 
4/02 = Эр вв д, 4 | (c? — 2p0,05 + o2YT -1) 
—0, + хуб, E —0» t poi 


1 [62 — 2Pxy0x0y + o? л | (o? — 2p0,05 + o2YT — f) 


u,—logK  log(Si)/K)-(r- D, — 502Y(T – t) 


Ox о((Т a t) 
H,—logK — log(S\/K) + (r — Dy — 102)0Т — 1) 
Oy Е oT — t) 
make logs /s9) — (D, - D; ic? - 23) (T - n0 
ү — 2р,убхбу %62 үс: —2po,0, + 05)(T — 0) 
т log(s/s) — (2, - D, + 1002 - ep) (Т—) 


1/62-2р,,6,6у-Һ o? \/ (с? — 2p0,05 + o2YT -1) 
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By setting o = о? - 2po,0» + o2 and substituting the above expressions into the 
option price C44, (S ЫН 7; t; К, Т), the rainbow call on the maximum option at time t 
is therefore 

(0) of) 4. — of) ,-D\(T- (1) 1 
Cinax OS; S, Jf; K,T) — 5, е M ОФса, ? —p,,—p' ) 
+SP eTa, —p_,-p™) 
-Ke TD, -y,. -рФ) 
—Ке T Dda, -y_,—p) 


where 


в) 12 
„у 10865, /K)*(r-D,x 50 (Г -1) 


5 бүүТ-1 


+log(S® /S®) + (D, — D, F 102)(Т —1) 


Bs 
= ovT -t 


log(S\/K) + (r — D, + 56 


02 V T-t 
+ log(S?/S\?) + (D, — Dy + 162 — Г — t) 


Y. faaan 
т ovT -t 


а) _ 917 292 


oyT -t 


(2) _ 05-00) 


с/т 


2ХТ-0) 


a 


11. Black-Scholes Equation for Cross-Currency Option. Let (Q, F, Р) be a probability space 
and let (W? : t > 0} and (Их : t > 0} be P-standard Wiener processes such that dW,’ - 
dW = pdt, p € (—1, 1). Suppose that S, denotes the asset price quoted in foreign cur- 
rency having the following SDE 


48, : 
5. = (и, — D,)dt+o,dW, 
t 


where и, is the drift parameter, D, is the continuous dividend yield, б, is the volatility 
parameter and let r; denote the foreign risk-free interest rate. Let X, be the foreign-to- 
domestic exchange rate having the SDE 

dX, 


Ба = udt + o,dW,* 
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where и, is the exchange rate drift, с, is the exchange rate volatility parameter and let 
rq be the domestic risk-free interest rate. Here, Х,%, is the foreign asset price quoted in 
domestic currency. 

By considering a hedging portfolio involving а cross-currency option V(S,, Х,, t) 
denoted in domestic currency that can only be exercised at expiry time T, t < T, with 
asset price X,,S, and exchange rate X,, show that V (5,, X,,7) satisfies the two-dimensional 
PDE 


дү 1 
— t с 
ot 2 


22902 1 
st 9s? 5° 


2,20?V oy 
xcd 


tI, — D, — po,0,)S, 


oV ди 
‘OS, + (rg RU TA — raV (Sp, X, t) = 0 


Solution: To eliminate both asset risk and exchange rate risk, at time / we let the value of 
a portfolio II, be 


IT, = Ү($,, Xt) LT А! (Х,5,) = А.Х, 


where it involves buying one unit of cross-currency option V(S,, Х,, t), selling A, units of 
foreign assets Х,5, converted into domestic currency and selling A, units of X,. Since we 
receive D, S. dt for every asset held, and because we hold —A, X,,S;, our portfolio changes 
by an amount —A D, X, 5,417. In addition, given that X, will also grow at the foreign risk- 
free rate гу, the change in portfolio П, is 


ап, = dV — A,(d(X,S,) + D,X,S,dt) — ААХ, + r X,dr) 
= dV — A (Sd X, + X,d S, + po o, X,S,dt + D,X,S,dt) 
—A»(dX, + r,X,dt) 


where d(X,S,) = S,dX,+X,dS,+dX,dS, and from 10% lemma we can write 
d X,d S, = po,o,X,S,dt. 
Expanding V (S,, X,, t) using Taylor's theorem 


дү дү дү 
dV = — а 45 ах 
ae 95, PT in : 
1 | 92" Жз 2 
= |——(4% dX% +2 аХ,48 
%; E D + 3x ЕРІ p 225 5 1) 


and by substituting 455, = (и, - D,) S,dt + c, S,dW/, d X, = u, X,dt + o, X,dW/ and 
subsequently applying Ito's lemma we have 


OV 1: 2004 |1 2,59?V ду 
dV = | — + 0257 —— + = ——у t00,0,X,S 
E 2 5 tas? 2 T бах? !9X,0S, 
aV aV aV 
Tu = 25195. + MX ЭХ, dt+ б; 5,5 554% +o ON ay а. 
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Substituting back into АП, and rearranging terms, we have 


ап, = Е 


122 aay 
дї 2; жЕ 


los 202/ ду 
Ао + X S= 
2 б, бах? pOxO, A, !9X,0S, 


дү дү 
“Қи; 2, 22555 + ихХ ау 
1 


"OX, Ai (Hy + Hs s рс,6,)Х,5, 


aV 
-Аэ(и, +гХ,| dt + б; (x = АХ, ) ау; 
ди 
+o, (%.- шиг -^›) X,dwe. 


To eliminate the d И? and d уух terms we һауе 


1 ov 1 ди ди 
= = andA, = — | X,—— - S,—— 
Х, д5, Х, ðX, 95, 
which leads to 
V 1 53,200V 1.20? ду 
ап, -1--4-0252----- + Х,5 
i E 2°» 952 2° tax? ОЧРАР а э, 


+r y= D, -poy SiS -ғ/Х z] dt. 


Under the no-arbitrage condition the return on the amount П, invested in a risk-free interest 
rate in domestic currency would see a growth of 


ап, = Па! 
=r,[V(S,, Xpt) — e S,) = A;X а! 


=r, гс, х,о шив зү z] dt 


and hence we have 


гаг = ВЕ HY eis a 
t0. XS + (ғ; – р, – о,)5, s 
них dt 
4 а dt = | posit 50: in 
о %(ғу- D, — роуо,)$, as 
22:34 dt 
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and finally 
WV i loweVv 1 2 „д? ду 
аб 2g X? — + и 
DEG LU T MD Ре КОДЫ 
Жыра РДЕ ho ccs ИВО 
f —p 8 ‘OS, d lf “Хх, а вари = 


which is а two-dimensional PDE. 


12. Cross-Currency Option (PDE Approach). Let (Q, F ,P) be a probability space and let 
{ ws :t > 0} and { w” : t > 0} be P-standard Wiener processes. Let S, and X, denote the 
asset price quoted in foreign currency and the foreign-to-domestic exchange rate respec- 
tively each having the following SDEs 


K = (и, = D,)dt + o,dW, 
t 
dX, 5 
SS = ихат + o,dW, 
t 
dW; ах = pdt, рє (-1,1) 


where и, is the asset drift parameter, D, is the asset continuous dividend yield, o, is 
the asset volatility parameter, и, is exchange rate drift, с, is the exchange rate volatility 
parameter and let r be the foreign risk-free interest rate and rz be the domestic risk-free 
interest rate. 

For a strike price К > 0 and expiry time T, let C(S,, X,,t; K,T) be the European-style 
call option price at time t < Т denoted in domestic currency satisfying the two-dimensional 
partial differential equation 


oC 8 1 в252®С + 


2 
Р 22 с. 102206 д°С 


+ po,0,X,S 
ОЛУУ 


Bine. — pox ONET 22 LE Ху 26 а Т) = 
Using the above partial differentiation equation find the сай option price at time t < Т for 
each of the payoffs at expiry time Т: 
(a) A Foreign Equity Option Converted to Domestic Currency 
ЧФ(5т,Хт) = Хтшах{5т — K,,0} 
(b) A Foreign Equity Option Struck in Domestic Currency (or Compo Option) 


№057, Xr) = max{XrSr — K,0} 


(c) A Foreign Equity Option Struck in Pre-Determined Domestic Currency (or Quanto 
Option) 


4(5т, Xr) = X max{ Sp — K,,0} 
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(d) An FX Option Denoted in Domestic Currency 
W(S;, Хт) = Sp тах{Хт - К,,0) 


where at expiry time Т, S; is the asset price in foreign currency, Ху is the foreign-to- 
domestic exchange rate, K, is the strike price in foreign currency, Ё is the strike price 
in domestic currency, К„ is the strike price on the exchange rate and X is some pre- 
determined fixed exchange rate. 


Solution: 
(а) For the payoff P(S;, Хт) = Xy max( Sr — K,,0} we can set 


С(5,, Хғ K,,T) = Х,/(5,/) 
where f (Sr, T) = max{ Sr — K,,0}. With a change of variables we һауе 


д д 
дї at’ 05, 1208) ӘХ, 
ОР 0 Вахе ORES 


252 tas?) ох? > 9505, 25, 


and by substituting the above results into the two-dimensional partial differential equa- 
tion we have 


Of 220907 of 
Xp cai E Х,8 
2 1952 * 003054 191738. 


Hra —rj))yX, fes, t) -raX,f(S, 1) = 0 


д 
+(@,—Ю,— poxo5)X; 52 


or 


9f 


207 
a5 


д] 
24 (rg = DJS s $ nf noo 


which is a Black-Scholes equation with volatility o,, foreign risk-free interest rate 
г; and continuous dividend yield D,. Given that /(5т,Т) = max{S7 — K,,0} is a 
European call option payoff therefore we can deduce that 


f(S,,t) = Se-PsT %@d,) — Ke F @(d_) 


—log(S/ Kj) + (ry — Р, +5997 - 0 | "P 
where 4, and Ф(-) is the cumulative distri- 
суүТ-1 


bution function of a standard normal. Hence, the call option price at time f is 


C(S,, X, t; K,,T) = X, [Se P0 Od) - K,e "7 od )]. 
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(b) For payoff Ч($т,Хт) = max{Xr Sr — К,0} we define 5, = Х,5, and we consider 
the option price at time f as 


CCS, X, 5 R,T) = g($, t) 


where (Sp, Т) = тах{ Xr Sr — Ё ,0}. From the change of variables we can write 


ac _ дв. aC _ дв OS, дв AC _ дв 2$, 295 
ot ot’ 95, 25, 95, ‘aS, , oX, 95, OX, ‘as, 


252 
2 д д og ðs, a д? 
2C E ж = озун Б СЕ аг х. 
дХ,05, 9%Х,\ 09) 495  0$29X, 05, as? 


By substituting the above results into the two-dimensional partial differentiation equa- 
tion we have 


2 9% 20 
50-8. + 162(Х,6) а o (Xs) E 
aS? 52 m 
д д д 
+r — D, — роҳо,)Х,5, 28. + рохо, X S E + (rg — 17) XS, 
95, 95, | 


-rag($, t) = 0 


or 


2 2 c2 0^8 г 98 0142 
E + 5'0х + 2p0,0, + 6-5; 22 + (rg = 25-5 — rqg(S,,1) = 0 


1 1 


which is a Black-Scholes equation with volatility с, = 4/ c? + 2po,o, + а?, domestic 


risk-free interest rate rz and continuous dividend yield D,. Since 


С(5у, Xr, T; KT) = g(Sp, T) = max{ Sp — K,0} 
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хи 


is the payoff of a European сай option therefore the сай option at time f is 


С(8,Х,;К,Ту- Se Ps?’ @d,) — Ке "Ч -Эф(а_) 
= Х,8,е-Р«Т-0ф(4,)- Ke @(_) 


log((X,S,)/K) + (rg = D, + 502XT — 0) 


+ 50 
в,УТ-і 


tribution function of a standard normal. 
For the payoff P(S;, Хт) = X max{ Sr — K,,0} we can write 


where d, = and Ф(-) is the cumulative dis- 


C(S, X, t; K,,T) = Х№(,, t) 
such that h(S7., T) = max(. Sr — K,,0). Hence, we can express 


ӘС  x9h. oC x29. oC _ 


дї ot’ OS, ^ OS, OX, 
ёс x9C C Q C. 
as? ðS?’ ox2 ' 94,95, 


Ву substituting the above expressions into the two-dimensional partial differentiation 
equation we have 


uS 82 
хо Е 50252797 + (ry = D, – рох б5,Х э Шы 
14 
ОГ 
ðh 1220h дһ 
àt 259 оба * Ur Ds ШАРЫҚТА = rqh(S,, t) = 0 


which is a Black-Scholes equation with volatility o,, domestic risk-free interest rate 
ға and continuous dividend yield D, = rg — г, + D, + po,o,. Given that 


h(Sp, T) = max( Sr — K,,0} 
is a European call option payoff therefore we can deduce that 
h(S, t) = S,e D(T-De(d,) — К„е-"а4Ч-9Ф(а_) 


o2)yT — 0) 


log(S,/K,) + (r4 — Dy, + 1o? 


where 4, and Ф(-) is the cumulative distri- 
o,VT-t 


bution function of a standard normal. Hence, the call option price at time f is 


C(S,, X, t; K,,T) = X [S,e PT "9 (d,) — Ke? od )|. 
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(d) For payoff ¥(S;, Xr) = Sr шах{Хт — К,,0) we can define 
C(S,, Xpt; K,,T) = 5,и(Х,,1) 


where u( X7, T) = max( Xr — К,,0). From the change of variables we can set 


C _ ЫГ ар 9C _ ка 
ді ді oS, OX, OX, 
aC aC д?и д?и _ ди 


0X2 ‘ax?’ 0Х,05, ЭХ, 


Ву substituting the above results into the two-dimensional partial differentiation equa- 


tion we have 


ди dere д?и ди 
5, ty t с; Хунд с,Х,5,--- '3X A — рб,о,»У,Ц(Х,, t) 


2 
2 


ди 
+(та—гу)Х,$, ax; rq Su(X,,t) = 0 
t 


ог 
ди 1 ЖАЙ р, 
P Т 19X ТТЫ + ео, — ба-ту+ D, + poo U(X, t) =0 


which is a Black-Scholes equation with volatility c, risk-free interest rate г, = rj — 
г, + D; + po,o, and continuous dividend yield D,. Since 


и(Хт,Т) = max( Xy — K,,0} 
is the payoff of a European call option therefore 
u(X,,t) = Хе”? -9Ф(а,)- Ke"? @(d_) 


log(X,/K,) + (ru — D, + 402)(T — 0) 


where d, = 
o, VT -t 


bution function of a standard normal. Hence, the call option price at time t is 


апа Ф(.) is the cumulative distri- 


C(S,, Xpt; K, T) = 5, [Xe 0 Dad) - Ke "T oq |. 


13. Cross-Currency Option (Probabilistic Approach). Let (Q, F ,P) be a probability space 
and let (W? : t > 0} and {Их : t > 0} be P-standard Wiener processes. Let S, and X, 
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denote the asset price quoted in foreign currency and the foreign-to-domestic exchange 
rate respectively each having the following SDEs 


dS, : 
S = (и; = D,)dt + o,dW, 
dX, 5 
xX, = udt + o dW; 


dW?.dW* = рат, ре(-1,1) 


where и, is the asset drift parameter, D, is the asset continuous dividend yield, с, is 
the asset volatility parameter, и, is exchange rate drift, с, is the exchange rate volatility 
parameter and let r be the foreign risk-free interest rate and ry be the domestic risk-free 
interest rate. 

Show that under the domestic risk-neutral measure Q,, the diffusion processes for the 
exchange rate X,, asset price denominated in foreign currency ,,, asset price denominated 
in domestic currency Х,5, are 


dX, ха 

E = (rq — ry)dt + o,dW, 

dS, sa 
5, = (ry — рохо; — D,)dt + о, АИ’, 


а(Х,5 
tt 


where w, w^ and иу аге Q,-standard Wiener processes. 

Find the call option price at time t € Т for each of the payoffs (denominated in domestic 
currency) at expiry time Т: 
(a) A Foreign Equity Option Converted to Domestic Currency 


+057, Хт) = Xr max(Sy — K,,0} 
(b) A Foreign Equity Option Struck in Domestic Currency (or Compo Option) 
WS, Xr) = max{XrSr — К,0) 


(c) A Foreign Equity Option Struck in Pre-Determined Domestic Currency (or Quanto 
Option) 


4(5т, Xr) = X шах{5т — К,,0) 
(d) An FX Option Denoted in Domestic Currency 
P(S, Хт) = Sp max( X5 — К,,0) 


where Sy is the asset price in foreign currency, Ху is ће foreign-to-domestic exchange 
rate, K, is the strike price in foreign currency, Ё is the strike price in domestic cur- 
rency, K, is the strike price on the exchange rate and X is some pre-determined fixed 
exchange rate. 
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Solution: To show the diffusion processes of X, and X,.S, under the domestic risk-neutral 
measure Q4 see Problems 4.2.3.15 апа 4.2.3.17 of Problems and Solutions of Mathemat- 
ical Finance, Volume 1: Stochastic Calculus. 

For the case of asset price, let the diffusion process of S, under Q ;-measure be 


а 
— = pidt+o,dw,4 


where ид is the drift and wee is Фе Q,-standard Wiener process. 
Since under ће Q; measure 


dX 
X = (r4 -r pdt + о аи“ 
d(X,S,) 
TES. = (а - РФ + Jod 20,0, + oW? 


where ГАС апа м аге О),-в81апдага Wiener processes, then from Ito's lemma, 


d(X,S,) = X,d S, + 5,4 X, + (d X,)(dSS;) 
= u! X,S,dt o, X, S,dW,^ 
(ra — r)X,S,dt + o, X, S dW + po,o,dt 


= (ид +га— гу + p0,0,)X,S,dt + 4/02 + 2p0,0, + o2X,S,dw, 4 


ха 54 
oW," t o,W, 


4/02 + 2po,0, + o2 


Hence, by comparing with 


а(Х, 
д = (r4 — Dt + 4/02 + 2po,0, + саи“ 
Х,5, 


xs . . 
where W, 4 = is a Q,-standard Wiener process. 


we can deduce 


и“ роб р, 
Thus, under the domestic risk-neutral measure Q, 
dS, _ 54 
s im (rg — рохо; — D,)dt + o,dW, ^. 
1 


Denoting Ф(.) as the cumulative distribution function of a standard normal we note: 
(a) For the payoff V(S7., Хт) = Хт max{ Sr — K,,0}, and since we can write 


1 x 
Хт = Хеба" 7597-0 Wy 


582 6.2.1 Path-Independent Options 


the call option price at time 1 is 


CCS,, X, t5; K,, T) 
= ga(T-0pQa [Xr тах(8-- K,,0)| F,] 


= gra(T-0gQu ka тах (57. — 2 4 


1,2 | ха 
= хе” TOE |e о, max (S. - KO) 4 | 


We define a new probability measure © on the filtration % о 0 < s < t where we set 
the Radon—Nikodym derivative as 


40 
dQ, 


= е-Л Сода, 5 focos du 


F, 


where the process W,* = ГАД - o,t follows а Q-standard Wiener process. 
Since we can also write 


и = pw, 4-3 /1 - py! 


where иу апа Үй аге @,,-standard Wiener processes and w^ 1 Yf, the Radon- 


Nikodým derivative can be expressed as 


dQ a сел —5 fo 7o, du 
404 |= 
t 


1 
шоо” foco odW, eT gaY!)-5 fo Cox) du 


= e7 h po, d Wi — 5 свои , , Утка 5 Утки 


such that from the two-dimension Girsanov's theorem 
Ws __ Sq 
W; =W," — pot 
and 


Y, = Y? - V1 - pot 


аге Q-standard Wiener process and w; L У. 
Thus, under the Q-measure, the сай option price is 


V(S,, X, t; K, T) = Хе '/0 PE? | max{ Sp — K,,0}| 2] 
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with the dynamics of 5, under the Q-measure being 


45, 7 
eo (rg — po,0, — D,)dt + o,dW, 

t 
= (rp — роко, — D,)dt + о, (div; 4 ро) 
-(ғу- D,)dt + в.а”. 


Hence, the call option price at time / < Т is 


C(S, X, t; K, T) = Хетт npa [max{Sr – K,,0)| 9 
= X, [S,e PT @(d,) - Ke; @(d_)| 


where 
log(S,/K,) + (rj — D, + 402\(T —1) 


o,VI-t 


(b) For the payoff (57, Хт) = max{ Xr Sr — RK ,0} which is denominated in domestic 
currency, we note that the diffusion process Х,5, under the Q; measure is 


d, = 


d(X,S,) 
Х,5, 


= (ra — D,)dt + ү + 2po,0, +o2dW, * 


where иу is a Q,-standard Wiener process. 
Thus, the call option price of the foreign equity option struck in domestic currency 


can be easily deduced as 


с(8,Х,; R,T) = ea T-) FQ, ШЕР = ko} 2 


= Х,5,679/Т-Э9ф(4,)- Кет ЧС-ф( ) 


where 


log((X,S,)/K) + (rg — D, + 5(02 + 2p0,0,  o2)(T — D 


Jen + 2po,0, + с2)(Т — t) 


For the quanto option payoff POS, Xr) = X max{Sr — K,,0}, under the domestic 
risk-neutral measure Q4, S, follows 


(c 


хи 


кл = (ry — роо, — D,)dt + o dW’ 
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or 
45, sa 
= (rq — (ra — ry + рос; + D,))dt + o,dW, 
1 
-(ғ- D dt +0, dW" 
where D, =r4— гу + po,0, + D, and w^ is a Q,-standard Wiener process. 
Because X is a fixed exchange rate, the call option price at time / сап be deduced 
as 
C(S,, X, t; Kp, T) = Xe "ТЕЧ | max{ Sp — K,,0}| F,] 
=X [sie Ka) = Ke" od_)| 
where 
4," PRG/K) бо + 302)(Т – Д 
+ = 
суүТ-1 
(d) For the terminal payoff Ч($т, Хт) = Sr max( Xr — К,,0) which is denominated in 


the domestic currency, under the domestic risk-neutral measure Q4, S, follows 


dS, 


S, = (ry - POxOs — D,)dt + o,dW," 


where w^ is the Q,,-standard Wiener process. 
Thus, by solving the SDE for 5, we can write 


2 
Sp = = бет” po,o,—D, -16 SMT — Dto И 


and the call option price at time t is 


CU AX NEST) 
= eT DEQ | S. шах X5. — K,,0}| 9 


= e "a T-)EQ |е рс,6; -D,-502)\(T- Dye, Wr max (Xr - Kol. 


= Se OEM je ВО, max{ Хү -к,0/» 1 


where г = r4 — г, + рос; + Dy. 
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We define a new probability measure Q on the filtration F s 0 < 5 <t where we set 
the Radon—Nikodym derivative as 


dQ = е-Л-%)4й 4-5 fg 0s) du 
404 | 
1 


= — . 
where the process И/, = w^ — o,t follows a Q-standard Wiener process. 
Since we can also write 


EE 


where иу апа 7 G are Q,,-standard Wiener processes and и 1 zz, the Radon- 
Nikodym derivative can be expressed as 


dQ — e7 h Соо!“ 3 oos}? du 
d 
О4 z, 


1 
= e7 С о, Хам 4 +1242 4)-5 foo)? du 


1 1 
— е-0(-ғо.04-; opos)? du , , fo V1-po d Zi-5 fo (- V 1-go, y du 


such that from the two-dimension Girsanov's theorem 
х qx; 
W, =W," – post 
and 


Z, = 2% = V1- ot 


are Q-standard Wiener process and ГА 1 2: 


Thus, under (һе Q-measure, the сай option price is 


V(S,, X, t; Ky, T) = Se "T E? | max{ Xp — K,,0)| F,] 


with the dynamics of X, under the Q-measure being 


dX, ха 
ка = (rg -ry)dt + сай, 


= (rg —ry)dtt o, (aw; + розй) 
= (rg —ry + po,0,)dt + c,dW. 
= (F- Djdt * c,dW,. 
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Hence, the call option price at time t < T is 


С(8,,Х,; K,,T) = Se" E? [max(X7 — K,,0)| F] 


m [Xe PT OKA) 5 Ke 7T Dola | 


where 


log(X,/K,) + @— D, + 502YT —1) 
d= 


= o, VT —t 


N.B. For terminal payoffs in (a) and (d), we can also express them as exchange option 
payoffs and the solutions follow from applying the formula given in Problem 6.2.1.6 
(page 543). 
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1. Forward Start Option. Let (W, : t = 0} be a P-standard Wiener process on the probability 
space (Q, F, Р) and let the asset price 5, follow a GBM with the following SDE 


dS, 
—— = (u — D)dt + odW, 
5, 


where и is the drift parameter, Р is the continuous dividend yield апа с is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 

A forward start call option gives the holder the right to buy at time Т) an at-the-money 
European call option with an expiry date of Т» > Тү, where the strike price К is set as 
К = Sv, . Hence, the payoff of this option at Т; is 


W(Sy,,Sp,) = max{ Sr, — Sy, 0}. 


By considering Ту < t € T5, t = Тү апат < Тү, show that the forward call option price is 


S,e 007-0 [e PHM.) - eT Mod] tT 
С/(5), t; Ti, Т») = 
$е-РФ›-90Ф(а ) — Sp oP O(A_) Tote, 


- 0-0» 502)(7, —Т\) log(S,/Sr,) + ("= D+ 502 (ТЬ -1) 
where d, = ‚ а. = 

ES OA Т, = Т, > oO Т, e 
Ф(-) is the cdf of a standard normal. 


and 
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Solution: From Girsanov’s theorem, under the risk-neutral measure Q 


dS, - 
—. =(r— D)dt + cdW, 
S, 


—r А " 
where w^? =W,+ тва Q-standard Wiener process. 
с 
For T, < t € T), as 57. is known then 


Су, (Spt Tj, Ta) = e" -9ра | max(57, -55.0)| 9 | 
= Cy (St; Sr, T3) 
= Se @(d,) — Spe" od ) 


which is a regular European call option price C5,(5;, t; K, T5) with strike price К = Ут, 
log(S,/Sr,) + ("= D + 36211, = Д 


сут -t 


at expiry time 7; such that d, = 
Att = Ту, S, = Sr, and therefore 
С,,(5,,1,1,,1,) = Cs, Gm, Т; Sz, Т») 
= Spe Тока.) — Sr e7 MO) 
= Sr, |62 Me@(d,) – e"027T0e(d )] 
where 


_ 085/51) +" рж 502) - Т) -Dz -T ) 


с Т, -T с Т, — Т, 


Finally, for < Tj 


Су,(8,;Т,Т,) = e "Ui 0p [су,(5т,. Т; Т, Т) A 


= е-ро | Sp [e 202-79 (d, )- е-"%-ТОФ(4. 1 7) 
| 5 


= eT) je- у — eT- od_)] E2 | 5л, | F| 
since d, and d_ do not depend on Sr, From Ito's lemma 


1-2 Q 
Sr — io rura ХТү-04-оҮл, , 


1 


therefore 


ЕО, 1241 = Sen ON 
1 


апа һепсе 


С,,(5т; Tj, T)) = Se PN | е-ОО2-100(д,)- е-"%-Т)ф(4_)|. 
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Collectively, we therefore have 
С;,(5,,57|,7;) 
Se TPT- | е-РЧу-ТОф(д,)- ет"О2-Т00(4 )| і<7, 
5,6-942-0ф(4,)- Sr e" 02-0d(d ) Т, <t<T. 
М.В. Using similar arguments we сап also show the forward start put option as 
Р,,(5,,1,Тү, Ta) 


S,e PT- [e -Т0ф(-4 )- е-20:-10ф(-4:)| «1, 


Sp ет"02-0ф(-4 )-5,е-902-0ф(-4,) а 


2. Rachet/Cliquet Option. Let (W, : t > 0) be a P-standard Wiener process on the probability 
space (О, F, Р) and let the asset price S, follow the following SDE 


45, 
----(и- D)dt+odW, 
5 1 
where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. In addition, let r be the risk-free interest rate from a money-market account. 
А rachet or cliquet option is a series of forward start options where at the end of a typical 
leg, from 7; | to T; the option allows the holder to “lock in" intermediate profits 


max{ Sy, — Kj; 1,0) = max( Sr, — Sr, 1,0) 


which will be paid out at expiry time Т where the strike K; , is reset to the asset price 
ӛт, at time T; ,, T; | < T;. 

We consider a 3-leg rachet call option with initial strike Ko at time Ту. At time T, > То 
the strike is reset to K; = S7, , which is the asset price at time Ту. At time Т, > Ту the 
strike is reset again to K, = 57, , which is the asset price at time T». Finally, at the option 
expiry time Т > Т» the holder of the call rachet will receive the call payoff with strike 
K, = Sr, and “locked-in” amounts of тах{.5т, — Ко,0) and (Sr, — K,,0]. 

From the above information 
(a) Write down the overall payoff W(S7-) noting that the strike is being reset to the spot 

price at each reset date. 
(b) By working back from the expiry, determine the option price C,,(5,, t; Ко, T1, T5, T) 
under the risk-neutral measure Q, for Ty < t < Ti, T| «t € T; and T; «t € T. 


Solution: 
(a) The overall payoff at expiry time T' is given as 


V(S7) = max( S7 — K5,0] + max( K, — K,,0} + max(K, — Ку, 0} 
= max( Sr — 5т,,0} + max{ Sr, - 5т,,0} + max{ Sr, — Ko, 0}. 
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(b) Under the risk-neutral measure Q, the asset price S, follows 


48, 5 
1 


: А 2 —r : 
where ғ is the risk-free interest rate and we =W,+ (2); is Ше Q-standard 
с 


Wiener process. 
For Т» < t < T, under the filtration F, the information at Т) and T, is known, there- 
fore we can write the option price as 


Cra (Spots Ko, Ti, Ta, T) = e 1 PE? [ISD] F] 


r(T—t) 


-е 


| 
Q | max{Sr = 5т,,0} A 


+е-"Т-9Е@ ЕЯ - 55.0) x. 


хет"Т-Оро | тах( 5, - Ko,0}| A 
= Cy GS, 1 Sp, T) +e" max{ Sp, - Sr, 0} 

+e"? max{ Sr, — Ko, 0} 
where С,,(5,,1;.5т,, Т) is the European call option price with strike Sy, and expiry 
time Т. 

For Тү < t € Т», under the filtration F, the information up to Тү is known, therefore 
we can write the payoff as 
VS.) = CAT, T»; Kp, Ti, Tə, T) 
= C (Sr, Tj; Sp, T) + e" T ™ max{ Sp, — 6,0) 
+e"? max{ S;, — Ko, 0} 


and the option price at time 7) < t < T, is 


Cra (5, t; Ko, Т\, Т,,Т) 


ы САР 


оро | сь(58т,. 73: Sr, Т) A 


pe) fa E “Т ТУ тах 151, - 55,0) F| 


+е-"©®-—0Е® [ "Т-Т max{ Sp, - Ko,0}| 2| 


= с-ро [sr (е20-7)Фса,) -ет"Т-ТОф(д DI F] 
2 


te T-T)pQ E "(Т 9 тах { 5т, - S7,,0}| F] 


e TaD eT -T max{ Sp, - Ko, 0} 
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590 
where 
Ж 1ог($т, / Sr.) + (г + 202)(Т – Т) NU +0°\(T – T3) 
1 бүтэ ENDS 
Since E? Ей 22 = S,e' 027? and d , is independent of the filtration ¥,, we there- 
fore have 


C, (S, t; Kg, Т, T), T) = S, (e OF od) — eT T2 @(_)) 
xe T TO C, (S, t; Sr To) 
xe "1 Ümax(.Sr, — Ko, 0) 


where C,,(S,, t; Sr,» Т) is a European call option price with strike price S'y, and expiry 


time T5. 
Finally, for Ty < t € Ту the payoff is 


(т, ) = Cpa Sp,» Ti; Ko, Tj, T5, T) 
— Sr, (е-?4-тӘф(а,) "" е "ТТ Ф(а_)} 
te T T2 C, (S7. „Тү; Sro 15) + е-'Ч-Тотах{$т, - Ко,0) 


and the option price at time Ty < t € T} is 


Cra (Sit; Ko T, T), T) 


= TE СЕ 


=e (Т, Әг0 E (e PTD) @(d,) ж. e 0-T99(d _))| F| 


галаас: ES (е-26:-106:4,) – eed ))| A 


фе") le T TÜmax { Sp, - Ko OIF | 


where 


,  log(3r, /5г,) + (rx 10T, -T) (r 50?) (Т, - Ti) 


d 
Е ov T»; — Ti с T -T 
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Since both d, and d + are independent of the filtration 7, and because Е |5т, | A = 


5,"Ч1-0, therefore 


C, (S, t; Ky, Т, T), T) = S, (e PT @(d,) – eT T2 @(d_)) 
+S, (e P 37 T0 (d,) — eM (d )) 


pe TT) EQ E Т P max( Sr, - Ky,0}| F| 
= 5, (P-o) - e "Todd )) 

PS ODU FEV) 

+e" TTC, S, t; Ko, Ti) 


where С,,(8,,1; Ко, T1) is a European call option at time f with strike price Ky and 
expiry time T}. 


3. Compound Option I. Let (W, : t = 0} be a P-standard Wiener process on the probability 
space (О, F, Р) and let the asset price S, follow 


dS, 
t = (u — D)dt+odW, 
S, 


where и is the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 
Consider a European call-on-a-call option price with payoff 


CST.) = шах(С,,С5лү, Т; K,,T)) = K,,0} 


where on the first expiry date T}, the option holder has the right to buy the underlying 
European call option worth 


C5, S7, Tj; Kj, T) = Sye 02-10ф(4, )- Kye" O(_) 
: log(Sr, / Ко) + (r - D + $0°)(T, — Ty) 


+ сү1»,-1, 


by paying the first strike price Кү. Here the underlying European сай option gives the 
holder the right but not the obligation to buy the underlying asset by paying the second 
strike price К› at expiry date Т, > Т). 

Using the risk-neutral measure valuation, show that the European call-on-a-call option 
price at time t < Ту < Т, is 


CCS, t; Ki, Tj, Ky, Ty) = S, OP O(a, f, , p) Kre 9 W(a_, p, p) 
-Kje "П-ОФ(а_) 


592 6.2.2 Path-Dependent Options 


where 
ne log(S;/Sr.)--(r- D+ 30231) -1) T log(S,/K2)+ r- D+ 502)(Т, -1) 
+ SEC ёс eT; -i | 
Келте E | 
р= - : and 57. satisfies С,,(5т,,7|; K2, 15) = Ку, P(x, у, рху) is the cdf of a stan- 


j= 
dard bivariate normal with correlation coefficient Pxy € (—1,1) апа Ф(х) is the cdf of a 
standard normal. 

Finally, deduce the put-on-a-call option price at time t < T, < Т, with payoff 


%(5т,) -ашах(К|- Сьз(5т, ‚ T; К», То), 0}. 


Solution: Under the risk-neutral measure Q, S, follows 


dS, A 
—. = (r — D)dt + od W, 
5, 


кек ЖҮЛГЕ А Е 
where we =W,+ (£—) t is a Q-standard Wiener process. From Ito's lemma we can 
б 


easily show for T > t 


log (%) ~N [6 -D- 302) (Т—,о?(Т— 7 


with density function 


2 
| [ os Sr /S0-6—-D- 1 c2yr-n0 
1 e 2 oVT-t 


тс 2n(T – 1) 


765718) = 


By definition, the call-on-a-call option at time t < T, < T is 


C,(S, t; Ki, Ti, Ko, T9) 


_ с-ро [тах eco m: K,,T>) — ко} 4 
= ет" —t) | шах (esc, , Ti; К», Т;) т Kı, о} fe Be т 


= e 0-0 j; ЖЕ * ТІ; К», 15) = к (Sr, 15,) d'Sr, 
Ti 
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where Sr, satisfies the equation С,,(5т,,7|; K2, 15) = K; and 


A, = e 70 Л Sr, e MM, )f (Sr, 15) dSr, 


T 


А» = e mð _ K eM @(d_) f (Sz, 15) d'Sr, 
Sr, 


Аз Куе 0 Л FST, lS) d'Sr,- 
Sr; 


For the case 


A, = ет"Чу-д-0(у-1) 


5 (= /K3) + (r - D + 307)(T) – Tj) 
х i р ык а RAC 


У (Sp, IS) 4587, 
с Т, = Т 


Sr 


| log(Sr,/S)- (r- D— 30T] 2, 
and Бу setting x = —————— — — ————————— ме have 


A, = Se 1-07 DIST 0-D-55*?Xmi-0 


«f a m+xoyT -t 1 g 300 2xe VT) у 
a o T, — T, V 2л 


ОГ 
Ау = самала peel eo 2-0 gy 
а ov Т» = Т, 4/2л 
where 
108(87, /5,) = ("= Рр – 502)(Ту 24) 
а = — 
cw T| -1 
апа 


m —log(S,/K5) + (r — D + 50201, -T)-(r-D- SOT 28) 
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By setting y = —(x — о\/Т| — t) and from Problem 1.2.2.16 of Problems and Solutions т 
Mathematical Finance, Volume 1: Stochastic Calculus we have 


А, = germ NE m+o(T, —t)—yor/T, -t 1 Ly 
Ca LAM RUE DR рын ақа ЫЙБА: 5 
| P e yT» - T, 
a, 2 AN — 
= Senet] Ф mio ОА ВЕ 1 өзі» 
= с41,-1, 


= беу Га B. — ру 1 егі dy 
—oo 4/1 - р? 4/2т 


= S,e O(a, f, , p) 


Fs 


со 


where 
log(S,/S7,) + ("= D+ 2o?Y(T, – 0) 108(5,/ Ко) + (r — D+ 50°)(T> – 0) 
а = АТАС, = —————————————————————__—— 
2 үт -t ^ oyn -t 
and p = з 
Т,-1 


In contrast, for 
A, = Ке 10270 
i 5 їе (5, /K>) + (r- D — 502)(Т, =) 
х 
сү1,-1, 
log(S;, /S,) - ("= D- 10T, =) 


oyT -t 


Sr, 


) FCSr 1S) 451, 


and by setting x = we have 


A, = Ка 9-9 

Iu л log(S,/ К) + (r — D— 502, -t)t+xoVT,-t\ 1 us 
x Урм ——___________– 2 
- cV T, -T 


108(5,/81,) + ("= D — $o?)(T, – 0) 


а. 


where а = 
б/т, —t 
Setting у = —х 
А» = Куе" к Ф 8- — РУ 1 e 3 dy 
а- 1-р2/ 42л 
- Kem | ы Ф p- -PY 1 e 3 dy 
—oo | ЖЕЗ p? 4 /2л 
= Kye" @(a_, p,p) 
log(S,/ К) + (r— D — 36211, 2:3) 

where В = — ., 


с3/1,-1 
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Finally, because Wr ~ N (0, T; — t) we have 


A3 = Kev 
- Куе" 
- Куе" 
= Куе" 


= кет 


-9 Л SCST, lS) 457, 
$n 
-dQ (Sr, > Sr | 8) 


1 


s) 


ET С Іов (51, /5,) - ("= D- 5o?) – 0) 


ТІ-і с 


) 


Thus, the call-on-a-call option price at time 1 < Т) < Т, is 


CCS, t; Ki, Tj, Ко, Ty) = Se OP O(a, pa, p) — Kye" W(a_, p, p) 


-Kje "П-Оф(а_). 


For the case of а put-on-a-call option, the payoff at time Т) is 


Р,(5т,.Ті; К,,Т) - max{K, = Сьз(5т, > T; К›,Т>),0} 


whilst the payoff at time Т) for а call-on-a-call option is 


С,($т, Y K,,T)) = шах(С,,(5т,,Тү: K,,T)) = K,, 0}. 


Hence, 


С.(5т, 3 Ti; K,T), К», T») 22 Р,С5т, 5 Ti; Ку, Ti, K3, T5) 


Cy, GS, Т; K5, T5) - Кү if C4 (Sp To: Ko, T5) > Ky 


Cy, GS, Т; K5, T5) - Кү if C4 (Sp Ti; Ko, T5) < Ky 


= Сьз(5т, ‚ Ti; К>,Т>) — КІ. 


By discounting the payoff back to time ft under the risk-neutral measure Q, we һауе 


ОА. Ti EST) PG, t; Ki, Ti, Ko, Ta) SCS Ko Tj) — Ke 


or 


PS, t, Ky, Tj, K, T2) = CS, 5 Ky, Ti, K3, T>) — С,,(5,,6; Ko, Ta) + Kqe 170, 
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4. Compound Option II. Let (W, : t > 0} be a P-standard Wiener process on the probability 
space (Q, F, Р) and let the asset price 5, follow 


45, 
—. = (u — D)dt + odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield and с is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 
Consider a European put-on-a-put option price with payoff 


%(5т)) = шах(К, = Р,,С5т,, Ту; К,, Т,),0) 


where on the first expiry date T}, the option holder has the right to sell the underlying 
European put option 


P4 (Sr, Ti; Ko, To) = Кое "27 ™@(-d_) — Sr e 0 @(-d,) 
log(Sr. / К) + (r- D + 502)(Т, — T) 


ov Т, = Т 
at the first strike price K,. Неге the underlying European put option gives the holder the 
right but not the obligation to sell the underlying asset by receiving the second strike price 
K, at expiry date Т» > Т}. 

Using the risk-neutral measure valuation, show that the European put-on-a-put option 
price at time t < Ту € T, is 


+ 


Р,(5,,1: Ki, Ti, Ky, T5) = Kye" ®(-a_) – Куе-'Ч“?-ЭФ(—а_,—8_,р) 
+S, ?Ф—0Фф(—е |, =p}, p) 


where 
log(S,/ S. )r(r-D-c 502)(Ту -1) log(S,/K,)+(r-D+ 502)(7, -1) 
тр н Do i гала ЭЭ ЭЭ tuu eus ын ала Чы ыы 
с ov/T, –ї Е сут, -t 
Т = t ^ ^ 
р- : ; and Sy, satisfies P,.(S7,,T); K5, T2) = Ку, P(x, у, Pyy) is the cdf of a stan- 


дри 
dard bivariate normal with correlation coefficient Рху € (—1, 1) апа Ф(х) 1$ Фе саҒ оҒа 
standard normal. 

Finally, deduce the call-on-a-put option price at time t € Тү < Т, with option payoff 


ЧС$т,) = шах Р,,С5т,, Ti; Ко, To) == Ку, 0}. 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q, 5, follows 


— =(r—D)dt+odWw,° 
t 


where w?- И, + (2) t is a Q-standard Wiener process. Using Ito's lemma we can 
с 


easily show for T > t 


log (%) LN СЕ 502) Т-0,647-1) 
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with density function 


1 2 «Үт-і 
Лт) = е 4 


Sroy2a(T —t) 


By definition the put-on-a-put option at time t < Ту < T, is 


log(Sq /5 p-lshyr-9 V. 
Қ og(S/S;)—(r—-D- 102 2) 


PS, t; Ki, Ty, Ky, 15) 


= p max {к к=, Р,(8т,.Ті; к,Ту,0) SCST, IN, 45т, 
0 


Sr, 
= нп 1 к - Pr Ti; Kos) 781182485 
0 


= В, - B + B 
where Sr, satisfies the equation Р»,(5т. , Ту; K2, T2) = Ку and 
-KT,-0 Sr 
В = Kje `! : SCST, |5) 4$т, 
$n 
В,- e "i70 | K eM &(-d_)f (Sr, 15) d'Sr, 
0 
Sr, 
Вз = eA) Sy, e 245-706 -4,)/(515045%. 
0 
Сіуеп Wr Ке ЛОО, T, — f) we have 
-«n-» [^ 
B; = Куе"! | SCST, |S) 457, 
0 


= Ke TQ (5r, < §;,| 8) 


=f с 
«5, 


s) 


( yo < 98/50 -Р- je -0 


1 


-К —r(T| —t) 
1€ Q Тү- » ра 


) 


= Ke" @&(-a_) 


108(5,/81,) + ("= D — зо? ХТ, - 1) 


cw T| -і 


where а. = 


598 6.2.2 Path-Dependent Options 


As for the case 


В, = K5e (0270 
Sr, – 108057, /K5) – ("= D — 502)(Т, eq 
5 | ap ue oc ge tree wx С 
0 ov Т» = Т 


| log(S7, / 5) - (r- D - ;o?)yT, - t) 
and by setting x = — —— — —————— — — муе have 
В, = Кое (0270 
T log(K,/S,) – ("= D- 50°)(T) – t) — xo T, -1 1 
х әр--------:-:--Б-5-БЫЫ--:-:-С>-- 2 
- ov Т, = Т, 4/ 2л 


By simplifying the integrands and from Problem 1.2.2.16 of Problems and Solutions т 
Mathematical Finance, Volume 1: Stochastic Calculus we can write 


0. = 
B, = ку | Ф (== ЭРЭ al 75 dx 


= Kye" @(-a_, -f_, p) 


со 


log(S,/K2)+ ("= D— 10217, -1) 
where fj. ------------------- and p = 


Тэ? 
oyn -t T-t 


Finally, for the case 
B, = е"1-0-0-Т) 
Sr, log(K>/S7,) — ("= D + $0°)(T, — Ty) 
х / Sr,® 
log(Sr,/S) – ("= D — 50? ХТ, – 0) 
ov Т! =f 
В, = 5үе-'Ч\—0-Р@›-Т+о-р 362ХТү-4) 


ЗІК ee L 1 Sic SPRE, Bs 


c VT; - T, VE 


) f G1, 15) dS, 


and by setting x — we have 


со 


or 


a =, - 
Ву = Se PR / Ф (nm _ | e 3-6 V iq 
— 00 


с Т, – Т! 


Ул 
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where 
08 (81, /5,) — ("= - 50? ХТ, - 0) 


т = log(K/S,)—(r-— D+ 50201, -T)-(r- D- SOT 20) 


By setting y = x — o yT; — t we have 


-a —o6°(T, —1)— yo4/T, -t 
В, = Spe PE / (ee 12252729 
—со сут, – Т 4/2л 


ES p, = 
= germen. СІ В. — py 1 У ay 
—oo \/1— p 4/2л 


= Se DU» @(—a,, —f, , p). 


Thus, the put-on-a-put option price at time t < Т) < Т, is 


Р,(5,,1: Ki, Tj, Kj, To) = Ky" T1? ®(-a_) — Kye" d(-a ,—f p) 
+S, D03-0dy(—a, , —f,, p). 


For the case of a call-on-a-put option, the payoff at time Т) is 

C, (ST, х Ti; Ку, Ti, K3, T5) = max (Р,,С5т, 5 Ti; K3, T5) = Ky, 0} 
whilst the payoff at time Т) for a put-on-a-put option is 

P,(Sr, 1 Т : Ку, Ti, К», T») = max(K, Py S, y Ti; K3, T»), 0}. 
Hence, 


C Sr, Ti; Ki, Tj, Ka, 5) – PSr, Ti; Ki, Tj, Ko, ТУ) 


Р,,(5т,Т:К»,Т)-К, ҰР,(5,,Т;К,,Т,)> К, 


Рьз($т, › Тү; К,Т) – Кү И Рь,($т, Ti; Ky, T2) < Ky 


= Р,,С5т,, Г; K,,T)) ran КІ. 


By discounting the payoff back to time f under the risk-neutral measure Q, we һауе 


C, S, t; Ki, Tj, K5, T)) – PG; t; Ki Ty, Ky, Ta) = P4, t; Ko, T5) - Куе" 


or 


С,(5,,1: Ki, T, Ky, T)) = Р,(8,К1,71,К;,7,) + Р„(5,1; Ky, Ty) - Kye. 


600 6.2.2 Path-Dependent Options 


5. Simple Chooser Option. Let (W, : t = 0} be a P-standard Wiener process оп the proba- 
bility space (©, F, P) and let the asset price S, follow a GBM with the following SDE 


dS, 
t = (u — D)dt + odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 

A simple chooser option is an option contract whereby it gives the holder of the option 
at a fixed time т, t < т € T the right but not the obligation to decide whether the contract 
is a European call or put option with the following payoff 


V (5,) = шах(С,,(5,,т:К,Т),Р,,(5,,т:К,Т)) 


where S, is the stock price at time т, Т is the chooser option expiry time, К is the strike 
price, 


C4, (S, c; K,T) = Se PF Od) — Ke" T^? Qd ) 
and 
P, (St; K,T) = Ke"? @(-d_) — S,e PT-9o(-d.) 
are the European call and put options at time т, respectively with 


log(S,/K) + (r — D + $0°)(T — т) 


сүТ-т 


d, = 


and Ф(-) is the cdf of a standard normal. 
Show that e ""V,.(S,, t; K,T) is a martingale under the risk-neutral measure Q, where 
И,: (5,8; K,T) is the price of a European option at time f given as 


Cy, GS; t; KT) if payoff V(S7) = шах{5т — К,0) 
Vs GS t K,T) = 
P,,0S,,t;K,T) if payoff V(Sr) = max(K — 5т,0}. 


Given the simple chooser option is valued at time 1,1 < т show using the put-call parity 
that the payoff at intermediate time т can be expressed as 


V(S,) = Cp (Sp T; K,T) +e PC max(K — 5,0) 
where К = Ке-0-ОХТ-г, 
Hence, show that the simple chooser option price at time t € т < T is 


V.S, t; Kc, KT) = C,,(S,,t; KT) + eT P, (S, t; К, т). 
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с 


Solution: Under the risk-neutral measure Q, S, follows 


dS, 5 
IK = (r— D)dt + odW, 


t 


H—r 


where we = и, + ( ) is a Q-standard Wiener process. To show that 


с 
e "V, (S, t; K,T) is a Q-martingale, see Problem 2.2.2.8 (page 109). 
From the simple chooser payoff at time c < T 


P(S) = max{C,,(S,,7; K,T), Р,,(5,,т; К,Т)) 


and knowing the put-call parity at time т is 


PQ(S, 7; K,T) = C(S,, c; K,T) + Ke 19 — ge PT- 


we can rewrite the payoff as 


V(S.) = шах(С,,С5,,т:К,Т),С,,(5,,т,К,Т)--Ке (Т-т) _ S,e шит 
= С,,(5,,т,К,Т)--шах(0, Ke 0-0» — S,e PT) 
= CS, 7; K,T) +e PF max(Ke 0 DXT-0 — § 0} 
= CS, 7; KT) + e PT-? max(K — 8,,0) 


where К = Ke-(-DXT-0»), 
Therefore, the price of a simple chooser option at time t € т < T is 


VS, t; K, c, K,T) = e" *?E9 [KSF] 


- el) 


xE? ЕСЕ c K,T) + е77@-® пах -5,,0/ F| 


= e"). ӨЗІ OS лек; Т) 
e D(T-0 , g7r(-0pQ | maxt& — 5, 0}| | 


= Cp (Spt; K,T) c e PT p, (S, t; К, т) 


since E? [e*C,,GS,, c; K, T)| Fi] = e" C5,(S, t; K,T) is a Q-martingale. 


. Complex Chooser Option. Let (W, : t > 0} be a P-standard Wiener process on the prob- 


ability space (Q, F, Р) and let the asset price S, follow a GBM with the following SDE 
45, 
----(и- D)dt+odW, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 
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А complex chooser option is an option contract whereby it gives the holder of the option 
at a fixed time т, f < т < шщ{Т.,Т,} the right to decide whether the contract is a Euro- 
pean call or put option of different time to expiry and strike prices with the following 
payoff 


V (S,) = шах(С,,(5,,т:К,,Т,) Р, (5,,т:К,.1,) 


where S, is the stock price at time т, T, is the call option expiry time, Т, is the put option 
expiry time, K, is the call option strike, K, is the put option strike so that 


Cj, (S, 7; Ke, Tp) = 8,6724-%а(46)- К,е"Чг-Эф(а2) 
and 
PS, T; K,T) = Ke"? 9 @(-d?) — S,e PT, @(—d?) 


are the European call and put options at time т, respectively with 
log(S,/K,) - (r- D + 30211, -т) log(S,/K,)+(r—-D + 102)(Т,– т) 
qu dea e e P: 


4 сү(/Т,-т = бү/Т,-т 


and Ф(-) is the cdf of a standard normal. 
Show that under the risk-neutral measure Q, the complex chooser option price at time 
15 т18 


VoiSQtm Kes Tos Kp, Tp) = Se t pf in) 
-K,e Ч 9аа. B_, pe) 
+K e "TD, y, pp) 
—S,e PC O(—a,, Л) 


where 
log(S,/X) + ("= D+ 502)(7 243) log(S,/ К) + ("= D + 502 СТ, m) 
= В = 


log(S,/K,) + ("= D + 50°\(T, – 1) E те 
aM — — ——R———————5 = ‚рр = , X solves the 
ЫГ oy1,-t Т,-1 Тре 


equation C,,(X, т; Ke, Te) = P4,(X, 7; К,,Т,) and Plu, v, р) is the cdf of a standard 
bivariate normal with correlation coefficient p,,, € (—1, 1). 


а 


Solution: Under the risk-neutral measure Q, the asset price S, follows 


45, о 
-с--(ғ- D)dt+odW, 
5, 
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SENGA Е 2 
where иЗ =W,+ (£—) t is a Q-standard Wiener process. From Ito's lemma we can 
с 


easily show for T > t 


log (%) ~N IG -p- 399) (Т 0), оТ — 2] 


t 


with density function 


12 А 
1 1оё($т /5;)—(—- 0 56 XT-t) 
1 2 ev T-I 


F(Sr|S,) = — e 


Srowv2z(T — t) 


By definition, the complex chooser option price at time t, t < т < min{T,,T, } is 


ЖЕУ t; T, K,, T. K,, Т,) 


= oreo | шах(С,, (5, т; Ko To), PG, Kp T| | 


MT ] тах{С,,(9,,7; Kes To), Р,(8.,::К,,Т,/(5,18,48;,. 
0 


Let X solve the nonlinear equation C,,(X,7; Ke, Te) = P4,(X, v; К,,Т,), then we can 
rewrite 


Х 
ЖОЛАН Kos To Kp T,) = e 07 | PG, т; Kp, Tf (S18, dS; 
жетпес» / С,,(5,,т:К,,Т.Э/(5,185)45,. 
Х 


From Problem 6.2.2.3 (page 591) we can deduce that 


za C4 GS, T; Ke, TAS CS LS) dS, 
X 
= ето f” saco (ду) (58045, 
X 
-ene | К,е””Че-Эф (4%) 75,16) 45, 
Х 
= S,e PTO D(a, Ё, ре) "d К,е””Чг-9ф(а , В, po) 


log(S,/ X) -(r- D + 502 (= 20) log(S,/K.)+(r-D+ 50°\(T, - f) 
меге а = Щр lM 


ov/t—t Е сүТ,-1 


and p, = 
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Furthermore, from Problem 6.2.2.4 (page 596) we can also deduce that 
X 
шэн А P4, T; Kp TSS) d, 
0 
X 
= et) | Ke DO (-d?) f(S,|S) dS, 
0 


X 
20770-0 у S,e P7509 (а?) /(8,1848, 


= K,e "Cr °@(-a_, mS Pp) os S,e Or O(a, 7+, Pp) 


т-1 
dy 


log(S,/K,) + (r - D + HNT, =%) 
and p, = 


where у; = 
= бү1,-1 


Hence, the price of a complex chooser option at time f < т is 
K,,T;) = бе PT O(a, f,, Pe) 
Ке" -0ф(а_, p. Po) 
+K e "lo @(-a_, -у-» Dp) 
—S,e DT," @(—ar,, -УУлч Pp) 


Voel Sit; T, Ko, Tos 


7. Black-Scholes Equation for Lookback Option I. Let {W, : t > 0} be a P-standard Wiener 
process on the probability space (О, 2, Р) and let the stock price S, follow a GBM 


48, 


1 
where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. In addition, we let r be the risk-free interest rate. 

Consider a European-style lookback option with terminal payoff 


V(Sy, My, T) = “(5т, Mr) 


which depends оп the maximum of the stock price Мт reached within the lookback time 
period [to, T], tg > 0 where T, T > t is the option expiry time. 
By defining 


1 
п 


1 
м® = S" du and М, = max S, 
d fo Н to<us<t 


for п №, show that 
lim М = M,. 


no 


6.2.2 Path-Dependent Options 605 


Explain why, when the current stock price equals its current maximum, we would have the 
following result 


дү 
ӘМ, s =m, 


= 0. 


By considering а hedging portfolio involving both lookback option У(5,, М ү, 1) апа 
stock price 5’, show that for 0 < S, < М m V(S,,M. R t) satisfies the following PDE 


S" 
ж в, oY —гУ(5„М{?м)=0 


ДАҒЫ иш UM ЕЯ 
п—1 (п) 2 


дг 


1 
п 


Finally, by taking и — оо, show that for 0 < S, < M, V(S,, М,, t) satisfies 


2 
ди 1252020 


ди 
— DS, - rV(S,,M,,t) 20 
то tE eaa НМ 


subject to the boundary conditions 


V (Sr, Мт.Т) = %(5т, Мт) апа 


Solution: By definition, for n Е N 


1 


t n 
M” = n 2 and М, = шах S, 
10 


fy ust 


t 
and because S, is continuous within the interval |10,1), therefore the integral / S7 du 
10 


exists as well as the maximum М х and M,. 
Since S, < M,, to <u < t, therefore for any n EN 


t t 
o< f S, ди < ; M? du = М 01-10) 
0 


to 


and hence 


= 


X 1 
n S 2 < (t — t9)» M,. 
10 


Taking limits n > со 


t 1 
tin | 5144 < pm 
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we therefore have 
lim М” < M,. 
noo 
We next choose a small e > 0 and define .A,(f) to be the set of u € [10,1] for which 


S,2M,-e, uS |[to.t] 


and let 


1,0) = 1 Чи 
Ас) 


be the total length of the interval in which $, > М,-е. 
Since S, is continuous for u Є [10,1], 4,0) > O and A,(t) € t — tg therefore 


1 
/ 57 ди > / 8"4и» " (M, — e du = (M, – ей 
to A,(t) A,(t) 


and hence 


1 
t n 
| i 82 2 » АМ, - €). 
10 


Taking limits n — со 


lim M? > М,—є 


п оо 


and thus we һауе 


М,-е< lim М < M, 


noo 


and because e > 0 is a small number we can deduce that 


lim М” = M,. 


noo 


To show that ду 
1 


= 0 on S, = M,, we note that if S, = M, then 


„= М, 
ю<и<Т Юю <и<1 t<u<T toSus<t 


Мт = max 5, = max { max .5,, max 5.) > шах 5 


and hence Р(Мт = M,) = 0, which shows that M, cannot be the final maximum at option 
expiry time Т. 
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Since Мт # M,, this implies that the lookback option V (.5,, M,, f) at time t is insensitive 
to small changes in M,. Therefore, 


дү 


-0. 
ӘМ, s - M, 


To find the PDE satisfied by V(S,, М m 1) we first construct a A-hedged portfolio having 


one option V(.S,, М n. t) and —A number of shares S,. Thus, the hedged portfolio II, at 
time f is 


П, = V(S,, М, t) — AS, 


From í to t + dt, and because the holder receives DS, dt for every asset held, the portfolio 
value changes by an amount 


ап, = dV — A(dS, + DS,dt) 


where 
ау 29Y 4,4, Mas + VaM” 10У ауа ВТ amy... 
й 98, ' gu ' 2952 ^I" 20мбр ' 
and 


dS, = (и — D)S,dt + 0S,dW,. 


1 


1 п 
Since м? = n 5" 2 we һауе 
10 


1-1 
1 п S" 
ам” = 1 S” du S’dt = D әді 
п | "(му 


From Ito's lemma 


ST 
Wo SE |u- D)S,dt +oS,dW,| + lec E. 

дї д5, п (мәуе! әм” 
1 2с207У 

+50 5 apo 

S" 2 
= V 1__ мақа 1 2529V u- Ds, dt 

ді п (м?у-! адм? 2 д5? 95, 


ToS дү 


dW, 
195, t 
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and by substituting the above equation back into АП, and rearranging terms, we have 


S" 2 
ап, = OV) алы a UE 1 Барр) ОА dt 
ot n (м®)и-1 oM 2 4 952 95, 
1 $ 
oV 
S, | — -A | dW.. 
(Sa) 
To eliminate the random term we set 
a= 
д5, 
апа һепсе 
S" 2 
ап, = oV 1 t oV + 162529 — pg V. di 
дї п (MP) ðM” 2 д5? 95, 


Under the no-arbitrage condition, the return on the amount П, invested in a risk-free interest 
rate would see a growth of 


ап, = гПа 
and therefore 
S” 2 
Ша: = ЭРЭ Чин СЭР дү pia гаг 
дї п (М)уп-1 дм? 2 952 
1 1 1 
дү 
—DS,— | dt 
s 
S" 2 
r(VG, MP,- AS, а = DE cc E 22814 
д пүмбу- ам ) 2 105? 
дү 
—DS,— | dt 
D3 
S" 2 
ТАТ DE aue | ал or. ару ГАА 
б 1 т(мӘу-әмӘ 2 105? 
apse dt. 
95, 


Ву removing dt and rearranging terms, we finally have 


т 5 дү 


DE Т. эр __. 1 4 
ot n (му адм? 2 


ца 
95, 


ay 

202 

So +r- D)S 
! 95 р 


: - rV(S, М”, = 0. 
1 
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oo 


If we take the limit n > oo then lim М ны = M, and since 5, < тах 5, = M, we have 
noo ty ust 
1 S 
lim == 
n>% И (мәуе 


Thus, in the limit V (S;, М,, t) satisfies 


oV i 1 2s 


28V oV 
ot 2 f 


<2 + (ғ = D)S с. = rV(S,, M,, t) = 0 
t 


t 


with boundary conditions 


V(Sr, Му,Т) = W(Sp, Mr) and 


. Stop-Loss Option. At time f, let the asset price S, follow а GBM 


48, 
—. = (u — D)dt+odW, 
S, 


where W, is a standard Wiener process on the probability space (©, F, Р), и is the drift 
parameter, D is the continuous dividend yield and с is the volatility parameter. In addition, 
let r be the risk-free interest rate. 

Consider a stop-loss option V (S,, M,), which is a perpetual barrier lookback option 
with a rebate AM, where 4 € (0, 1) is a fixed proportion of the maximum realised asset 
price at time t, M, = mar, 5, where tọ > 0. By setting a time-dependent barrier В, = АМ, 


such that if S, < B, then the option pays the holder B,, and because the option is time 
independent, the option is not triggered until the barrier is hit. 

From the above information show that for В, < S, < M,, the stop-loss option price 
V(S,, М,) satisfies 


1 
SEE +r- DS -rV(S, М) = 0 


ov aV 
' д5? 


with boundary conditions 


V(B,,M,) = B, and 


By considering the change of variables 


V(S, Mj) = M,¢(), é = S,/M, 
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show that for A < 4 < 1, Ф(4) satisfies 


ea ay ДЕРГЕ 
290 9 ge tr DE. а 


with boundary conditions 


dd 
A= ша ф1)-22| | 
pA) and ФО) dt lex 


By setting (é) = CE” where C and m are constants, show that the stop-loss option price is 


А B 
1-5) (S/M;)" — (1- а) (S/M 
V(S,, M) = АМ, [TERM 


(1— f)4* — (1 — о? 


where 
-(r-D- 502) + 4/6:-20- 502)? + 2o?r 
а = Mh 
o2 
and 
-(r- р – 502) - үе -D- 502)? + 202r 
p= і | 


с 
What is the option price if D = 0? 


Solution: Following the steps given in Problem 6.2.1.7 (page 547), we first define 


1 
t n 
(n) 
M, = n 2 ( 
10 


To find the PDE satisfied by V(.S,, М wj we construct a A-hedged portfolio 
П, = V (S, Mf?) — AS, 


having one option V (5,, M w and short A number of shares .S,. Using similar steps as 
described in Problem 6.2.1.7 (page 547), we can easily show that 


1__5 ç V 1 
п (м?у-! адм? 2 


д2ү дү 

2 е2 (п) 

S —— + (r — D)S,— -rV (S, M, )-0. 
' 9S? v 25:55, шаа 
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By taking lim, ,,, M? = M, then V(S,, М,) will satisfy 


п->до 
1 22202 дү 
29 5 252 T(r-D)S, — 25, -rV (S, M,,t) = 0 


for АМ, < 5, < М, with boundary conditions 


ЯМ, М) = АМ, and 


Setting V (S,, M,) = М,ф(2) with £ = S,/M, we have 


V dé dt 4ф Әу Pod 14% 
05, "4845 dé’ 952 4845, M, а 


: аф dë _ 4( SY. аф 
—— ОЛ ам sosm- à )=Ф©- STE 


АМ 
V(AM,, Mj) = АМ, => Мф ( >. 


:) =ам, ог ФО)- 


1 


апа 


aV аф 
--- = ф(1) – — = 0. 
5=м, т dé [2—1 


Substituting the above results into the PDE and boundary conditions, and because é = 
5,/М,, we will eventually arrive at a second-order ODE 


ap аф 
gE tU 0642 "0 = 


1 


2 
29 = 


for A « é < 1 with boundary conditions 


ФО) = л and w= EL 


To solve the ODE we let 


P(g) = CE" 
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where C and m are constants. Substituting 


ыг т аф _ т-1 
ps) = CE", 25 7 mes ' Е 


2 
2 = т(т — 1)С2"? 


into the ODE we һауе 


Zomm- 1) + (r= Dm =r =0 


or 
50? + (r-D- 502) т-ғ=0, 
Therefore, 
-(-0- 502) + 4/7 -D-—- 502)? + 2o?r 
т = ————————————————. 
o? 
Since 


үе-р- 1522 +20?r > (r-D- 122) 
2 2 
the solution of the ODE must be of the form 
PE) = AG" + BE? 
where A and B are unknown constants, 


-(r-D-—- 502) + V(r-D- 502)? + 202ғ 


a = _ > 0 
o? 


and 


-(r- D- 502) - Jr р - 502)? + 202, 
В А. 


с? 
Substituting ф(2) = А4“ + BE? into the boundary conditions 
ф()=4 and ф()-Ф(1) 
we have 


AA“ + BAP =A and A(a—1)+ В(а – 1) = 0. 
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© 


Solving the two equations simultaneously, we һауе 


Ч (1-0) add. Жа -(1-0)4 
(1 — 2)“ + (a — 1)4? (1 — f)4* + (a — 1)4? 


and hence 


(1 — PAE — (1 – a) dé? 


= © В = 
P(g) = AS" + BE (1— 4 (a — DAP ^ 


Because И (5,, М,) = М,ф(2) and = S,/ M, the stop-loss option price at time f is 


a в) (S/M,)* - à 2a) (S/M;)" 
(1- pat — (1 - a)4P 


V(S,, M) = AM, 


Finally, if D = 0 then a = Тапа р = 0, and therefore A = 1 and В = 0. Thus, ф(2) = 418 
independent of 4 and hence the stop-loss option price is 


VCS), М,) = М,Ф(С) = М, zz S, 


which is equivalent to the underlying stock price ,5,. 


. Perpetual American Fixed Strike Lookback Option. At time t let the asset price 5, follow 


a GBM 


45, 
—. = (u — D)dt+odW, 
S, 


where W, is a standard Wiener process оп the probability space (Q, F, Р), и is the drift 
parameter, D is the continuous dividend yield and o is the volatility parameter. In addition, 
let r be the risk-free interest rate. 

Consider a perpetual American fixed strike lookback option V (5,, M,; К) which gives 
the holder the right to buy at the specified fixed strike К > 0 with the intrinsic payoff 
max(M, – К,0}, M, = шах, S to = О up to the date chosen by the option holder. Let 


5% < M, where S? > К is the unknown optimal exercise boundary such that for S, > 
5° the option should be exercised whilst for S, < S% the option should be held. Show 
that for 0 < S, < S? < M,, the option price V (S,, М,; К) satisfies 


1 2202У/ aV M 
5° аттана са ш 


with boundary conditions 


V(S",M;K)-M,-K and 
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By considering the change of variables 
VCS), M;; K)= м,ф(@), ё = 5,/ M, 


show that for 0 < < &® < 1 where 29 = ,S**/M,, then (6) satisfies 


1 2-2 4?ф 2 dọ _ E 
22% ag +“ DS TE rø) = 0 
with boundary conditions 
M,-K 4 d 
(pu 3-8 | К аа фр= 4% 


M, dé Logs m а& |21. 
By setting $(£) = СЁ" where С and m are constants, show that the option price is 


V(S,, M; К) 


1 (M, - K+K] f & VP 
cul ca dir) 


if S, < S% 
ТЭ) 
М, 57 
М,-К if S, > S” 
where 
-(r- р – 502) + Vr-D- 502)? + 202ғ 
C= ГЧ----Г182-2--2-21-2----422---0-0- 
о2 
-(-0- 50?) - 4/7 —-D—- 502)? + 2027 
p= а щи 
апа 


walle, 
i — (B — 1) |M, - Kja + K] | 7 
(a — 1) (M, - K)p + K] | 
What is the option price if D = 0? 


Solution: To show that V (S,, М,; К) satisfies 


1 2,207V aV ТЖ 
5° 5 лаагаа цэн 


: ЭЭ д 
with boundary condition 4 
115,-М, 


= 0, see Problem 6.2.2.8 (page 609). 
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Let К < 5% < M, be the optimal exercise boundary such that S, > 5°®, then the 
perpetual American fixed strike lookback option price is equal to its intrinsic value 
V(S*, М; К) = M, - К. In contrast, for S, < S? the option should be held. Thus, for 
0 < S, < S® < M, the option problem can be expressed as 

02 oy 


0282 — + (r— D)S 


1 
E 22 -rV(S,M;K)20 
2 “25: 105, piti 


with boundary conditions 


V(S",M;K)-M,-K and 


Using the change of variables 
V(S,M;K)-2 М,ф(6), €=S,/M, and é” = S*"/M, 


and following the steps given in Problem 6.2.2.8 (page 609), we can easily show that ф(2) 
satisfies 


1 504° аф 
- -- -)--- -0 
26 8 +0 - DET cre 
for0« £ « 2% < |. 
As for the boundary conditions, we note that for V(S?, M; К) = М, – К 


i. Ёс M,-K 
Мф) = M,-K or ф@®у= — —. 
1 
In addition, because 
aV аф dé аф 
ТАНЫСЫ кла 
therefore Oe = | becomes 
д t IS, =S% 
а т) 5-Ж 
аё Е-е dé Е-е S 
ince ф(2®) = = 
since = 
М, 
ЕшаПу, id — 0 becomes 
ðM, 5-М, 
а 
dus 22) шй 


48 igi 
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Therefore, for 0 < 5 < 2% < 1, ф(&) satisfies 


1 2-2 4?ф 3 dọ _ p 
29 & dp Р т гф6) = 0 
with boundary conditions 
М,-К аф К аф 
%) = ‚== =-— а ) = — : 
м, ele ae а 905 | 


By setting ф(0) = СЁ" where C and m are constants, then following Problem 6.2.2.8 
(page 609) the solution of the Cauchy—Euler equation is 


PE) = AG" + B£? 


where A and B are constants to be determined with 


-(r- D - 502) + 4/ (r — D — 502)? + 202, 


а = 5 


б 
апа 
-(r-D- 502) – 4/r-D- 502)? + 202ғ 
SSS 


Oo 


Substituting ф(&) = Аё + ВЕ? and ф(2) = a A£*-! + B B£?-! into the boundary condi- 
tions, we have 


AES) + BEX)? 


алау + ВВС) = – 
(a — А+ (8 2 1) B = 0. 


By solving 


A(E™)* + в(е%)) = a K хий «А(&°®)—! + BB(E~)P-! = Xs 


simultaneously we have 


_ (M,- К)В + К 
— M(B — а)( ё) 


_ (М, – К)а + К 
Ма — 8)(#®)#` 


апа 


6.2.2 Path-Dependent Options 617 


By substituting the expressions for А and B into аА(ғ2%)4-1 + f B(£*)?-! = 0 we have 
the identity 


(a — 1) [(M, - K)B + К] (E°) = (8 - D [(M, - Юа+ К] (2) 


and hence 
1 
jo = (B — 1 |M, -Kja +K] | 7 
(a — 1) |(M, - КВ + K] | 
Therefore, 
ф(5) 
= A£" + ВЕР 


2 1 ЕЕ (&) -[ee- peer 2 
© M,(a — В) M, ges M, pe 


and hence the option price for 0 < 5, < 5% < M, is 


V(S,, M; К) 
EN. (М,-КазКк(( e V [0м KOB - Kf EN" 
i а —fp | M, | (&) Ё М, | (&) | 


Collectively, we can therefore write 


V(S,, M; К) 


1 (M, - К)а+ K] f & V? 
atl ae | 
= (М, -ЮВ+К] / < Үү 

Ыш! | 


М,-К if S, > 5%. 


When the continuous dividend yield D = 0 then a = 1 and д = 28, Thus, &® is unde- 
б 


fined, which implies that the option price problem does not have a solution. This shows that 
it is never optimal to hold such an option unless S, pays a continuous stream of dividends. 

М.В. For the case when К = 0, the option is known as a Russian option, which pays out 
the maximum realised asset price M, up to the date chosen by the holder. 
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10. Black-Scholes Equation for Lookback Option П. Let (И, : t > 0} be a P-standard Wiener 
process on the probability space (Q, F, P) and let the stock price S, follow a GBM 


45, 
----(и- D)dt + od W, 
5, 


where и is the drift parameter, D is the continuous dividend yield апа с is the volatility 
parameter. 
Consider a European-style lookback option with terminal payoff 


V(Spr,mp,T)- V(Sp,mg) 


which depends on the minimum of the stock price тт reached within the lookback time 
period [to, T], tg > 0 where Т > t is the option expiry time. By defining 


t Un 
(п) _ - = : 
m, = П S” 2 and т, = шиш 5, 


for n € №, show that 


(n) 


lim m, 


noo 


= nm. 


Explain why, when the current stock price equals its current minimum, we would have the 
following result 


oV 


mE = 0. 
дт, |5 


pcm, 


By considering а hedging portfolio involving both lookback option V (.S;, m”, t) and stock 
S,, show that for 5, > т) > 0, V (S,, т”, 1) satisfies the following PDE 


[min] 
aV ilt ди re. 25297 oV 


(n) 
+ (r — D)S,— -rV (Sp, M; ,t) = 0. 
дол 5 mO 2 "as r- D) Os, (5,, M, t) 


Finally, by taking и — оо, show that for S, > m, > 0, V(S,, т,, t) satisfies 


о2у дү 
2 с2 

S2 +e- Ds, 
4 ' д5? И 595, 


oV 


1 
5 —rV(S;,m,,t) = 0 


subject to the boundary conditions 


дү 


V(Sr,mr, T) =V(Sp,mp) and = 
дт, $,=т, 


= 0. 
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Solution: By definition, for n Е N 


t n 
m” = / S'du| апа т, = min S, 
to 


10<и<ї 


1 
and because S, is continuous within the interval (10,11, therefore the integral / 82” аи 


to 
exists as well as the minimum m 


Since we can write 


and т,. 


therefore 


and for any n € N 


t t 
/ m "du > / 5" аи 
10 to 


or 


and hence 


Taking limits n — со 


n 


1 1 
lim m,(t — tọ) » € lim |/ S, 2 
noo noo 0 
we therefore have 


(п) 


т, < lim т)”. 


naw 


We next choose a small e > 0 and define A,(t) to be the set of u € [0,1] for which 


S, <m +e, иЄ [10,1] 
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and let 


4,0) = / du 
A.) 


be the total length of the interval in which S, < m, + e (or 5-1 > (т, + еуі). 
Since S, is continuous for u € [10,1], 4,0) > O and A,(t) < t — tg therefore 


t 
/ $ "аи > / S, du > 1 (т, + e) " du = (m, + є) " A,(f) 
10 A,(t) At) 


and hence 


1 


t n 
П see) КЕК Та О 
to 


lim т? 
п оо 


Taking limits n > оо 
<mt+e 
and thus we have 


m, < lim м? <m,+e 


noo 
and because е > 0 is a small number we can deduce that 


(n) 


lim m, 


пэ оо 


=m. 


To show that pides О on S, = m, we note that if S, = m, then 
1 


тт = min S$,- min { min ,5,, min 5, } < min S, =m, 
to<u<T ty Sus t<u<T O<ust 
and hence Р(тт = m,) = 0, which shows that т, cannot be the final maximum at option 
expiry time Т. 
Since тт # m,, this implies that the lookback option V (S, m,, t) at time f is insensitive 
to small changes in m,. Therefore, 


oV 


om, S,2m, 


= 0. 


То find the PDE satisfied Бу V ($,, m”, t) we first construct a A-hedged portfolio having 


t 
one option (5, то”, t) and shorting A number of shares ,5,. Thus, the hedged portfolio 
П, at time f is 


П, = V(S,, m, 0) — AS,. 


1 
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From f to f + dt, and because the holder receives D.S,dt for every asset held, the portfolio 
value changes by an amount 


ап, = dV — A(dSS, + DS,dt) 
where 


о) ү 1 9? V 2 
T ылан * 555: 459 + 


дү дү 
dV = —dt + — dS 
Ге” д5, ч 


2a(m)y2 ' 


апа 


dS, = (и — D)S,dt +oS,dW,. 


t n 
Since m - n S7” 2 we һауе 
to 


t =21 (mU? yel 
dm” --1 | | s^ a Бра = —+ ar, 
n 0 п 


1 
From Ito's lemma 


av сууна 


dV = з div os is D)S,dt + o.S,dW;| — io ue 
mes 
= z 5 шилж а 5 шийд и - | dt 
t т; t t 
+о5зу dW, 


and by substituting dV into 4П, and rearranging terms, we have 


ду _ iy Таха РИ av 
dll, = + S + D)S AS, | dt 
t дї " 57 am 29 г 252 (u — D) 198; - HAD; 
дү 
S | ---4А | ай’. 
ма (2-4) m 
To eliminate the random term we set 
a= 
95, 
апа һепсе 
(nnl 
(тг) 2 
ап, - ШИН" ш дү 162622. por dt. 
ot n S дт 2 os: 95, 
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Under the no-arbitrage condition, the return on the amount П, invested in a risk-free interest 


rate would see a growth of 


ап, = Пай! 


апа Шегеоге 


ЖЕ ORY E рр 
Па: = —— – –————— 502: 
дї п 5 дт?) 2 д 5 
Bs 2r. dt 
95, 
(n1 
0) jov 107, УЛ QV 1 529v 
r (VCS ті 4) - AS,) dt = шэг +025200 
1 1 
дү 
—DS,— | dt 
га 
(ON ESI 
(т, ”) 
r (vis. nio s) dt = ШАА шалың oV 12 ald 
22 дол 57 am”) 2 105? 
oV 
—DS,—| dt. 
ра 
Ву removing dt and rearranging terms, we finally һауе 
(n)\n+1 
ду itm, )" дү ay ди 
| 225255 + (r= ру, ее - S m. = 0. 
1 


1 
Ot n S әт” 2 


If we take the limit n — oo then lim m” = m,, and since m, = min 5, <= 5,, we have 
noo (|! to Xu&t 


n 
1 (туғы | 1 m” © 
Sr = 0 0) т” =0. 
t 


OV | 1 5,20V дү 
— + -0° S*— + (r— D)S,— —rV(S,,m,,1) = 0 
с 252 (г ) 25, ГИ (5,,т,,1) 


with boundary conditions 
дү —0. 


ала --- 
дт, $,=т, 


Ү($т, тт, Т) = Y(S,., тт) 
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11. Perpetual American Floating Strike Lookback Option. At time t let the asset price S, follow 
a GBM 


-(и- D)dt + cdW, 


where W, is a standard Wiener process on the probability space (©, F, Р), и is the drift 
parameter, D is the continuous dividend yield and o is the volatility parameter. In addition, 
we let r be the risk-free interest rate. 

Consider a perpetual American floating strike lookback option V (S,, m,) which gives 
the holder the right but not the obligation to buy at the lowest realised asset price with 
the intrinsic payoff max{ S, — т,, 0}, m, = даш, Su» to > О up to the date chosen by the 


option holder. 

Let S* > m, be the unknown optimal exercise boundary such that for 5, > $* the option 
should be exercised whilst for S, < ,5% the option should be held. 

Show that for m, < S, < S*, the option price V (S,, m,) satisfies 


27 А4 цан (r — р)5, == < -ғУ(8,т)-0 
2 105 52 
with boundary conditions 
V(S*,m,) = S*—m, and ша -0. 
дт, S,-m; 


By considering the change of variables 


V6GS,, m) = 5,ф(6), c= т,/5, 


show that for 0 < ¢* < < 1, where €* = m,/S*, then q(C) satisfies 


1 
Lope +D- nee - рф) = 
ас dc 
with boundary conditions 
dp dp 
ФЕ“ у=1—&*, v =-1 and ọ(l)= ->| . 
аё 0-5 ас б—=1 


By setting ø(¢) = Сб" where C and m are constants, show that the option price V (S,, т,) 
is 


VCS,, m;) 


L-4 а-а a] ey) - [a - x* +8] (£) if S, < S" 
a — В ce £* 


5%-т, if S, > 5* 
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where 


-(D-r- 502) + \/(D-r- 502)? +202D 


ат 


o? 
-(D -r - 50?) - y (D -r - 502 + 26? D 
= 


and 0 < £* < 1 satisfies f (¢*) = 0 where 


FO = Ва — ax" + арса? — a(1— Byz — ар. 


Show that if D > 0 then /(0) = 0 has a unique solution in ¢ € (0, 1). 
What is the option price when D = 0? 


Solution: To show that V (5,, m,) satisfies 


1 ду дү 
29:82-25 тэм асы ы 
4 .. 0V 
with boundary condition Pm = 0, see Problem 6.2.2.10 (page 618) and Problem 
m, S,-m; 


6.2.2.8 (page 609). 
Given that $* is the optimal exercise boundary then for S, > S*, the option price is 
equal to its intrinsic value У (5*, m,) = S* — m,. Therefore, for m, < S, < S", V (S,, m) 


satisfies 
1 5,20?V 24 
02,52 —7 + te- Р), е —rV(S,,m,) = 0 
2 ' as? 1 1 
with boundary conditions 
V(S*,m,) = S* —m, and BE = 0. 
дт, $,=т, 


By the change of variables 
VGS,,m;) = 5,фФ(С), с = т,/5, апа 67 = m,/ S* 


we have 


ду dp 4& 
95, О 648, e - CE 


V араб 4(4р „dode Фо 


ðS? ас 45, 45, dé 42245, 5, а? 
а 
дү 5,4% Ф ас _ do 


om, "аат dé 
ди 


oV dq d oV 
дт, 


= — ап — = da 
бұт, аё 6-і дт, 


S,=S* d¢ cage 
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Substituting the above results into the PDE and because ¢ = т,/,5,, we eventually arrive 
at a second-order ODE of the form 


1002209 аф й 
29 qp гт ae D) eo 


for0 < ¢* < < 1. As for the boundary conditions, we note that for V (S*, m,) = S* — m, 


5%(9-85%-т, ог ф(*у=1—&*. 


d 
In addition, because 2r = —] we have кР = —] and 25 -0 
т,|5,-5% 46 1с Mi 1.5, =т, 
becomes 22 = 0. 
Лаг" 


Therefore, for 0 < £* < 6 < 1, q(C) satisfies 


d? 
£8 4 Dg ZB — deg =0 


1 2 
5° ac dt 


with boundary conditions 


q(C)-1-£*, 26 = —1 and 


- de) (06 
d | 


de |e 


By setting ф(ё) = Сб" where С and п are constants, then following Problem 6.2.2.8 
(page 609) the solution of the ODE is 


Ф) = АС + BCP 
where A and B are constants to be determined with 


-(D - r - 502) + 4/ (D -r - 402)? + 2020 


а = 5 


с 


апа 


-(D-r- 302) - үш -ғ- 562): 42020 


p= > 
Substituting ф(0) = AÇ + ВС? and р (2) = аАС%! + ВВС?! into the boundary condi- 
tions we һауе 


ACY + BC? = 1-6" 
аА) + BBE YP! = –1 
аА t ВВ = 0. 
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By solving 
А(С*)® + BEP 20 {* апа аА( Су! КЕРІ (ӨШ zci 
simultaneously we have 


д О6о в atta 


" Q-aQ 75 77 (a-py 
By substituting the expressions for A and B into «A + В = 0 we have 
Ра-а +ар _ a(l— fc" жар 
(а — Рус) (a — РХС9е 
or 
BU — аб” + ape? — а(1 — 8)6°— ap = 0. 

Thus, 0 < £* < 1 satisfies /(0) = 0 where 

(©) = Bü = ay P! capt"? — al - X – af. 


To show that £* € (О, 1) is unique for D > 0, we note that 


yo-- 502)? +2в?р E yo- – (D = r)o? + 2048-2020 


= М0 =n? +(D + ne? + 504 


> V - mo оз + 161 


12 
-D-r4- 
r 29 
апа һепсе 
-(O -r - 102) + 4/00 =r + 402)? + 2020 
а = 7 > 1 
с 
апа 
—(D -r — t0?) — 4/ (D -r + 102)? + 202D 
2 2 
p= = <0. 
с 
біпсе 


fO = =ав> 0 and f(D-2f-a«0 


then from the intermediate value theorem, f must have at least one root in the interval 
(0,1). 
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For € € (0, 1) and because 
д81-аХа-8-41)»0, ар(а– В) > 0 and a-f>l 
therefore 


FEO = BU — ala — B+ DC"? + apla — В)! — a(1— f) 
< Ва — а)(а — B + 1) + apla — B) — a(1— В) 
= (a — PXP — 1) 
« 0. 


Thus, f is a monotonically decreasing function in ¢ € (0, 1) which implies that f (¢) = 0 
has a unique solution in (0, 1). 
Finally, when D = 0 then 


шанд АЛ and 9-0 
o? 


and hence €* = 0 since /(0) = — (= +1 ) €, which implies that the option problem does 
б 


not have a solution. This shows that it is never optimal to hold such an option in the absence 
of an asset paying continuous dividend yields. 


. European Fixed Strike Lookback Option I. Let {W, UE 0) be a P-standard Wiener pro- 


cess on the probability space (Q, F, Р) and let the asset price S, follow a GBM with the 
following SDE 


45, 
t = (u — D)dt+odW, 
S, 


where и is the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. 
Consider a European-style fixed strike lookback call option with terminal payoff 


V(S7) = max ( max .5,- ко| 
to<u<T 


which depends on the maximum of the asset price reached within the lookback period 
[to, T], to > О where Т is the expiry time and К > 0 is the strike price. 
By definition, under the risk-neutral measure Q, the value of a fixed strike lookback call 
option at time f, tg < t < T is 
d 


E Lor (T-0pQ EN 
Cr(S;,t;K,T) =e as {ma 25, лв s, ) ко) 


0<и< 


where ғ is the risk-free interest rate. 
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By considering two cases max S, < К and max 5, > К, show that CECS;, t; K,T) 
їрких! 9 <и<1 


сап be written as 


CS EK T)mec ntn max { m тах 5, - К, о} + Сб„(5т;Ё,Т) 


toSust 


where Ĉp(S,, t; R, T) = e"T-OE2 Б | шах 8,- £o] 
t<u<T 


d such that 


R = max { max p 
<и< 


to<ust 
Using the identity 
290—267 2 tw = el ®t ф U -at E L-art 
ү2лт үт үт 
show that 


С.(8,К,Т)-С,(5,; R,T) 


+ (%) Їл 5 (2) тшй) 
а Ё 


where С,,(6,,1; Ё ‚ Т) is the vanilla (or European) сай option price defined as 


С,,(5,; R,T) = 5 е PT @(d,) — Ke" @(_) 


with 
log(S,/K) + Cr- D + 3o?) - 1) 
а IU NOI I de 
Е oyT -t 
~ — log(S,/K) + (r – D 302007 -1) 
цогт клр. 


ovVT -t 


r—D GRO 
а= апа Ф(х) = e 2" duis Фе cdf of a standard normal. 
о \/2л 


Solution: Under the risk-neutral measure Q, S, follows 


— = (r- Dt + саи 


1 


where Wo = W,+ (= -) 113 a Q-standard Wiener process. 
c 
By writing 


тах S, = S% шах S, = = ST 
10<и<1 ті” ү<и<Т 
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4 


Їїепсе 


to<us<t t<u<T 


Cr(S,,t;K,T) =e KT-0pQ ша тах .5,, max sj -к.о} 


1-4 


=e TDF [тах (тах {за зун) -к.о}| ж; : 
If S?7* < К then 
0 


max { max fom s) - к.) - шах 155125 - K,0} 


1—1 


and if S > K then 


max [ max ала - к.) = UA — К+ max | sims ушах о) | 


1-4 T-t t-to? 


Thus, we сап write 


max { max | 8855, str) - к,о} = тах E — ко) 
0 0 


1—1 
+ тах [som - max (SP, K},0} : 


By substituting this back into the fixed strike lookback option price, we һауе 


Cr(S;,t; K,T) 


1-0? 


= e "T-)EQ [max (525 - к.о} + max { 5895 — max (579 ко} 
0 


=е "1-0 max | sms = ко) 


4e -0po ЕЕ — шах(,8тах ко} я 


1-0? 


= е "Т-9 max { S -K, o} + Cp(S,,t:K,T) 


1—1)? 


where Ĉp(S,, t; R, T) = eT -E® Б se = с.о) z|, Ё = max i к). 


1 
РЕ S, e D-55005 We, 
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where Мт_, = тах, v(u — t) + owe such that v=r—D-— 502. From Problem 
1<и< 
4.2.2.15 of Problems and Solutions in Mathematical Finance, Volume 1: Stochastic 
Calculus, 
—v(T —t 2ух -х-у(Т-і 
О(Мт.,<х)-Ф ИГ — ев? d^ же х= УР р) , х20 
сүТ-1 сүТ-1 
апа һепсе 


де(5л,Ё,т) = e" T-0g8 ШЕШ -Ё.о)| a] 


8 


Leu T О(5,еМт- > x) dx 


By substituting y = log (х/5,) we һауе 


Cg, t; R,T) 


со 
= И А S,e"Q (Mr > y) dy 
log(K /$,) 


А - Т-і 2уу -у-у(Т-і 
= Su | ele ул ) ор v( ) dy 
log(K/5;) сүТ-1 oyT -t 


= А, + А» 
where 
ой - Т-і 
A= Spur _ eo TAn Ер dy 
1ог(К /$,) oyT -t 
and 


со 2у сэ 2 ER 
Аун S70 f А Arp шж ы үд, 
юе(К/5)) сүТ-1 
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2 - T -t 
For the case A, = S,e' 1 0 J е”Ф ( cet d y and using integration by 


log(K/S,) oVT -t 
parts with 
40 =e’ >U =e 
dy 


сүТ-1 dy | cv 2z(T — t) 


[| -у+уТ- 
ыы 1 za кит) 
we can write 


Ay = Se 07? E Шинэ киге 2) 
вүТ-і log(K /S;) 


оо | zd ( ужи) | 
+ / T D aim dy 
loe( K/5,) o\/2n(T – t) 


log(S,/K) + (Г — ) 


= эксээ 
та 
2 
"m -(+эт z )т- ps ao d» =) ау. 
log(R/S,) с 


i VaT) 


From the identity 


T с 


we have 
А, = —Ке-"Т-9ф log(S,/K) + «T - 1) 
{= ------------ 
oNT -t 
T С г) т Dl (1 \ 5) өт 7 pss log(K /.S,) — (1 + 5) oUF -0 
+ә,е Ч = 


oyT -t 


oyT =t 


log(S,/R) + (1+ 5) оТ —1) 


oyT -t 


(у-:02-г)7-0,, 


+S,e 
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2 


By substituting v = r — D — 36 we obtain 


A, = Se 2? @(d,) — Ke" &(d_) 


log(S,/K)+(r— D+ 50°\(T = Д 


oyT -t 
= 29 - Т-і 
Finally, for the case A, = se | Қ Alte )› зэв 20 dy and 
юг(К/8)) овүТ-і 


using integration by parts with 


such that d, = 


2 

-1( -у-у@-% 

yi 5X Ax. — | ,; a от ) 
вүТ-1 dy  сү(244-1) 


we сап write 


-r(T-1) 2v EE = 99 
Ay = зе Ци (===) 
(1-2) ovT -t log(K/S;) 


2 
+f oa — QeAeEHCE, 
(4/5) суя = 


Жалды ua А БЕ cp ?) 
ovT -t 


R 


Using the identity 


aw— iE 


pc а 
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again we have 


Ay = 


_ Set Ce 5 (ме eq 2) 
(1 + 2) К ovT -t 


ү2 1 LY ? ^ 
e (ча (а) «а-а log(K/S,) – (1 + >) oT - 1) 
1-6 
(1 + 2) сүТ-1 


ie сн 5 БЕ ъа ?| 
(1 + 2) К ovT -t 
(v + 50? —г)(Т —1) log(S,/K) + (1 + 5) o*(T – t) 
о 


(1-2) сүт -t 


-D 3 
we obtain 

102 

2 


By substituting v = r — D— 50? and setting а = Ё 


Бус Ч Ser SNe 
И (=) 
а а Ё 


log(S,/K) + ("= D + 30°)XT — 1) 


oyT -t 


С.(5,5К,Т)-Сс,(8,;К,Т) 


T (%) [erodo 2 (2) ТЕ) р 
а К 


By gathering all the results, we finally have 


Ср(8,5К,Т)- ants) max | smx - ко) tC, t; К, Т) 


+ (2) Їл - (2) тый) 
a К 


тах 
тш K), 


where К = max | S 
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13. European Fixed Strike Lookback Option П. Let {W, UE 0) be a P-standard Wiener pro- 
cess on the probability space (Q, F, P) and let the asset price S, follow a GBM with the 
following SDE 


—. = (u — D)dt + сау, 


where и is the drift parameter, D is the continuous dividend yield and с is the volatility 
parameter. 
We consider a European-style fixed strike lookback put option with terminal payoff 


ЧФ(5т) = max {к - min 5,0) 


ю<и<Т 


which depends on the minimum of the asset price reached within the lookback period 
[to, T], ty > 0 where Т is the expiry time and К > 0 is the strike price. 
By definition, under the risk-neutral measure Q the value of a fixed strike lookback put 


option at time f, tọ < t < T is 
d 
where г is the risk-free interest rate. 


By considering two cases min S, < К and min 5, > К, show that Рр(5,, 5; K,T) 
toSus<t Юю <и<1 


PES, t; K,T) = e "ТЕЗ СЕ min 5,, min 5.) о} 
і0<ихі t<u<T 


can be written as 


P,(S,,t; K,T) = e 17? max (к - min 5,0) + PCS, t; K,T) 
o Sus 


where Pp(S,, t; R,T) = e "1-0 Б {к — тіп 5,0) 
t<u<T 


R= nin по min S, к), 
tg&u&t 


d such that 


Using the identity 
Oa nec id Ф 0-ат adi L-art 
ЕЛ, үт Мт 
show that 


Б.(5,;К,Т)-Р,(8,; R,T) 


+ (%) е) е""Т-9ф(-4 )- 9700-71] 
а Ё 
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where P,.(S,, t; К, Т) is the vanilla (or European) put option price defined as 
P (Spt; R,T) = Ke"? @(-d_) – Se PT @(-d,) 
with 


log(S,/K)+(r- D+ 50°\(T 20) 


4, 
Е сүТ-1 


А. log($/R) +r- D+ 50? \(T -1) 
АИ dif QC, 


5 oyT -t 


r-D O т 
а = апа Ф(х) = e 2° duis the cdf of a standard normal. 
-œ 4/2л 


Solution: From Girsanov’s theorem, under the risk-neutral measure Q, S, follows 


45, о 
— = (r- D)dt+odW, 
5, 
where we =W,+ (=) t is a Q-standard Wiener process. 
c 
By writing 
5 — сіп 5 22 «піп 
2 $,- S йиш. $,- ST 


hence 


о<и<1 


d 


: — Q7 T-0pQ СЕ А А 
Р,(5,1,К,Т)-е Б (к тїп ET Sw min, 5, } о} 


= e TT HE [тех {к - min (se зу },о}| a Е 
If 57^ < К then 

max { K — min { smi, 5088 },0} = K 58 + max { smn — smn 0) 
and if $75 > К then 


тах {к - шіп [Seu өші) 9) = тах {K — Son} : 


1—10 
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Thus, we can write 
max | К - min (588, 888) 9) = тах | К - saa o} 
+max {тїп{5, К} x: sas 


By substituting this back into the fixed strike lookback option price, we have 


P(S, t; K, T) 
r(T-0pQ max {к к 5р0) + тах { тїп{5ї, К) = spo) я 


1—10 


=е "Т-9 тах {к = sso} 


(T-0pQ ШЕ Kj - so )| 2 


1-0? 


= e 70 max {к = o} + Б.(5,; R,T) 


1—0?’ 


where Pp(S,, t; К,Т)-е-"Т-0ра max {R - 8850) я ‚= min { smin, к}. 


From 1067 lemma we can write 
ша = min S 
7-і ү<и<т " 
1:25 Q 
E TD Set P- 7° YXu-t)teW,", 
t<u<T 


= S,e"T- 


where тт_, = 


min v(u — t) + ow? such that v = г — D — 102. From Problem 4.2.2.15 
t<u<T ut 2 
of Problems and Solutions in Mathematical Finance, Volume 1: Stochastic Calculus 


х= (Т — t) VE x+v(T — t) 
О (mr < x) = Ф | — |-ғееФ|------ |, х<0. 
( 27 ) ( oyT-t ) ( oyT -t ) 


Непсе, 


шах {R - sero} s 


© 
SSI 


P,(S,,t:K,T) =e? YE 
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By substituting y = log (x/S;) we have 


x 2 log(K/S;,) 
PHS t; K,T) = eT ji 5,070 (тт, < y) dy 
= Serr 
log(K/S;) = = 
x | olol? w(T — t) o yt+u(T – t) 4) 
—© сүт -t ovVT —t 
= В, + В, 
where 
к /5) ER 
В! = xp Ф|?! И ) dy 
-оо oyT -t 
and 


1ог(Ё /5,) 2v » 
B, = Se" T-0 / Ur pe ( 25079 4, 
--00 сүТ-1 


log(K/S,) = 2 
! eo (2 УГ —t 


For the case B, = S,e^' 1 —? / ) dy and using integration by 
oyT -t 


—со 
parts with 


40 es о ы) 
dy 


dy - ov/2n(T — 1) 


we can write 


log(K/5,) 
B, = S079] | vq [ 3 79 
сүт —t EN 


log(K /5,) BENE ЖИЕ e Є vT- ЭР 
-/ iy 
—oo ov 2a(T — 2. 


ше 
тағы (4/9) Soren ) 


сүТ-1 


2 

= 1ог(Ё /5‚,) Aged 

ie Ge 2)7- d / 55) 4: =) dy 
-оо оТ —1) 
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From the identity 


280—265 


СЭ 


we һауе 


В, = Ке-"Т-Эф (s н т) 
сүТ-1 


Ё СЭ 9+1 (1+5 т А log(K/S,)- (1+ 5) 0207-0) 
е Е салы РЕ Е 


сүТ-1 


ЭРЭЭ Б -vT — 2) 
oyT-t 


1ов(Ё /.5)— (1 & 5) оТ — 1) 


oyT -t 


E otr) 0, 
1 


2 


By substituting v = r - D – 50 we һауе 


B, = Ke "Г-9ф (-d ) - SeT- (-а,) 


log(S,/K) + ("= D+ 502)0Т — D 
oyT -t 


log(K/S;) 2v ТЕТ 
Finally, for the case В, = sem | Ane )› (=) dy and 


со 


such that d, = 


using integration by parts with 


2 
[| у+уТ-) 
инет”) йй, i GR 


сүт -t dy с\/2л(Т—1) 
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we can write 


log(K/S;) 
—r(T-t) 2v 25 
В, = Sie - Цас Е УТ 2) 
(1 + 2) сүт -t 


^ 2 

log(K /$,) 2v үү, 1 укмТ-а) 

л. к a 
—оо ovV/2a(T — f) 


_ Se) (5 үн " (тз + УТ — 2) 
(1 + 2) К ovT -t 


2 
-(r+4, |(Т—) 2 2 
E ( 5) Бай 1 o) =) 49 
m ov 2z(T — t) 


—со 


Using the identity 


Те 254 


once again we һауе 


E ыш E pw " (з +VU(T — ?) 
К oyT -t 


2 
S,e (re) Ges) “4-0: (оиа - (1+2) а-0 
1 с 
(1+) сүт -t 


E xd (5 ү A иг +V(T — ?) 
(1 + 2) К сүТ-1 
КС + 502 -"ХТ- | log(K/S,) - (1 + 5) c*(T — 1) 


(+=) oNT -t 


640 
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14. 


Ний? А -D i 
By substituting v = r — D — 50? and setting a = — we obtain 
2 


2 
Se) qug oe Ps Sd D^ х 
B, = — (%) &(-d ) - A — —e(-d,) 
Qa а 
А 108(5,/) + ("= Р 50° \(T – 0) 
where а, а= ===. 
oyT -t 
Hence, 


БХ8,;К,Т)-Р,(8,;К,Т) 


а К 


By gathering all the results, we finally have 


PES, t; K,T) = e (070 тах | К - sm. o) + PAS, 65 R,T) 


1—10 


+ (2) (2) e 1-0g(-d ) – 9700-7] 
К 


where К = min en к}. 


1—10 


European Floating Strike Lookback Option І. Let (W, : t 2 0) be a P-standard Wiener 
process on the probability space (Q, 2, Р) and let the asset price S, follow a GBM with 
the following SDE 


45, 
— = (и – D)dt + od W, 
5, 


where и is the drift parameter, Р is the continuous dividend yield апа с is the volatility 
parameter. 
We consider a European-style floating strike lookback call option with terminal payoff 


V(S7) = шах{5т — K min: 0} 


tosust “7 t<u<T р 
which depends on the minimum of the asset price reached within the lookback period 
[tg, T], ty > О where Т is the option expiry time. 

By definition, under the risk-neutral measure Q the value of a floating strike lookback 
call option at time f, tg < t < T is 


where the floating strike price Киа is defined as Ky, = min { min S,, min S, 


ОА 


min? 


Т) =e TOES | тах (57. - Ки, 0} EA 
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where r is the risk-free interest rate. By setting Sn = min S',, show that 
tg&u&t 


CS BK aT) = S, ет gn + P,(S,,t;S™" T) 


1—10? 
where 


BS, t; S^ T) = P, (S, t; S®™ TT) 


1—1)? 1-0? 


—а 
+ (=) P e" T-0o(—d ) - e PT Y@(-d,) 
22216 


such that P,.(S,, t; SE ,T)is the European put option price defined as 


Bos t; Куш Т)= See n (-а_) = S,e DT-09 (-4;) 


1—10? 
with 
log(S,/ S) +("- D+ 502)(Т -1) 


сүт -t 


4 — log(S,/S™") + (r— D+ 50° ХТ — t) 
gol. ceu e АН, 


4,- 


10 


- сүт -t 


r-—D RW ee 
a= and Ф(х) = e 2° duis the cdf of a standard normal. 
-œ \/2л 


lution: By setting S™" = min S, and 5" = min S, we can write the payoff as 
Solution: By Bs NND T- = fin, 5 pay 


P(Sr) = max { Sr — Ка 0) 
= max | Sp — min { smn, өтіп | ,0) 


1—0 


max { Sr- 5,0} if smin < spin 


1-0? 


тах {Sp — 511,0} if бин > san 


_ «тіп ; тіп тіп 
Sp- smn if smin < өшіп 


_ «min ; min min 
Sp- Smin if gmin > үшіп 
t-ty? Т 


= Sp- min { smn, spin) 


Л тїп тіп тіп 
= Sp — Sm" + max [ Spin — ming). 
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Under the risk-neutral measure Q, S, follows 


— = (r — Dt + саи 


t 


where wW? = W, + (= -) t is a Q-standard Wiener process. Thus, the option price at 
б 
time t, tọ <t € T is 


СҰ Кош, T) 


Т—[? 


Т о 
Я] +e" Эр | max {5% - 5.0} s 


= e 1-0 (5205) = sm +e r(T-t) cr Q max (sms - тіп JE 4 


=e TYE | Sr - sii, + max (888 - шіп oj 4 


= e "T-) EQ ES — 500 F 


1-1 Т-Г 


-.5,- ийг + ег"Ч-Орд [тах (88 - рн, о}| 9 2 


From Problem 6.2.2.13 (page 634) we can write 


P,(S,,1,52",T) = = e "T-)EQ | max {5% - тіп 16 d 


1—10 Т-р 
where 


PAS tS PTS (5 cS m 


1-10” 


= 
5, 5, —r(T—t) 7 —D(T-t) T 
+ (%) ( РЕ ) е Ф(—4_)—е Ф(-4,) 
1-40 


such that Р,(8,,1; See , Т) is the European put option price defined as 


1—0? 


Р,,(5,, t; S®™ T) = уефа) — Se PT-?d(-d,) 


with 
_ log(S, [SE (Рр 5 lg2y(T – 0) 
шшш гэг гэнэт 
сүт -t 
.  log(S, 18 EQ Des lg2yT – 0) 
йу=- 5 
Е oyT -t 
mdg Йй. 
1,2 
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Hence, 


С/(5), t; Kg T) = 5, – жын ne Рь(5,,1; зіп Т). 


1-0? 


15. European Floating Strike Lookback Option П. Let {W, : t > 0) be a P-standard Wiener 
process on the probability space (©, F, P) and let the asset price S, follow a GBM with 
the following SDE 


48, 
—. = (u — D)dt+odW, 
S, 


where и is the drift parameter, D is the continuous dividend yield and o is the volatility 
parameter. 
We consider a European-style floating strike lookback put option with terminal payoff 


V(S7) = max{K max — Sr, 0} 


where the floating strike price K,,,, is defined as K,,,, = max 4 max ,5,, тах S, 
<и< “і<и<Т 


which depends оп the maximum of the asset price reached within the lookback period 
[to Г], to = О where Т is the option expiry time. 

By definition, under the risk-neutral measure Q the value of a floating strike lookback 
put option at time f, tọ < t <T is 


Pj, t; Ky, T) = е TE? [max { Kinax - S7,0)| F] 
where r is the risk-free interest rate. By setting 5 = max 5,» show that 
о®н® 
PASS Кю Т) = CR S5 SEB T) petimus 


where 


CL t; S, T) = (Gy rS m 


1-і0 1—0? 


—а 
g[2 e DT-0g(d, ) — EM e" T-09(d ) 
a Шах 


such that С,,(8,,1;5 Pu T)is the European call option price defined as 


Cy, (S, в; SERT) = бе РФ (а) — Speo (а_) 


1-4, 
with 
log(S,/S™*) + (r — D+ 50°\(T zd 


10 
d, = 


сүт -t 
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4 — log(S,/S™) + (r— Dx 50° 1-0) 
fee ee ышы 


10 


= oNT -t 


r—D О ПЕРЕ 7 И 
a=- and Ф(х) = e 2" duis the cdf of a standard normal. 


0? со улт 


Solution: By setting S™* = тах S, апа ,$7?* = max S,, we can write the payoff as 
У Рес tosust “ T-t ажи«т “ рау 


V(Sr) = max (Kg — 57,0) 
= max {max [ sm, spe) - 5,0} 


1—10 


тах 3 max max 

max { 51-10 — Sr, o} if ST < an 

max 1 тах тах 

тах {508 5т,0} Нах > Sm 
max 1 max max 
SEZ Sr se Sey: 


max 4 тах тах 
Sra т Ир SU 
m" max omax 
= max (825 ST ) — ST 
= max max max 
= max (sp — sms o) + spi — sr. 
Under the risk-neutral measure Q, S, follows 


dS, 4 
—. = (r- D)dt+odW, 
5, 


EN | ы . 
where we =W,+ (2) 113 a Q-standard Wiener process. Hence, ће option price at 
с 


time t, tọ Xt € T is 


Р;(5;, t; Kise T) 


(Т—)т@ 


-—r(T-t 
Fer USE aS. 
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From Problem 6.2.2.12 (page 627) we can write 


1-40” 


С,(8,, t; S® T) = e" T-0gQ ЕР = gmax ШЕ 4 


where 


CAS, t; S, T) AG СУЛ ST) 


1—0? 1—0’ 


-а 
5 R S, А 
41-11 fe? od -| SE) e? ?9(d) 
а S fo 


such that C4,CS;, t; 5 т? Т) is the European сай option price defined as 


Chs (Spt SERT) = Se РАФ (а) — sme "To (а) 


1-40” 


with 
log(S,/SM*) + (r — D + 50°\(T —1) 
d, = 
Е oNT -t 
log(S,/ 5 к) x (r- D+ 562ХТ - f) 
á, = 
Г oyT -t 
and а = 7 2 
122 
Thus, 


Р/(5,, E Kyax>T) = CAs, 123515 Т) + ants 1) gmax = Si. 


1-0? 1—10 


1 
Volatility Models 


Within the framework of the Black-Scholes model, one of the incorrect assumptions of the 
model is that the volatility of the underlying asset or stock price is constant. Empirical stud- 
ies have found that by equating the theoretical Black-Scholes formula with market-quoted 
European option prices, different volatility values are obtained for different strikes and option 
expiries. However, this is due to the inherent property of the geometric Brownian motion 
model, which tries to fit the log returns of asset prices that do not conform to the normal- 
ity assumption as observed in the market. In this chapter we will discuss further developments 
beyond the Black-Scholes framework where the volatility takes centre stage. 


7.1 INTRODUCTION 


In this section we consider different types of volatility which are used by practitioners as a 
form of risk measurement. 


Historical Volatility 


Historical volatility reflects the past price movements of the underlying asset observed in the 
market and is also referred to as the asset’s actual, realised or statistical volatility. In general, 
historical volatility can also be considered as a standard deviation, which is a measure of the 
amount of variation or dispersion for a specified period of asset prices. Thus, a higher disper- 
sion value implies a higher risk that future asset prices will be further away from the current 
price. To estimate the volatility parameter of a diffusion model, the most systematic way is to 
use the maximum-likelihood method. 


Suppose we have a sequence of random variables X,, X», ..., Х, having a joint density 
fx, x, x О» Х2» .. «s 0) which depends on an unknown parameter 0. Here, 0 may be 
a vector. Given the observed values X; = x; where і = 1,2, ...,n, the likelihood of 0 as a 
function ОЁХ, хо, ... , хи is defined as 


(9) = fx, x, x X2, ++ Xn] Ө). 


The maximum-likelihood estimate (mle) of 0 is that the value of 0 is chosen via optimisation 
to maximise the joint density fy, х, x, (x4,X5, -+> x,| 9). 

If the random variables Хү, X», ..., Х„ are assumed to be independent and identically dis- 
tributed, their joint density is the product of the marginal densities, and the likelihood becomes 


200) = fy, Ga | f y, Gxa|  ... Fy, (хө). 
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In contrast, if X, X5, ..., Х, are assumed to follow a Markov process, the joint density can 
be represented as a product of conditional densities 


2г(0) = ЛЕЛ O)Fx,1x,(%9| xj, 0)... Fy ix, ОЧ хь, 0). 


For certain probability density functions, rather than maximising the likelihood function, it is 
more efficient to maximise the natural logarithm (since the logarithm is a monotone function). 
Hence, for an independent and identically distributed sample, the log-likelihood in terms of 
marginal densities is 


log (0) = log f y, (x;| 0) + log fy, (x2| 0) +... + log fx, (x,|0) 


whilst for the conditional densities 
log (0) = log /х,(х 0) + log fx, ix, Go ху, 0) +... +108 fx рх, Xn] Xn-1 0). 


In statistics, the maximum-likelihood estimate for a parameter 0 is denoted by б, апа 15 
obtained by solving the first-order necessary condition of а local maximiser 


60) _ yo, 90800) _ 
90 0-6 90 0-6 


Implied Volatility 


Recall that the Black-Scholes formula for a European option price V4,CS;, t; К, T) at time f, 
written on asset price S, with strike price К and expiry Т > t, is 


S e PT @(d,) — Ke"? @(d_) for call option 
Vs (S, t; K,T) = 
Ке""4-9ф(-а )-5,-9Ч-0Ф(-4,) for put option 


with 


_1,2 
e 2" du 


log(S,/ K) + (r + D + 5o*(T – 1) S 
4--------5-.--ФО -/ 
E сүТ-1 -о \/2л 


where ғ is the risk-free interest rate, D is the continuous dividend yield оп the underlying asset 
and o is the asset price volatility which is the only parameter that is not directly observed. 
In the simplest terms, the volatility parameter can be estimated from historical price data on 
the asset price S,, and with the calibrated value it can then be used in the Black-Scholes 
formula to value any contingent claim written on S,. In addition, all other options can also be 
priced with the same estimated volatility irrespective of the strike price K and expiry time T'. 
Although this approach is feasible and easy to implement, there is no single calculation for 
historical volatility. For example, the choice of the number of historical days for the volatility 
estimation will have a direct impact on the calculation and hence, the estimated volatility might 
be unreliable. 
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Instead of relying on historical price movements of the asset price, an alternate volatility 
estimation can be calculated involving the Black-Scholes theoretical formula. As the volatility 
с is the only unobservable parameter, and given that the vega of the Black-Scholes formula 
of either a call or put option is positive, 


227 


-0 
до 


for all c, therefore if we know (һе market price of the European option Ук: written on asset 
price S, and traded at time г with strike K and expiry Т, then there exists a unique б = бүрр 
known as the implied volatility such that 


Vos(S;, К.Т, Simp) = Vinkt 


provided Ук, lies between 


S, for call option 
7 


m 


к < 
К for put option 


and 


max (,S,e- P170 — Ke7'170.0Y for call option 
Vinkt > 


max { Кет" – 8-04-00) for put option. 


According to the Black-Scholes assumptions, the implied volatility calculated at time ¢ should 
bea constant value or time dependent across all strike prices К and option expiries Т. However, 
in reality, it shows variations with both strike (known as volatility smile or volatility skew) and 
expiry T (known as term structure of volatility). Given that the implied volatility o;,)(K,T) 
for a certain strike K and expiry T has a fixed value, the relation o;,,,(K, Г) is called an implied 


volatility surface. 


Local Volatility 


As the calculated implied volatility is not a constant value by varying the strike and option 
expiry, the most straightforward strategy is to modify the Black-Scholes model by assuming 
the asset price volatility o(S;, f) is a function of both the underlying asset price and time. Ву 
doing so, not only will it be able to accommodate the implied volatility for discrete strike prices 
and expiry times, but it will also allow us to price options consistently at any moment in time. 
In a local volatility model, the underlying asset price S, follows a modified SDE of the form 


45, 
xem (u — D)dt + o(S;, паи’, 
t 
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where W, is the standard Wiener process, и is the drift, D is the continuous dividend yield and 
с(5,, 1) is the local volatility function depending оп the asset price S, and time t. 

By substituting the constant or time-dependent volatility with o(S,, t), the Black-Scholes 
PDE satisfied by a European-style option V (S, t; К, T) with strike K, expiry T > t and having 
a payoff PCS), 


ди 2 202У aV 
-- 8,15; + ("= D)S 
3 t 50 pt) ET (r — D) ‘OS, 


t 


—rV(S,,t;K,T) = 


V(S7,T; K,T) = %(5т) 


still remains valid and the option price at time 1, 


V(S,,t; K,T) = e” TE? [IS] F] 


as the present value of the expected payoff under the risk-neutral measure Q remains the same. 
However, given that the volatility is now a function of the underlying asset price and time, the 
Black-Scholes analytical solution is not extended for this model. 

Given the current asset price ,5,, the local volatility function o(S,,t) can be obtained 
uniquely from market quotes of European call option prices C(S,,t; K,T) (or put option prices 
P(S,,t; K,T)) across all strikes K and expiry times Т through the Dupire formula 


(9 +r- руке + DC(S,,t:K .T)) 
SS for European call option 
407€ 
K2 
oK? 
o(K,T) = 
(22 i= n + DP(S,,.t:K, T)) 
вог European put option. 
2 д2Р 
oK? 


If we have a sequence of market-quoted European сай (or put) option prices C44 (5, t; Kis "n 
(or Pa GS, t; Ki, Т))) of different strikes K; ,i = 1,2,... , М and expiries T, j= =... М, 
we сап first interpolate and extrapolate these prices to produce a smooth surface. unde that 
the surface is twice continuously differentiable in K and T', we can then subsequently utilise 
the Dupire formula to determine the local volatility for any arbitrary strikes and expiries. 

In addition, the local volatility function can also be expressed in terms of the implied volatil- 
ity Oimp, given as 


o(K,T)= 


21 

tT 

K2 9 ор т 2Kd7" A Каз = 
ӘК? б. T —t К Simp 


imp 
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such that 


12 
imp PES K+- D E 5o T - 0 


d™ = 
5 Oi VT —t 


where, analogous to the Dupire formula, an implied volatility surface is first produced using 
the market-quoted European call (or put) option prices for a range of strikes and expiries before 
utilising the above formula to calculate the local volatility function for any arbitrary strikes and 
expiries. 


Stochastic Volatility 


As observed in the market, the distribution of the returns of the asset prices shows that it is 
highly peaked and fat-tailed, which deviates from the assumption of normality. To resolve this 
shortcoming of the Black-Scholes model, we can either choose a jump-diffusion model or 
we can assume that the volatility of the underlying asset price is a stochastic process (1.е., a 
stochastic volatility model). When modelling the asset price as a jump-diffusion model, we 
assume that the prices do not move continuously in time and we can then let the model make 
discrete jumps based on a Poisson process. In contrast, when modelling the asset price volatility 
as a stochastic process we assume that the volatility is a continuous random variable in order 
to describe the fat-tailed distribution of the asset price returns. 

In a general stochastic volatility model, the underlying asset price return and its instanta- 
neous volatility have the following diffusion processes 


dS, ig 
К = и(5, Y, t)dt + о(Ү,, гуа УГ, 
1 
dY, = a(S, Y, а + ВС5,, Y, дам} 
ауг5 .dW,® = pdt 


where {w,s : t > 0} and {ИУ : t > 0} are two correlated standard Wiener processes under 
the physical measure P with correlation value р € (—1, 1), S, is the underlying asset price, 
UCS, Y,, f) is the asset price drift and c(Y,, t) is the asset instantaneous volatility, which is 
assumed to be a stochastic process having drift a(S, Y,, t) and volatility (known as vol-of-vol) 
BCS, Y,, t). 

Like the jump-diffusion model, the market we have described above is incomplete since 
there is only one traded asset and two sources of uncertainty (Wiener processes ws and wy ). 
In addition, the modelling of the volatility as a stochastic process is more challenging, since it 
is a hidden process and is not directly observable. Thus, the calibration of the model parameters 
against existing market data is harder as it contains more parameters to estimate than a simple 
Black-Scholes model. 
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7.22 PROBLEMS AND SOLUTIONS 
7.2. Historical and Implied Volatility 


1. Estimation of Geometric Brownian Motion Parameters. Let S,, S, | Ap Si+2Ar S ЕМ М 
with At = (T — t)/N be a sequence of discrete values observed at regular time intervals 
At > 0 which are assumed to follow a GBM process 


dS, = uS,dt t oS,dW, 


where the drift и and volatility o are constant parameters and W, is a standard Wiener 
process on the probability space (Q, F, P). 

Using maximum-likelihood estimation or otherwise, calculate the historical estimates 
of и and с. 


Solution: From Ito's formula 
dispu EE ees m 
og S, = 5 215 M 
12 
- (- 5 ) dt * caw, 


and taking integrals 


where WA, ~ .N'(0, At). 


Therefore, 
S 
log (22а) ~ М ІС - 502) At, e^] 


t 


Maximum-Likelihood Estimation Method 
Using the maximum-likelihood method, the likelihood function is the joint density of 


5 5 5 
log ( ie ) , log (Sex) ++. 10g (522) which is a product of their marginal 
5, TV SN -1)At 


densities 


ХУУ 1 ? 
e(t) - (o pe) a 
ai 1 1 S Lc DAL : 


2(и,с) = | | —— 
П ov 2z At 2 oV At 
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ROR 
where R; = log кө і- 1,2,..., М. 
t+(i-1)At 


Taking the log-likelihood 


N 
N 1 1 2 
log (и, с) = -N logo — — log(2xAt) - —— (қ- (и- 507) ar) 
og (и, с) ogo- > ог(2лтАт) А 2 H— 49 


and partial differentials with respect to и and c, 


ов6 LY (в (ude?) a) 


log? dlog? : nsa | ^ E 
3 = 0, the maximum-likelihood estimates Й and б 
б 


By setting ower = = 0 and 
и 


satisfy 
ЖО 
апа 
| 2 1x 
-8 $a 2-8 po Qu 
where В = — IA 


Thus, we M 


й = TGE W ÈE- 2 апа 


Moment-Matching Estimation Method 
Since 
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and by setting the logarithm return 


Р. = log ( аны.) 
| S Ar 


where R; = 1,2,..., № are independent and identically distributed, the estimates of fi and 
6 are given by 


and 


N 


>, R,. Thus, we һауе 
i=l 


where R = ДЕ 
N 


N N 
„_1{[5 1 _ By Онд 1 | R2 
Дайн (2-5 Ya, R) ) and ё= ao E RU 


ї=1 


2. Estimation of Ornstein-Uhlenbeck Process Parameters. Let S,, 522525559 мл 
with At = (T —1)/ М be a sequence of discrete values observed at regular time intervals 
At > 0 which are assumed to follow an Ornstein-Uhlenbeck process 


dS, = «(0 — Sdt + od W, 
where the mean-reversion rate к, long-term mean 0 and volatility с are constant parameters 
and W, is a standard Wiener process on the probability space (О, Ж, Р). 


Using maximum-likelihood estimation or otherwise, calculate the historical estimates 
of x, 0 and c. 


Solution: From the Ornstein-Uhlenbeck process 
dS, = k(0 — S)dt + od W, 


апа by applying Ito's formula on e** S, we have 


d(e! S) = x e" S,dt + e*'d.S, + ‚кеч S (dt)? deas 


xe“ S,dt + e"! (к(0 — Sdt + odW,) 
= k0e"! dt + ce" dW,. 
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Integrating the above expression, 


t+At t+At t+At 
1 «es, = | кбе®йи+ f сечаў, 
1 1 1 


t+At 
Spar = Se t Ee[lce ti) ce Carry 
1 


Given that both {W, : t > 0} and {W? —t:t > 0} are P-martingales, we һауе 


t+At 
Е li ce KATY 
1 


z| =o 


and 


2 


d 


and following the arguments given in Problem 2.2.2.31 (page 161) we can deduce 


t+At 
F| =E / c?e 2KUFAI—-W) dqu 
t 
t 


2 
20 _ „—2кАї 
7 2k ( 2 ) 


t+At 
Е (/ ELLA 
1 


2. 
Sarl S, с N (se^ +0 (1 = en eat) | 2 (1 = 22) | 


To calculate the estimates of к, 0 апа б, we consider two approaches. 


Maximum-Likelihood Estimation Method 
By setting 52 = 22 (1 Е оос the likelihood function is the joint density of S, S; ді, 
K 


o Stina, Such that 


2(к,0,5) = П 


і=1 8 2л s 


2 
м 1 1 (== = Sieger -00- =) 
2 


and taking the log-likelihood 


log С(к,0,5) = – № log s — E log(2z) 
1х 
“22 [Siar = Sage A -0 (1 = “зааг! К 
іі 
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Taking partial differentials with respect to к, 0 and s, 


dlog? 1 - - = 
- C$ [Siriar 7 налом ^ - 8 (17 e7*7)] [5,0 де 9] Ate ^! 


ї=1 


At -км 2 g 
zi з > ЇЁЛ" m 0) (Si. a- Dar — 0) — Sicca 22 0)” е d 
ігі 


à lo A T= кА М | | 
ар = 5 2; (8; iat 91 "E кА! 0 (1 € rary] 


дог N 1 2 
dec oe С 2, [Striar 7 бна-уме – 0 (1 е7). 
201087 0105 2 91052 А T : 
By setting 3 - 0, 30 — 0 and Cae = 0, the maximum-likelihood estimates 
K 


К, Ө and $ are 


N ^ ^ 
1 Ё 2a nini - 0365, LG pr -0) 


М ^ 
АГ УА = 6)? 
N EP. 
ó- Yan цэ 51-де КАР) 
М(1-е-еА 
N 
Ё 1 А ^. _едг12 
? = N > [ККУ -0- GS, par - 0)e 244 ; 
1 
Letting 
N N 
S, = hy Si-ar 5, = > S Ar 
i-l i-l 
N N N 
2 2 
m 2 Siar Syy = 2 Shiar ху = b» нара 
i=l 1 i=l 
we have 
PE en Syy — Ó(S, + Sy) + NO? 
At Sy. — 20S, + NÓ? 
2 р 5, = S ef^ 
N(1 — е-*4!) 
2- T [Syy — 25,,e7*^! + S. e? £^! -20(5,-5, e 9301-7594) 


4М00-ет Мур, 
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Substituting & into б, 


S,(S,, — 20 + №02) – S.S, 05, – OS, + NÔ?) 
5,5,,- Sx Syy + 0052 — S,S,) + NOS, — S,) 
S — Syy + 0(5,— Sy) 


мд = 


ОГ 
М0(5,,-8,)- М0%5,-8,)- 5,5, — S,S,, + 0052 — S.S) + NOS, — S,) 


апа һепсе 


S,S,, — S.S, 


jl. ое e 
N(S,. — S.) — 52 + S.S, 


with the maximum-likelihood estimates of mean-reversion rate & and volatility 6 being 


2 1 Syy 009, + S) + №02 . RE 
в = – — log | — and 6 = 1| ——_ 
At 5х — 205, + №82 1 — e-?fAr 
respectively. 
Ordinary Least-Squares Method 
We let the relationship between consecutive S, S, ди»... , 5; Ar be 


Siar = 15, 4-6, 6, N (0,062) 
where т and с are the regression parameters, є, is normally distributed and is independent 
and identically distributed. 


By comparing the relationship between the linear fit and the solution of the Ornstein- 
Uhlenbeck process model 


t+At 
anus = Soares +0 (1 - а) +f ce KUTA уу, 
t 


t+At 2 
where | oe Ao дүү, ~N С = (1 27 уусан ) the Ornstein-Uhlenbeck 
: к 


parameters сап be equated as 


pe en 0- E and с=с шаа 
АГ? 1-т e \ 1—e-XAC 
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As for estimating the pair (m,c), we can compute it by solving the following ordinary 
least-squares problem 


N 
. . . 2 
OLS { Тизе > (Sica: x m5, yr EX c) s 


т,сє ч 
1-1 


М 
2 2 : : БИТ Я 
By setting f(m,c) = ; КУНУ, - тб, А = с) and taking partial derivatives with 
i=l 
respect to m and c, 


N 
Of 
am Е 2 (Siriar Z 7 а-ра 7 ©) Sia- par = -2(5,у- MS yy — CSx) 
д/ < 
m -2 >. (Scan: - mS, pr 7 c) --2(5,- m$, - с№) 
ізі 
where 


Ш 
Mz 
a 
Е 
E 


N 
5, = У Suia 5, 
1-1 


N N 
= 2 = 2 = 
3 = 2 5к0-1) АГ Sy, P > Sip S. = > ХУРАА ТА Hit 
i=l 1-1 1-1 


By setting the partial derivatives to zero and solving the linear equations simultaneously, 
the estimates m and ¢ that minimise OLS are given as 


М8,у- 8,6) | 8,-йЙ8 


т = — >, 
NS, - 52 N 


with the unbiased estimated standard error 6, given as 


N 
У (ным B ШУРГАН ci ey 
i=1 


1 


Х-2 


Take note that the divisor N — 2 is used instead of N because two parameters т апа с 
have been estimated, thus giving N — 2 degrees of freedom. 


3. Estimation of Geometric Mean-Reverting Process Parameters. Let S,, S, | л, Sinan гээ 
S, NA; With At = (T —1)/ М be a sequence of discrete values observed at regular time 
intervals At > 0 which are assumed to follow a geometric mean-reverting process with 
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the following SDE 
45, = k(0 — log S,)S,dt+oS,dW,, 50»0 


where the mean-reversion rate к, long-term mean 0 and volatility с are constant parameters 
and W, is a standard Wiener process on the probability space (©, F, P). 

Using maximum-likelihood estimation or otherwise, calculate the historical estimates 
of x, 0 and c. 


Solution: By expanding log S, using Taylor's formula and subsequently applying Ito's 
formula we have 


d log 5) 


Bosco ds 
3:49, (48% 


к (0 - log 5) dt +odW, — ийж 


(к (0 -log S;) - 36 2) dt + саи, 
and setting X, = log S, we can rewrite the SDE as 


ax, = («6 - х)- 50°) dt + са, 
= k(8 — X,)dt + сай, 
2 
where 9 = 0 — e 
By letting 


N N N 
2 
S, = $ log Suq- DAt* S, = = 3 log Spar Sex x > (log 8,(-1)ш) , 
і-і 


- і-і 1-1 


> 
> 


бут (log Sg). Suy = > (log 5 i- DA) (log Siriar) 


ї=1 1-1 


then from analogy with the Ornstein—Uhlenbeck process estimation of parameters (see 
Problem 7.2.1.2, page 654), the maximum-likelihood estimates of 9, к and с are 


Зу ui iy 


И. 
N(Syxx — Sxy) — 52 + 5,5, 
айл. S, — HS, + Sy) + М9? 
At S,, — 205, + М92 
: 255 
б = 


1 — е-2# А: 
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where 


1 А 2 х 2 х 
е2 _ -КА -2КА -КА -КА 
%--|8,,-28, EA S, e E — 2805, — Se FAN — e FAS) 


ами а-е 9. 
Alternatively, using ordinary least squares, the estimates of 9, к and с are 


é log № 2Ё 


where 


. Generalised Historical Volatility. Let S,, S, Ai Sproat ээ эу м With At = (T — t)/N 
be a sequence of discrete asset prices observed at regular time intervals At > 0. Assume 
that the asset prices follow a lognormal model with daily closing prices (i.e., At = 1 trading 
day) and let с, be the standard deviation of logarithm returns of asset prices. 

Assuming 252 trading days per year, find the estimated annualised, monthly and weekly 
volatilities. 


Solution: Following Problem 7.2.1.1 (page 651) using the maximum-likelihood method, 
the biased standard deviation o, of the logarithm returns of asset prices can be estimated 
as 


55% 7 м 
where К, = log ШАР. ‚= 1,2,..., М and R = b» 
Sti DAL j 
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For the case of annualised volatility, we set At = 55 апа һауе 


annualised = AT = = 


For the case of monthly volatility, we set At = = and therefore 


= ба 


Е д. 
O monthly = Fi 
Vs 


Finally, for the case of weekly volatility, we set At = = = and hence 
o 22 Osd = Osd = 252 
weekly NT 52 за 52 
252 


5. Brenner-Subrahmanyam Approximation. Show that the cdf of a standard normal 


1 
on) == | £3" du 
V 2z J=% 
can be expressed as 
1% 1 1 1 1 
D(x) = = СЕЕ H 5 ueste) 
бус 25 \/2х 21.11.3 22.21.5 23.31.7 


Let фе Black-Scholes formula for the value of a European option V (5,,1; K,T) be 


5е-24-0ф%(а,)- Ke" @(d_) for call option 
V(S,,0;K,T) = 
Ке-”Ч-0Ф(-4 )-5,-9Ч-0Ф(-4,) for put option 


where 


log(S,/K) + ("= D+ 502)(Т -1) 
oNT —t 


such that Ф(-) is the cumulative distribution of a standard normal, S, is the spot price at 
time t < Т, T is the option expiry time, К is the strike price, r is the risk-free interest rate, 
D is the continuous dividend yield and o is the volatility. 


4,- 
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By defining ATM as S,e~?7-9 = Ке "ГЛ (іс, continuously paid dividend stock 
price equal to discounted strike price) and taking a linear approximation of the cumu- 
lative distribution of a standard normal, show that the implied volatility Cin of an ATM 


option in a forward sense (F(t, Т) = S,e"-DXT-? = К) satisfying 
V(S,,t;K,T, са!) = Илк: 


imp 


where Илк is the market-observed ATM European option price can be approximated as 


gm y Vinkt 2л 
imp ^ S,e- DT -0 Ti 


3 Т0 ; 
Solution: Given that e 25 is ап even function 


1 x 


1,2 


and using Taylor's expansion of f (u) = e 2" about и = 0 so that 


Ри) = f(0) + f'(0)u + E f" (Ou? + E f" (0x? +... 
we have 


fiw=-ufw, fu) = (и – ОР, fu) = (—и? + Зи) (и) 
fOW = (и – 6и? + 3) (и), fu) = (P + 10и? — 15u) (и) 


fO) = (uf — 15и + 45и? + 15) (и), f? (u) = (—u? + 2147 — 105и? + 75и)/ (и) 


Непсе, 


3 1 1 1 
-/ ( -ш-и2- ut +...) du 
0 2! 22.2! 23.3! 


+ 
21-52 22.21.5 23.31.7 
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and therefore 


1 1 1 1 1 
Фоу--- (x- —— *u— ueste) 
(0 2 21.1.3 22.21.5 23.31.7 


By equating the Black-Scholes theoretical price with the European option market price 


Vok = 55,7 PT W(6d,) – óKe"U  W(5d_) 


where ô е {—1, 1} and substituting Ф(а,) = : + oji “= E we have 
бой! бойт 
—D(T— 6 imp /T —t БТ 6 imp /Т-1 
Voke Ка ag овая ОЦ — 
си 27 g 2л 4 22472 2л 
-D(T- T —t 
= qms corn T1 


since 62 = 1. 
Therefore, the implied volatility can approximated by 


atm „, Vinkt 2л 


Üimp e S,e- DT -0 T-t 


6. Li ATM Volatility Approximation. Prove the following trigonometry identity 
cos 30 = 4cos? 0 — 3cos 0. 
Consider the depressed cubic equation 


х+рх+а=0 
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where p,q Є R. By setting x = 2у4/ T. show that the cubic equation can be expressed 
as 


4y? +3sgn(p)y = C 


3 

2» B Hence, if p « 0 and |C| « 1 then show that the roots of the 
p p 

depressed cubic equation are 


x = 24/ Pl oos (1 cost €) ,24/ El cos (27 + Ток”! c). 
3 3 3 3 3 


Let the Black-Scholes theoretical price for the value of a European option V(S,, t; K,T) 
be 


where C = — 


S,e P T-0o(d,) — Ке-"Т-9Ф(а_) for call option 
V(S,5 K,T) = 
Ке-"Т-9Ф(-4 )- 5,е700-0Ф(-а,) for put option 


where 


log(S,/K) + (r — D + 50°\(T — t) 
ovT -t 


such that Ф(.) is the cdf of a standard normal, ,, is the spot price at time t < T, T is the 
option expiry time, K is the strike price, r is the risk-free interest rate, D is the continuous 
dividend yield and o is the volatility. 

By taking the third-order approximation of 


а, = 


1 D e Їл = 1 


x) = 5+ (х- тих ey a эх...) 
2 af» 2! .1!-3 22.21.5 25.31.7 


and by considering ап ATM option in a forward sense such that S,e- (T7? = Ke-'(T-0, 
show that by equating 


V(S,.t; K,T, буур) = Или 


where Илк is the market-observed АТМ European option price, the corresponding АТМ 
atm 


implied volatility отр САП be approximated as 
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3 VV ink 


where C = 7250070: 


Solution: For i = ү –1, from De Moivre’s formula 


(cos 0 + isin 0; = cos 30 + i sin 30 
cos? 0 + Зі cos? 0 sin 8 — З cos Ө sin? 0 — i sin? 6 = cos 30 + i sin 30 
(cos? 0 — 3 cos 0 sin? 0) +1 (3 cos? 0 sin Ө — sin? 0) = cos 30 + isin 30. 


By equating the real terms and because cos? 0 + sin? 0 — 1, we have 


cos 30 = cos? 0 — 3 cos 0 sin? 0 
= cos? 0 — 3cos0 (1 — cos? 0) 


or 


cos 30 = 4cos? 0 — 3cos 0. 


By substituting x — 24/ lel y into the depressed cubic equation 


8|р| /lpl 3 Пр 
кане: 2р\/ = =0 
3 gv rep 3719 


р За 3 
4+3 у=- 
|р| 2|p| V |р| 
3 
Ay? + 3sgn(p)y = LN HER 
2|p| V |р| 
ог 
4у? +3sgn(p)y = С 
4 3 
where С----4/--. 
2|р| V |р| 


For p < 0 and |C| < 1 we let y = cos 9 so that the domain of y € [—1, 1]. Therefore, 
4cos? 0 – 3с050 = C 
ог 
соѕ 30 = С. 
Непсе, 


30 = соғ"! C,2z + cos! С, 2л — cos! C 
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or 


0 = T C, 21 + соус, = = соз”! С. 


Thus, the roots of the depressed cubic equation are 


x = 24/—F cos (1 cos! C) ,24/-£ cos (= + соз”! C). 


By setting S,e- D -0 = Ke~"T— so that 


where ¢ = зо үТ —1. 
Equating the Black-Scholes theoretical price with the European ATM option market 
price 


Инк = 55,7 PT Old) — 6Ке "TI W(Sd_) 


where 6 € (—1,1] and substituting ,S,e 27-0 = Ke"), Ф(а,) = 


! 29, есе 1 очту — t and because 62 = 1 we һауе 


бул 2 imp 


„э = 1 Lus 
Иня 525,0 DT ze + B ғ) 
ч 2 4x бүл 
1 1 1 
—6°5үе PG (! 23 ё + e 
2 Ут бул 


Suec ee 


4 а (4-35) 


or 


Зү2л Vinkt 


3 pe ——— Áo ғы 
$ — 66 + S,e-DT-0 
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ЗМ2л Ушу. 


іп the depressed cubic equation we һауе 
S,e- DT -1) 


By setting p = —6 and q = 


P 3 /z Vai 
ИШҮ ИЕ 
and hence the roots of the cubic equation аге 


2л 


lc 
x 2y2 (5 С) 2 (= 
ё cos z COS cos 3 


Since сап Е (0, 1), ца» О апа 5,е-24-9 > 0 we only consider the case when —1 < 
С < 0, which implies 


Зулуа 


-1« "XS DT- «0 
Or 
y 
— mkt o < es < 1 
SPT) зү, 
and thus 


Vad Se РЧ (= Ke) 


which is valid for all ATM European call or put options. 
As СЕ (-1,0) then, because 2 < со! С < л, ме һауе 


3 
5 < соз (сос) < v3 


2 


3 
25 < cos (= + т) «-1 
апа 
1 1 1 
0< (2 == С ) < 5. 
cos 3 cos 5 
. t . ... . . . 

Since бїр Е (0, 1), the first two inequalities аге inappropriate and we only consider the 
root 


ёх 2 Zoos (= — сов”! С). 
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By equating 


1 atm Trw 27/2 сов (2 = T c) 


2 imp 


the implied ATM volatility can be estimated as 


сат ~ 4 = cos (27 — т соз! C) 
шар Т-і 3 3 


3 Мт к 


where С = TZS e DT 


7. Li Non-ATM Volatility Approximation. Let the Black-Scholes price for the value of a 
European option У(5,,1:К,Т,о) be 


V(S,,t;K,T,0) = 65е P1 @(6d,) – 6Ke "Т`9Ф(ба_) 


+1 for call option 
ô= ; 
—] for put option 


where 
log(S,/K) + ("= D + 502)(Т ed 
сүт -t 


such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
option expiry time, К is the strike price, ғ is the risk-free interest rate, D is the continuous 
dividend yield and o is the volatility. 

By defining 


4,- 


Sg P0 


^ Ke-"T-0 


as the measure of moneyness of an option, show that the Black-Scholes formula can be 
expressed as 


f (m) = бтФ(ба,) — 6Ф(64_) 


V(S,t; K,T,o) log m 1 
Where айг со а 22 + сапа 6 = 56 УТ -1. 


From the expansion of the normal distribution function 


221 1 = 1 3 1 5 _ 1 7 ) 
шонг (х 21:11:53 Е” 23.31.75 7° 
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and taking a quadratic approximation of / (т) centred at т = 1, show that 


8(т-1) т-1, (т- 1) 


f(m) = ——— + E+ —— + O(&(m — 1)”). 
4\/2n€ 


2 V 2x 
Equating 


У(8,5 K,T, Simp) = Vo 


1 


where Илк is the market-observed European price, show that Бу ignoring higher terms of 


&(m — 1)? the implied volatility Gimp Can be approximated as 


2n 1 S,-K 
n Ri 4/ ——— — - у —8 
Simp T-t s Urs ( 2 
5 (8-КР(-445/К) 
л 2 


where S, = S,e-P1-? and К = Ke~"7- are the dividend paid stock price and dis- 
counted strike price, respectively. 

Discuss the limitations of this approximation. 

Under what conditions for V, is this approximation valid? 

Finally, what is the value of оү, when т = 1? 


Solution: From the Black-Scholes theoretical price formula, we can rewrite 


V(S, t; К,Т,о) ag PUn 


"кене "рит 049 -90(4.) 


where 


5 ,о-01Т-4) : 
log (=) + 50°(T – 0) 


Ке") 
а, = 
сүТ-1 
НЕ ЭЭЛ адаг т ет ПА 
Б ой —T an Ре: 29 е ack— 


Scholes formula becomes 
f(m) = бтФ(ба |) — 6Ф(ба ) 


log т 


26 


such that d, = +é. 
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670 
From Taylor’s theorem, 
1 
f(m) = Ў) + f'm- 1) + zf” (Dm -1° +0((т - 13) 
where 
f(m) = 6m®(6d,,) — ód(ód ) 
8 (9Ф(64,) | 0dód ) 
Қт) = 6Ф(64,)---- -- 
J (m) OEY т ( dd, т да. ) 
апа 
pen) 8 (2528 1 m) 8 (92Ф%б4)) 19064) 
т)= = * 
2mé да, m да. 4тё2 да? т od? 
біпсе 
І 6 13, l5 č 17 
$(6d,)— = + —— -- — d? — — > 
а = (ds satge seht) 
дФ(64 
С 2. (1-12 1441464 ) 
да, Тж 2* 8* 48 + 
92Ф(64 
а ) 
да? NT DE iu 
therefore 


дФ(ба.,) --8-(1-18418 16, ) 
д, |, vog 2 8 48 

9^ Gd.) =+ (+ ie y ) 
90d? 1,| үл 2? 8 


Given Ф/(х) — Ф/(—х) = 0, thus 


Ла) = 6(Ф(62) - Ф(-62)) 
Г’) = 6Ф(бё) 


үз а Ез дф(64. ) ) 
ё ds ха да. |, 
А 8 | 92Ф(6а,) 2 д2Ф(64.) 
42 да? 1 да? т=1 
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and hence 


7 u^ 8 | дФ(ба,) 9Ф(ба_) ET 
f (m) = à (m®(6é) - Ф(—6ё)) + &( DM 34” E (m — 1) 
8 ( 92%Ф(64,) 9?Ф(64_) 2 3 
е ( 900 | За BL 1)? + O((m — 1»). 
Since 62 = 1, we have 
б (тоба) - Ф(-82)) = "Т, Fm 41) +06) 
2л 
5 ( дФ(ба,) М 9Ф(ба_) Jo ye (m-1P «(т- 1) 
2ё да | д4_ | 28 2n Дож 
+0(Е (т — 1)?) 

8 | 92Ф(ба,) 92Ф(6а ) 5 (т- 1)2 ёт-1) 
boa] 7 E (п-1у ABL aW 
8E od? |. od? |. аул Вул 

+0(Е (т — 1») 
апа һепсе 
8(т-1) m+1, (т 1)? 2 
f(m) = + é+ + O(&(m — 1)^). 
2 V2n | 4ү2лё 
By equating 


and setting 5, = Se" 24-9, 
we can write 


V(S,, t; K, T, Simp) = Vinkt 


К = Ke "T and ignoring higher orders of &(т— 1)’, 


Ран || ó(m — 1) m1, , (m- D 
K 2 V2n | 4ү2лё 
or 
28 -аё+ B x0 
4/2я (2, EE 
се e De 
ml 2 m«l 
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Since ё = + imp VT —t and because 0 < ci, < 1, we choose 


a+ yea? — 8p 
pe 
ог 
а + Va? — 8f 
бітір © 
T —t 


By substituting m = $,/ К, we have 


22 5, -К $,— К)? 
а = — Д c ! )) апа qz iE 
S,+K 2 2K S,+K 


and thus 


5, -К\\ _($-К?а+5,/К) 


йл иж 


On the issue of the limitations of this approximation, опе сап see that in some cases the 
square-root term might not have a real solution. 
In order for the approximation to have a real solution, we require 


РА E 2 m 212 Ге; Ғе) 
S,—K (S, — K)* (1+ S,/K) 
aeq ачин 
ОГ 
spe ах 1+5,/К zo wd 1+5,/К 
Инк — (S; = K) 25-1 = Инк — (S, - K) | =6 52 0 
Therefore, 
с 1-5/К ЭЭЖ 1-5/К 
ge Sena) E | ias JK) (6-6)! d 
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oo 


or 


io mdi 1+5,/K| =- cd 1+5,/К 
Ук < шіп4 (S; - К) = (S, - K) pos == 


Finally, for the case when т = 1 or S, = К, the implied volatility formula will be reduced 
to the Brenner-Subrahmanyam approximation, i.e. 


24 Vinkt 2л 
Simp A = — 


5, Т-і 


. Corrado-Miller-Hallerbach Approximation. Let the Black-Scholes price for the value of 


a European option (5,,1; К,Т, с) be 


V(S,,t;K,T, с) = 65е 24-%9%(6а,)-6Ке "1-9Ф(ба ) 


6 = +1 for call option 
71-1 for put option 


where 


log(S,/K) + (r — D + 50°\(T — t) 
oyT -t 


such that Ф(.) is the cdf of a standard normal, ,, is the spot price at time t < Т, Т is the 
option expiry time, K is the strike price, r is the risk-free interest rate, D is the continuous 
dividend yield and ø is the volatility. 

From the definition 


d, = 


show that 


9 1 2-1 2п+1 
ман 
ксы È ayi 241 


for апу real number 2 > 0. 
By setting 


S, = бе DT and K = Ке" 
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and equating 
Ү(5,, t; K, Т, Сір) = Илк 


where Илк is the market-observed European price, and by ignoring the third-order and 
higher terms of the normal distribution function 


1 1 1 3 1 5 1 7 
Ф(х = (x- у^ их m) 
(0 d 24705 21.1.3 22.21.5 23.31.7 
and taking a linear approximation of 105(5,/К), show that the implied volatility Simp 18 
approximated by 


Solution: Since 


tanh! x = ; log (13) 
x 


22 ic 
= 5 (log(1 + x) – log(1 — x)) 


and from the MacLaurin series 


log +x) =x = jx! H qo - 1х*+...,х CL 


юв = x) = =x = 5x7 = p - fxh sb] <1 


4 
we һауе 
тай x = x + io + Lo + ld 5 [x] «1. 
3 5 7 
By setting 
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and expressing x in terms of z, 


2-1 


x= —. 
1-1 


By substituting the above information into tanh”! x 


N 


for z > 0. 
By equating Vnk = V (S, t; K,T, бир) and taking a linear approximation of (ód ,) 
such that 
log(S,/ К 
4.- 805,/ Lalo T-t 
Simp VT -t 
we have 


Илк = 5.5,Ф(64,) — 6КФ(6а_) 

1 б 211 б 

zac —6К|-+ 

2 ү2ла, (: 2nd. 2, 


($55), S бенен К)юв(5,/К) | d - 5 + R) 
2 imo V2z(T — t) 


Simp 


since 62 = 1. 
Thus, 


-— : BK 
(S, + КИТ - 002 p- 2V2z(T - 0) Z 528 ( 5 )) бийр 


+2(5, — K)log(S,/ K) = 0 
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and taking the largest root, 


Taking a linear approximation of log(S,/ К) = 2(5, — K)/(S, + К), 


NE (ЗЕ 
Эл mkt 2 


mp" Үт-у 5,+K 


9. We consider the Black-Scholes formula for the value of a European option 
V(S,,t; К.Т, о) such that 


5е-24-0ф(а,)- Ke" @(d_) for call option 
V(S,t; К,Т,о) = 
Ке”"Т-9Фф(-4 )- S,e PT -)d(—-d,) for put option 


with 
log(S,/K) + (r - D + ;o?YT c 
oyT -t 


such that Ф(-) is the cdf of a standard normal, 55, is the spot price at time t < T, T is the 
option expiry time, K is the strike price, r is the risk-free interest rate, D is the continuous 
dividend yield and с is the spot volatility. 

Show that V(S,,t; К,Т, с) is a monotonically increasing function in с over (0, оо). 


а, = 
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We define o% as the implied volatility such that 
imp 


V(S,t; K,T, бпр) = Vikt 
that is we equate the Black-Scholes theoretical price with the observed European option 
price obtained in the market, Илк. 
Under what conditions does there exist a unique solution се р? 


Solution: From Problem 2.2.4.6 (page 224), the vega of a European option is 


5 E 
a Е se 70e 24+. 


Since S, > 0, therefore < > 0 for all о Е (0, co). Thus, V(S,, t; К, Г) is a monotonically 


c 
increasing function in o € (0, оо). 

From Problems 2.2.1.3 (page 74), 2.2.1.4 (page 75), 2.2.1.5 (page 75) and 2.2.1.6 (page 
76), V (S, t; K,T) satisfies 


max(.S,e-P1-0 — Қо-"Т-0 ()) for call option 
VS, t; KT,o) > 


max{Ke7"7-) — S,&-D(T-0 0) for put option 
and 


SS, forcall option 
V(S,5 K,T,o) < 
K for put option. 


If the market price Илк lies between the bounded region as described above for either a сай 
or put option, and from the monotonicity and continuity of V(S,,t; К,Т, o) ino € (0, оо), 


then 622 exists and is a unique solution of V(S,, t; К,Т, о) = Vy. 
imp imp 


. Manaster-Koehler Method. Consider the Black-Scholes formula for the value of a 


European option V(SS,, t; К,Т, c) such that 


5е-24-0ф(а,)- Ke" @(d_) for call option 
V(S,,t;K,T,o0) = 
Ke"? @(—d_) — 5,е-?4-0Ф(-а,) for put option 
with 
log(S,/K) + ("= D + 502)(Т -1) 


ovVT —t 


а, = 
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such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
option expiry time, K is the strike price, r is the risk-free interest rate, D is the continuous 
dividend yield and с is the spot volatility. 


Show that 2А is maximised at 


Omax = I (logCS,/ К) + ("= р)(Т – 2] 


and prove that 


PV ди 2-0 409) 


Цан үгэ 124: dr. a. 
до? дс \ 463 шах 


for all a Е (0, со). 
We define o% as the implied volatility such that 
imp 


V(S,,t; К,Т,о ) = Vint 


imp 


where Илк is the option price obtained in the market. Deduce that V(S,,t; К,Т, о) is 
strictly convex if бтр < Omax and V(S;, t; К,Т, с) is strictly concave if a? > oy. 
Finally, if the sequence {o,,} is generated by the Newton—Raphson method 


V(S,t; K,T,o0,) — Vy 
байрт буг уг 20 


дс |с-с, 


with initial iterate o; = Omax and if V(S,,t; K,T,o~ ) = Ук has a solution, show that 
imp 
{с} converges monotonically to the unique solution о р with a quadratic rate of conver- 


gence, i.e. 


2 
|с, = бтр! = О(о„— бтр! ). 


Solution: From Problem 2.2.4.6 (page 224), the vega of a European option is 


WV |T tge- DT- 
до m 
oV : : oV . 
To find the local extrema of Эс? we first differentiate Эс with respect to o 
o б 


дү [r- ge DT-g 945-141 


до? 2л до 
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and since 
ad, PT - (9? — (log(S,/K) + C- D+ 30) үт-і 
"A ee к UN. iod in AMEN ee 
ðo oXT - 1) 
--4. 
therefore 
ду T-t ети —1d2 
бою Er ERG 


2 
By setting LL = 0, we have either d, = 0 or d_ = 0, which implies 
с 


2 
с? = = m (log(S,/K)+r—D) 


or 


2 
с? = ue (log(S,/K) += D). 


Taking second derivatives of x 
с 
V _ d,d_\ gy да, (d_\ av x od (а, \ av x d,d_\ ду 
ðo — б 06 до Хо / 00 до No / до б до? 


_(Ф4-\үду бу diov (аа \ әу 
с до? 


and substituting o? = -2— (105(5,/К) +r- D) or o? = T— (logCS, / К) +r- D) 


gives 


Hence, 


AN I (log(S,/K) + (r - DXT — 2] 


А : : OV ,. : : 
is the maximum point of de (since Cmax is the only extremum point). 
c 
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From 
Omax = I (log(S,/K) + ("= РУТ – 2] 
we сап write 
4 2 
башк = түүр (0865/К)4-0-ФХТ-0) 
or 
ЕМА 
(log(S,/K) + (r- DXT - D) = = 
Expanding d,d_, 
(log(s,/K) + (r - D+ 102007 —1)) (log(S,/K) + r- D- 10207 - 0) 
сан oXT - 1) 
(log(S,/K) + ( - DXT - 0)! – то (Т - 0? 
i o2(T - t) 
T-t 
= 4o? (а 2 с") Ч 
Therefore, 


PV OV (T-tN, 4 4 
Зо": Ми) 
for all с Е (0, со). 


ЖЕ 57 214 дү . 
If the implied volatility o? < o,,,, we һауе — > 0, which implies — is a monotoni- 


max 


cally increasing function ino € (69 1, and A V(S,,t; K,T, с) is strictly convex 


imp’ O max 


ino € [тр Omax]- 


oy дү 
In contrast, if o% > бад we have — < 0, which implies — is a monotonically 


max 
o? 
decreasing function in o € [отр , Omax]; and hence V (S, t; K,T, 2 is strictly concave in 
с € [02° imp? O maxi: 
To show that the sequence {о„} is monotonic and bounded, we note that from the 
Newton-Raphson formula 


V(S,,t;K,T,0,) — Vente 
ДА 


до 0-0, 


бы = бүт 
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and by expanding V(S,,t; К,Т,с,) at бтр up to the first order 


бырт бітір : V(S,t; К,Т,с„) — (5,1, К,Т, бтр) 1 
On Onis бі бийр aV 
дс 0—0, 
ЕЕ av 
до 0-0) до 0—0, 
where o7 lies between o, and с?о 
imp 
Богп-0 
а к 
Oo — imp до o=o} дс 152a, 
and because 69 = Omax maximises 24 апа da > 0 for all о € (0, оо), thus 
б б 
ди 712 
0« — шэн 
дс с=6* до 0—0Q 
and we obtain 
26 im «1 
00: imp 
Assume the result 
бкн 7 T EN 
бұл” бір 
is true for n = К such that 
0 < дү дү 
до [в=о* до 0-0, 
where o7 is between б, and с. 
imp 
Forn=k+1 
боо- бір — [1 oV /( oV ) 
Ok] — бір до сор до 6-760441 
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where бүү is between с, ү and бітір: Because 69 = Omax is a maximum point of x and 
oK > 0 for all o (0, оо), thus 
до 
дү oV 
0« — -- 
до с=о* до o=o; 
+1 0 
апа 
0 < дү дү 
до dedos до 0:-00 
and hence 


биз“ Fim | _ -(% ) C 
бон can до 6-6; | дс iso, 


Thus, the result is also true for n = К + 1. Using mathematical induction, we have proved 
that 


со 
бий бір 
<1 
с,-6% 
imp 


for all п > 0, which shows that the sequence {o,,} is monotone and bounded, and therefore 
converges to a limit сто . 


By expanding V(S,,t; K,T, бтр) about o,, using Taylor’s theorem 


2 > ди 
V(S,,t,K,T, Опр) = V(S,,t; К,Т,о,) + (пр - б,) сүз 
bos 2 V 
+5 imp = On) до? A 


0-0, 


where o7 is between с, and P id and substituting it into the Newton-Raphson formula, 
and since 


V(Syt; K,T, 0%) = Vins 
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o _1f fav ди 
бин 7 Pimp 7 5 0? | 24 де 


Taking absolute values оп both sides gives 


1) ov 
2 до? 


oV шан е pt 


Since Ae > 0, de = 153 — с^) is finite and if V(S,,t; K,T, блр) = 


Vinkt has a solution (see Problem 7.2.1.9, page 676 for the existence and uniqueness condi- 
tions of a solution сто р) then, with a starting point бү = Omax» the sequence (0, ) converges 


we have 


о | _ 
On+1 — 238 = 


monotonically to a unique solution бітір with the rate of convergence of the iterates being 
quadratic, i.e. 
со 


2 
біт бітір! = О(|6,- бішрі ). 


11. Chambers—Nawalkha Approximation. Let the Black-Scholes formula for the value of а 
European option У(5,,1:К,Т,о) be 


S,e PT @(d,) — Ke" @(d_) for call option 
V(S, t; K,T,o) = 
Ке””Т-9ф(-4 )- 5,е-?4-0Ф(-а,) for put option 


where 
log(S,/K) + ("= D + 562ХТ za 
ovVT —t 


such that Ф(-) is the cdf of a standard normal, S, is the spot price at time t < T, Т is the 
option expiry time, К is the strike price, ғ is the risk-free interest rate, D is the continuous 

dividend yield and с is the spot volatility. 
By defining the ATM option as 5,е7207-9 = Ke-'(T—? with the corresponding implied 
atm atm 


volatility C imp? show that by expanding V (S, t; К, Т, с) up to second order about o = бітір? 


the поп-АТМ volatility с can be approximated as 


а, = 


В дү 
до o=0°™ 
~ aun im 
"mp Ру 
до? | „сат 
im 
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where 


i (vs. t; K,T, oil) - V(S,. t K,T, о)). 
imp 


Solution: Expanding V (S;, t; K, T, с) using Taylor's theorem about o = o; Е up to second 
order 


ай 
m 


oV 
. M ; айт _ aun 
V(S,,t;K,T,0) ж У(5,,1, K,T, бітір) + Je |26 (c Oimp 

imp 
2 
pt 244 (в — om). 
2 до? („сат mp 
imp 


Rearranging the terms, 


1 oy 


2 до? |о-озіш 
imp 


~V(S,,t:K,T,o) = 0 


oV 
_ ташу 149 
(с бішр) + Jo 


(c — oir) + VG, t5 K,T, oinp) 


imp 


oim 


and solving the quadratic equation, 


oV 
im + 
дс o=0°™ 
o-o™ д Е 
SP oy 
до? |g=oatm 
imp 
where 


Since o > 0, we choose 


712 
á дс |с-озшп 
м Git z 
059 бур, + — 
аг 
до? 
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7.2.2 Local Volatility 


1. Let {W, : t > 0} be a standard Wiener process on the probability space (Q, F, P). Suppose 
the asset price S, has the following dynamics 


45, 
1 


where и, D аге constants and the volatility o; is a continuous process. In addition, let ғ be 
the risk-free interest rate from a money-market account. 

By considering a European call option C(S,, t; K,T) written at time t on S, with strike 
price К and expiry time Т (Т > 4), show the following identities 


С(5,,1, K,T) = KC(S,/K,t;1;T) 


ӘС дС 
C(S,5 K,T) = S,—+K— 
(3; ) ‘aS, EET 
29°C = к?®С. 
' 9252 әк? 


By substituting the above identities into the Black-Scholes equation, find the Dupire equa- 
tion and payoff satisfied by С(5,,1; К, T) as a function of strike К and time f. 


Solution: From the Black-Scholes formula 
CCS, t; K,T) = Se PT  &(d,,) — Ke" 9 @(d_) 
where 


log(S,/ K) + (r - D + 3a^XT —1) 


а, 
Е аүт-і 
2 1 T 5» 
= Т-І | б, аи 


and Ф(-) is the cdf of a standard normal. 
Thus, 


С(8,5 K,T) = K (,5,/ Ке PT od) — e" "oq )) 
= KC(S,/K,t; 1, T). 


oC oC 
To show C(S;, t; K,T) = S,—— + К — we note that 
А ‘OS, “ӘК 
oc = e PTD O(d,) + бе Dt) дФ(а,) _ Ke" T-0 дФ(а_) 
05, 95, 3S, — 
9С = Sje PE) оФа,) E е?"Т-9ф(а ) — Ke T-0 дФ(а.) 
ок OK “ӨК 


686 7.2.2 Local Volatility 


so that 


дС дС 


S,— + К =C(S,.t; K,T 
‘aS, OK (8; ) 
+ 5, Serie} 2200 —K Uu PUES 
oS, 95, 
+К Se Ot 2169 - Ket OG) : 
OK OK 
From Problem 2.2.4.1 (page 218), 
S,e DT-0 oo (d,) = iUm дФ(а ) 
oS, oS, 
S e- DT-0 дФ(4 +) = KeT-) дФ(4_) 
: дК дК 
Непсе, 
дС дС 
C(S,.t; K,T) = S,— + K—. 
ot ) ‘aS, Е 
2 2 
То show 529 С = KLE, we first differentiate C(S,,t; K,T) = gee + к9© with 
952 дк? 95, OK 


respect to S, so that 


2 2 
262506 о 


— =~ + + 
0S, OS, "052. 0S,0K 


or 


PO гы 
0S2? д50К` 


Multiplying the above expression with S, and using the identity 


oC oC 


S,,t,K,T) = S, — — 
С( рғ” ? ) ‘aS, OK 
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we have 


20°C aC 


' os? г” 0S,0K 


IK (2725; 


д ac 
=-K= ( St: K,T -K=) 
aK CCS, ) 


ӘК 
дС дС 92С 
--К---К(|-1-К-- 
OK ` ЕЗ 2) 
-gC 
әк? 


By substituting the identities into the Black-Scholes equation, 


9C , 1 320°C aC 
— + 02,52 + (r = D)S, = – rC(S,,t; K, T) = 0 
дг 29%: 952 В ) 
we һауе 
дС | 1 5,520?C дС 
St ars +C- DS, (ccs. К,Т)- ка) -rC(S, t; K,T) 20 
or 
ðC 1 5,20?C aC 
— + 2o4K^— + (D-r)K— - DC(S,,t; K,T) = 0 
pip 30 О ГОК us ) 
with payoff 
С(5т, Т; K,T) = шах{5т — К,0}. 
2. Backward Kolmogorov Equation — Local Volatility Model. Let {W, UE 0) be a P- 


standard Wiener process on the probability space (О, F, Р) and let the asset price S, follow 
a local volatility model with the following SDE 


dS, 
“үс = (и – р) а + о(8 DAW, 
1 


where и is the drift parameter, D is the continuous dividend yield, o(S;, f) is the local 


volatility function and let r be the risk-free interest-rate parameter from the money-market 
account. 
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Using Taylor’s series, show for a definite integral of a smooth function f(x) that 


b 
+b 
|. f) du - f (7 )t- 2 0 (6-a) 


and hence show, under the risk-neutral measure Q, that 


E? [Sua — Si] F] = E- 005, „Ат + О (CAD) 
1 2 
а I А. 5) z| ps CI 38) pus T (сал) 


ЕЗ | (Sas = 89) | F] =0 ((A?) 


for At > 0. 

Let p(S,, t; S7, Т) be the transition pdf for the asset price where the asset price is 5, 
at time f given that the asset price is Sy at time T > f. From the Chapman-Kolmogorov 
equation for Ат > 0, 


р(5,1- At; Sp, T) E p(S, t — At; z, t)p(z,t; Sp, T)dz 
0 


show that by expanding p(z, t; 5т, Т) using Taylor series centred оп S, up to second order 
and taking limits At > 0, p(S,, t; 5т, Т) satisfies the backward Kolmogorov equation 


ЕТА 


д 1 д? д 
57068115 Sp, Т) + 245,475; 705 t; Ss, T) + (r — р), 5 SAS T) 0 


with boundary condition 
DOS, 65 5,1) = (5, —Sp) Мі. 


Solution: From Taylor's theorem 


ene (2) 22212722 


"T (= (х- Қазы) «o ((x- js») | 
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and taking integrals 


лаи fs (224) aus f p (225) (аач) а 
1 
2 


+ Го((к-а+ь)?) ди 


(8) amare Lr (£29) leen] 


ed (235) (и- 1a) 


b 


a 


b 1 4 
+0((и- $0) ) 


b 


a 


b 
=/(® )®-а+о(®- а). 


From Girsanov’s theorem, under the risk-neutral measure Q, S, follows 


dS, А 
5. = (r — D)dt + с(5,, 1)а И, 


ї 


H—r 
6(5,,и) 
Ву using the risk-neutral dynamics 


t 
where we =W,+ 1 du is а Q-standard Wiener process. 
0 


dS, = (т - Р”), + 6(S;,,)S,dW,° 
and taking integrals we have 


t+At t+At t+At 
| dS, = / ("= D)S, du + 1 o(S,,u)S,dWe 
t t t 


or 
t+At t+At 
Siar — Sy = | (ғ - D)S,, au f (5, и)5, а. 
t t 


Thus, by taking expectations and using the approximation integration formula as well as 
the Ito calculus property, 
d 


І-ДІ t+At 
E [Sica — 5; | Fl = / (г — D)S, du + E? / o(S, u) S, dW. 2 
1 1 


AL 
= / (r – D)S,du 
t 


At + О ((Ary)) 


-(ғ- D)S 


1 
14541 
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ET | (Spat = 8) | F, 
t+At 
-(r- Dy q 22 
1 
t+At t+At 
+2(r — D) (/ 5, D po (/ 5,052) 
1 1 
tA 2 
5 ( / об, 2 
1 
t+At 2 
-(r- Dy (/ 22 
1 
t+At t+At 
42(r — D) {| 5, au) ЕЗ (/ 5,052) 
1 1 


t+At 
+ / oS, u) S? du 
1 


2 


4 


+ 


d 


-c(s 


1 2 
t+5At 


T \? о 2 
t+ 244) Shia At +0 (А) ) 


апа 


ES [o = 8) | z| 


t+At 
= ("- DP (/ 22 
1 
t+At t+At 
+2(r — р)? ( | 5, 2 Eo [ / ЕЛГӘ 
1 1 
t+At t+At 
+r- D) ( ] 5, D ( ji a(S, u’ S? du) 
t t 
t+At 2 t+At 
+(r — р)? (/ S, du) ЕЭ [fi (5,405, ур) 
1 1 
t+At t+At 
+2(r — D) ( / S, du) ( f o(S,, и)? S? 2 
1 1 
t+At t+At 
+ (/ о(8,,и)282 2 ЕЗ [fi ЕЛІ 
1 1 


=O ((At)’). 


3 


2 


d 
d 
d 
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From the Chapman—Kolmogorov equation we have 
р(8,1- At; Sp,T) = | р(5,,1- At; 2,1)р(2, t5; Sp, T)dz 
0 
and expanding p(z, t; 5т, Т) using Taylor series centred on S, up to second order yields 


д 
р(5,5,5т,Т)-р(5,,5 Sp,T) + (z— 5.) с? 5» t Sp, T) 
1 


1 д? 
+5 - S as t; Sp, T) + O((z — Sy). 
By substituting the Taylor series into the Chapman-Kolmogorov equation we have 


р(5,1- At; Sr, T) = р(5,,1: sn | p(S,, t — At;z,t)dz 
0 


204085 t; ST, T) (z — SOp( St — At; 2,1) dz 
д5, 0 


19 ii 2 
+= — p(S,, t; S 21) (2 - S,)p(S,,t — At; 2,1) dz 
2252” t T d t) Pt 


+0 (/ (2 — SP p(S, t — At; 2, Daz) Қ 
0 


біпсе 


1 р(5,1- At; z,t)dz = 1 
0 


ү! (z — 50р(5ь1 — Atsz,1)dz = (r — D)S,,1,At+ O((Aty’) 


со 2 
NIV 200 Е 1 ) 2 2 
! (-46/7р(5,1-Аң2,042-с (S. MID NE O(Ar9) 


! EC — SP p(S, t — At; z,t)dz = O((At)’) 
0 


then by taking limits At — 0, 


m DOS, t — At; Sp, T) — p(S;,t; Sp, T) 
АГ-0 At 
д 
-(ғ- ИТ 
1 


Їл, 2 2 8 | | à 
+5 Jim о (Suit 244) 8: agi Genre T Jim ОСА?) 
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we have 

240, (5,55 T) = (r DS (5,545 T) + le(s p25? 2 (S,,t; ST, T) 
oi? pop, Өү” в 9T» 2 1» tase” pom, 

Or 


д 1 o? 
570081,1: Sp, T) + 55 «D^ 5 GPS Sr T) +r- D)S,——p(S,t; Sr, T) = 
1 


Os 
with boundary condition 
P(S,,t; Sr, t) = 6($, — Sp) 


for all t. 


3. Black-Scholes Equation — Local Volatility Model. Under the risk-neutral measure О, let 
{ W, : t > 0} be a Q-standard Wiener process on the probability space (Q, Z, О) and let 
the asset price S, follow a local volatility model with the following SDE 


48, e 
— = (r— D)dt + o(S, t)dW, 


where r is the risk-free interest-rate parameter from the money-market account, D is the 
continuous dividend yield and с(,5,, t) is the local volatility function. 

Let p(S,, t; S, T) be the transition pdf of the asset price where the asset price is S, at 
time 7 given that the asset price is Sy at time Т > t. We consider a European option written 
оп S, with strike price К > 0 expiring at time Т > t with payoff V(S7), where the option 
price at time £ under the risk-neutral measure Q is 


V(S,, t; K,T) = e TE | Ф(5:5 F] 


БЕ V(z)pCS, t; z, T) dz. 
0 


By using the backward Kolmogorov equation, show that V (S, t; К, Т) satisfies the Black- 
Scholes equation 


дү 
дг 


дү 


‘OS, —rV(S,t; K,T) = 


+ 10(5,47522 T. ee D)S 
(8,,1) 342 ( ) 


t 


with boundary condition 
V (Sr, T; K, T) = V(ST). 


From the above PDE and boundary condition, can we price a European option analytically? 
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Solution: Given 
V (Spt; K,T) = eT / Ф(2)р(8,,1:2,Т)42 
0 


by taking first and second-order differentials we have 


LA 1 W(z)p(S,. t; z, T) dz + eT- / W(z)2 p, z, T) dz 
дї 5 А дї 
= (бы; KT) жест» f WG) d pGS,. riz, T) dz 
0 
дү ца д 
25, е А zs” ptz, T)dz 
V _ ито ii i д? 
— =e F(z) — PS; t; z, T) dz 
252 0 ase 


and from Problem 7.2.2.2 (page 687), the backward Kolmogorov equation satisfied by 
р(5,, t; Sp, T) is 


02 
TON: Sr,T)+ = 56S, 52 T ;Sr,T)+ (r- D)S,5 jg Sen Sp,T) = 


with boundary condition 
D(S,, T; Sz, T) -6(5,- Sr) 
for all t. 


By multiplying the backward Kolmogorov equation with V (S7) and taking integrals we 
have 


v д 1 = д? 
| W(z)-- p(S,, t; z, T) dz 39 $4 0587 1 Цэл цан 


+= руб, | Wc) p. tiz T)dz-0 
0 t 


2v ду ay 


Writing the above equation in terms of — ' às, an 952” 
БЕЛЕ) E —rV(S,,t; K,T) + 566, ^5; 5287 z+- 225 -0 
: 
ог 
T += 1o, 01287. + ("= р), е -rV(S,t; K,T) = 


t 
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Finally, for the boundary condition we note that 
V(ST,T;K,T)- 2 VY(z)p( Sp. Т; 2,Т) а2 
0 
апа from the definition of the Dirac delta function 


vy TK D= / VY(z)p( Sp. Т; 2,Т) а2 
0 


= 1 %(2)6(5-- z)dz 
0 
= %(5т). 
Given that the solution of V (S;, t; К, Т) depends on the unknown local volatility function, 


we cannot rely on the analytical Black-Scholes formula to price a European option. In 
general, this PDE has to be solved numerically. 


4. Forward Kolmogorov Equation — Local Volatility Model. Let {W, UE 0) be a P-standard 
Wiener process on the probability space (О, F, Р). We consider an asset price S, following 
a local volatility model SDE 


48, 
[4 


where и is the drift parameter, D is the continuous dividend yield, с(5;, 7) is the local 
volatility function and let r be the risk-free interest-rate parameter. 

Using Girsanov’s theorem, show that under the risk-neutral measure Q, the above SDE 
is 


48, = 
= Dy dt + o(S, DAW, 
t 


where W, is a Q-standard Wiener process. 

Let p(S,,t; S, T) be the transition pdf of the asset price where the asset price is S, 
at time f given that the asset price is S at time Т > f. From the Chapman-Kolmogorov 
equation for AT > 0, 


P(S, t Sp, T + AT) = i P(S, t; z, Т)р(2,Т;5т,Т + AT) dz 
0 
show that in the limit AT — 0, 


д R д 
ЭГ 655r. Т) = -f р(5ь52,Т)--Р(2.Т;5т,7)42. 
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Finally, using the backward Kolmogorov equation, show that pCS,, t; 5т, Г) satisfies the 
forward Kolmogorov equation 


д 1 02 
ar Sehr T) — у-у [er ТУ 51905, 5 7. T] 
T 


д 
+(r = D)— |S7p(S;,,t; S7,T)] = 0 
95т 


with boundary condition 
DG, t; Srt) = (5, – Sr), Vt. 
Solution: At time f, the portfolio II, is valued as 
II, = ф,5, + у, B, 


where B, is the risk-free asset having the following diffusion d B, = r B,dt. Since the holder 
of the portfolio will receive D,S,dt for every stock held, then in differential form 


ап, = $, (dS, + 05,41) + v,d B, 

= ф, (uS,dt + 0(S, )S,dW,) + wr В, а! 
rIl,dt + фи —r)S,dt + ,0(S,,t)S,dW, 
rdt 4-ф,о(5,,1)5, (A,dt + dW;) 


where 4, = ON 
1? 


From the discounted portfolio, 


d(e "TI,) 


—ге "Па! + e "dll, 
е"ф,0(5,,1)5, (A,dt + dW,) 
ф,о(5, Ned W, 


where 


t 
~ и- 
№, = И, +f du. 
: ; 0 с($\„, и) 


From Girsanov’s theorem, there exists an equivalent martingale measure ог risk-neutral 
measure Q on the filtration Z,, 0 < s < t defined by the Radon-Nikodym derivative 


1,2 МЕ: 
2,- 290 Жаи-з Jo да», 


so that W, is a Q-standard Wiener process. Given that under the risk-neutral measure Q, 
the discounted portfolio has no dt term, therefore e^"'TI, is a Q-martingale. 
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By substituting 


into 
dS, 
t 


the asset price diffusion process under Q becomes 
45, же 
— (r — р) dt + o(S,,t)dW,. 
t 
From the Chapman—Kolmogorov equation for AT > 0, 
P(S, tSp, T + AT) = | DS, t;z, T)p(z, T; Sp, T + AT) dz 
0 


we can write 


DG, t; Sp, T + AT) — p( Si, t; S, T) 


- ШЕ t 2, T)p(z, T; Sp, T + AT) dz — р(5,,5 Sp, T) 
= М 1; 2, T)p(z, T; Sp, T + АТ) dz 

- [noz Toe Ti Sr Da: 
= ШЕ і,2,Тур(2,Т;5-,Т + АТ) dz 

— ШЕ t; 2, T)ó(z — Sp) dz. 


By dividing the expression with AT and taking limits AT — 0, 


рС5,, t; ST, T + АТ) zx р($;, t; ST,T) 


lim 
АТ-0 АТ 
99 р(5,,1;2,Т)р(2,Т;8т,Т-- AT) 
= lim -------:::-:Б->---:---/2 
410 Jo АТ 
© p(S,. t; z, T)ó(z — Sp) 
— шп ------------/2 
47-0 Jo АТ 
R 2,Г,5-,Т-АТ)-6(2- 5 
= lim : рС5,,1,2,Т) D(z, T; Sp, T + AT) — ó(z — Sr) dz 
AT>0 Jo AT 
I Z,T; Sp,T + AT) — p(z, T + AT; Sp, T + AT 
din d Жол огло мл эн Ӯ 
АТ-0 /0 AT 
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Since 


5, Бот, Г + AT) – p(S,,t; St, T 
lim pS; Т ) = р(5, т» Г) а 9 XS, t; Sp, T) 
АТ-0 АТ дТ 


апа 


D(z, T; Sq, T + AT) — p(z,T + AT; Sp,T + AT) 
m l—————————————————( 


д 
---тр(2,Т; Sr, T 
AT>0 AT MU M 


thus 
2 (8,55 п=- |. (8,52 т). (2,Т;5т, Г) dz 
or? рет» — F р р бэ 65 or? , DT» . 
From the backward Kolmogorov equation on p(z, t; Эт, Т) for the local volatility model 
ОО ACES EGA р ин б ту—0 
ә? abo T> 2 ? 922? st, 2T» dz st 2T» p 
we have 


д 
ЭГ e^ Sr. T) 
d д 1 222 02 
= рС5,,1,2,1) |(r— D)zzz p(z, T; Sp, T) + zo(z, T) z —p(z, T; 8-,Т)| dz 
0 д 2 922 
= i (т — Пу2р(8,,1; zT) p. T; Sr,T)dz 
0 2 


2 


А 1 1 бүс, ТУ z!pGS, t: zT) 2— p(z, T; Sq, T) dz. 
o 2 oz? 


Integrating by parts for J (r — D)z p(S,,t; 2, T) pz. T; Sr,T)dz, we let 
0 2 


dv д 


u = (r — D)z p(S,,t,z,T) and -----р(2,Т7;5-,Т 
so that 
— = — [(r - D)z p(S;,, t; 2 T)| and v= р(2,Т;5т,Т) 
J J ро“ ‚әт, . 
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We then have 


^ (r— D)z pGS,. t: z, T) p.T; Sp,T)dz 
0 2 
= (r — D)z P(S, t; z, DPC, T; Sp, Do 


-/ p(z.T; Sj. T) [(r – D)z p S,. t; z, T)| dz 
0 Z 


- -/ р(2,Т; Sj T). [(r — D)z P(S, t; z,T)] dz. 
0 


со 2 
Taking integration by parts for / ЫН Т)? 22р(5,, t; 2, Т) 0р. Т;5т, Г) dz, we let 
0 2 


и= 1x ТУ 22р(5,,1:2,Т) and dv _ д (z, T; Sp, T) 
2 ? р 17 5э 6» dz 922? E) ӘТ» 
so that 
И = 2. | ос, TKST] and v= Jp. T; Sr. T) 
and hence 


99 2 
1 Lolz, TY 28,2, T) 25 pz, T; Sp, T) dz 
о 2 922 
1 2_2 д uj 
= го(@,Т)°2°р($,,1; 2, T pzTi;Sp,T) 
2 д2 0 
-Г 92 ет y. Е Ту222р(5,,1;2 т) 4: 
0 dz ? YT д2 2 , р рт“ 


ЫГ дп 
= -/ 3; PU Т; Sp. Т) [5e T? zo, rz. T) dz. 


Using integration by parts again, we let 


[so T3965, с, Т)] and T = бор Ti Sp T) 


= 
Ї 
| 


so that 


du - ЕЕ TY 2 (8,52 т) and v= p(z,T;S87,T) 
dz 02212 `” ESS RE 
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and therefore 


со 2 
| 1 бүс, Тарб, 2,Т) 2 plz, T; Sp, T) dz 
о 2 922 
д [1 50 P 
eh [5e T) Р р(5ы1; Т) p(z,T; Sp,T) 
д2 12 0 
оо 92-11 - 
+ [| PET: Sp T), | o. TY 2065, tz. T)] ас 
0 922 2 
оо ari Eh 
= | T: Sp T) [ze T) Р p, tz. T) dz. 
0 oz? 2 
Thus, 
д . 
эт? Sr. T) 


- -/ р(2,Т; Sp. T) [(r — D)z P(S, t; z, T)| dz 
0 


со 2 
+ / PET: Sp. T) 5 | уо(а,Т)?г?р(5ыл,Т)] dz 
0 922 2 


f a pil ð 
= i ( a [so TP $, [; 27) x [(r — D)z pCS;. t; 2, T)] } ó(z — 5т) 42 
9? [1 22 | д 
=< |34(81.7) 8ір(8,8т.Т) == [ir — D)SppGS,. t; Sr. T)] 
T 


and rearranging terms we have the forward Kolmogorov equation 


д 19 
agr Sen Sr D - 3 [с($т„ TY S2.pGS,. t; Sy. T)] 


T 
д 
+(r = D)—— [S7p(S,,t;S7,T)] = 0 
0S. 


with boundary condition 


DS, t; Sp, t) = 6(S, — Sq), Yt. 


сл 


. Dupire Equation. Let {W, UE 0) be a P-standard Wiener process on the probability 
space (Q, F, Р) and let the stock price S, follow a local volatility model with the following 
SDE 


45, 
“үс = (и- D) а о(8 DAW, 
1 


where и is the drift parameter, D is the continuous dividend yield, с(,,,/) is the local 
volatility function and let r be the risk-free interest rate. 
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Let р(5,,5 5т,Г) be the transition pdf of the stock price where the stock is worth 
S, at time f given that the stock price is Sp at time Т > t. We consider a European 
call option written on S, with strike price К > 0 expiring at time T > t with payoff 
V(S5.) = max( Sr — К,0) where, under the risk-neutral measure Q, the option price at 
time f is 


C(S, t; K,T) = e "1 E? | max{ Sp — K,0)| F] 


= ай! шах(2-4СК,0)р(5,,1,2,1Т)42. 
0 
Show that the following identities are true 


д д 
zre- Kek zE К) -(2- К) 


Эрс ---(2- К) 
д2 
д? 
a )- —5(2- К) 


By using the forward Kolmogorov equation and the above identities or otherwise, show 
that С(5,,1,К,Т) satisfies the Dupire equation 


дС 


aC eee c 
oT 


= ToK, T? 2e DKS- + DC(S,t K,T) = 


with boundary condition 
C(ST, T; K,T) = max( Sr – К,0}. 


Explain the significance of this equation. 
Finally, deduce that a European put option price P(S,, t; K,T) written on 5, at time f, 
with payoff ®(5т) = max{K — 5т,0} expiring at time Т > t, satisfies 


ОР 


=з. lo. Te Roe is 
oT 2 К? 


+ (ғ ЖЭ + DP(S,,t;K,T) = 


with boundary condition 


P(Sr,T; K,T) = max{K - 5,0). 
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Solution: To show the first identity, we can write 


д д 
zu P = (z-K* K)jgG-K) 
= @- K) z- K) К-®(@-К) 
=-(-К)+К-®(ш-К) 


-К-%(а-Ю)-(-К). 
As for the second identity, we note that 


д д 
24-Ю-і---а-К) 


Finally, 
= lage ® 
= Zt — K). 

By definition 


С(51; K,T) = e "1 E? [max{ Sp — К,0 Z;] 


sp max{z — К,0}р(5,, 1; 2,Т) dz 
0 


E puer (2- K)p(S,,t; z,T) dz. 
К 


Differentiating C(S,, t; K,T) with respect to Т and from the forward Kolmogorov equa- 
tion 


д 1 02 
gp Seb 5т.Т) - 5 [o(Sp, TY  S2.pGS,, t; S, T)] 
T 


д 
+(r — D)—— [S7p(S,,t;S7,T)] = 0 
д5т 
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we have 


aC _ 


pe в / (2- Кур(8,52,Т)4: 
oT E ; 


T д 
-е”"(-0) - К)--р(8,52,Та 
е А (z - K) yp (S 5 z T)dz 
со 2 
= —С(5ы; K,T) + 1e 077 / (бж? [о(2, Т)222р(5,, 6; т, Т)| dz 
2 К 922 


-(ғ- D)e 179 / G22 |z P(S, t; z, T)] dz. 
K д2 


Integrate by parts for / (z — юэ Р P(S, t; 2, Т) аг апа let 
К 2 


dv д 
= ^ K 2. y Er 5 Jf; ‚Т 
и=(2 ) TET [z p( НЕ ) 
so that 
a = “(а-Ку=--©(:-К) апа v — Zp(S,t;z, T). 
Therefore, 
Y д 
/ (2- K)— |2р(5,1;2,Т)| dz 
К 92 
= @- K)z P(S, tz TJ «f z (S, t; z, T)-5-(z — K)dz 
K oK 
= ] WS tz Toe - K)dz 
= А [к-® - K)-(z- к) р(8,52,Т)42 
= к/ 9 |z- K)p(S t; z, T)| dz -/ (2- KOpS, t; z, T)dz 
к 9К Е 
апа һепсе 


SITO / (z — K)2- [z (S, t; z, T)] dz 
K д2 
E ket | 9 (с - K)pGS,. t; z, T)] dz 
к К 


cu Tcp 1 (2- K)p(S,,t;z,T) dz 
K 


aC 
= К -C(S,.t; K,T). 
ak С: ) 
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со 2 
For f (z— юу? [o(z, Т)222р(5,, t; Z, Т) dz we let 
K 922 


и-(2-К) апа dv д [o(z, TY Z2 P(S, t; 2,Т)) 
dz oz? , р Е Ва 


so that 


ан = 2: -К) and v= 2 [o(z, TY 22р(5,,1:2, Т) 


апа ШегеТоге 
“© 02 2,2 
1 (-Ю55 [о(2, Т)222р(5,,1; 2,Т)| dz 
К 
д оо 
= (&- К)-- [о (а, TzS, tz T] 
2 К 
° д д 2.2 
-] 56-03 lo(z. TY Z2 pGS,, t; 2,Т)| dz 


=. -/ 3: 2 Ex [о(2, TY Z2 P(S, t; т, T)] dz. 


To integrate -/ 24, - ку. [o(z, Т)? :?р(5\, 5;2, Т) dz we set 
K д2 д2 


w= бек) за222-2 (6(2,Т)722р(8,,1; z, T)] 


92 dz дт 
so that 
du 9? 2,2 : 
Ше = 229 —K) and v-o(z TYzp(S,t;z,T) 
and hence 


со 2 

- | ею [о(2, Т)222р(5,,1; 2,Т)| dz 

К 922 
= - c(z, Tz! jS, z, T)2- (a - к) 

д2 К 
+f c(z, T z2p( S, t; z, T) —(z — K)dz 
K 922 
со 2 
= o(K, TY K? p(S,, t; KT) + "i c(z, TY р(8, Т) - К)а= 
К 


= c(K, TY K?p(S,, t; К,Т) 


o? 


экз - К) = 0. 


since 20 — К) = 1 and 96 -К)- 
д2 922 
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Given that 


С _ 201 
К 


OK? ӘК NOK 
= 2 |) e [(z – К)р(8,52,Т)| dz 
OK к OK | 
со 2 
- em —p(S, t; К Е д а-ю-/ Ze- К)р(5,,1,2,Т)42 
К 


=e ps LK, T) 


therefore 
Lou E - кә. [о(2, TY Z2» p S, t; 2,Т)| dz = ТСК тук2%С 
2 К 922 М t? 2 + 2 2 әк?” 
Thus, 
B z-rC(S, t K,T) + 50K, туко - -(r-D) [к -С(5,ЕК, т) 
ОГ 


oC 1 2K 20°C 
— — ~0(K,T pepe DC(S,,t; К,Т 
ar 2901) К ax К + РСС. = 
with boundary condition 

C(ST,T; K,T) = шах{5т — К,0}. 


From the equation, we can write 


ac 
2(< r- DKÊE DC(S,,t; K,T)) 
ar t ) aK + (8, ) 


o(K,T) = 
p?)?c С 


ок? 


such that given the current spot price ,5,, the local volatility function o(S,,t) сап be 
obtained from market quotes of call options of arbitrary strikes К and expiry times Т. 
From the put-call parity 


C(S, t; K,T) = P(S,,t;K,T) + Se Р — ke (17 
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we have 


OC ӨР Hse DES D ьуКе”"Ч-9 


oT oT 

9C ӘР _—+т-› 
К OK 

oK? оқ? 


Substituting the above information into the Dupire equation for С(5,,1; K,T), we have 


ВЕ DS, ee Kee Hes lo, r E д°Р 


ОР 
=. D K э 
9Т халтай Е әк“ 


+D |Р(8, К,Т)-5,е 24-0 — Ке-Т-9-0 
ОГ 


21 о(к,ту 


кайр 
oT OK 


> t¢r ке + рР(8,5К,Т)- 


with boundary condition 


P(S7,T;K,T) = max(K — Sy, 0}. 


е 


Time-Dependent Volatility. Consider a time-dependent (ог term-structure) volatility func- 
tion о(1) and the implied volatility function Simp (f, Т), which is a function of t and T, T > t 
and assume their relationship is defined by 


o2 (,Т)- к= / «зоо 
бітір T-t ; : 


For two given expiry times Т) < T5, show that 
T) 
у] c^(u)du = (T, — сз Ts Dey oo T). 
1 
If the volatility is a piecewise constant over the time interval [T], 15|, find o(u), Т < u < 


T5. 


Solution: By definition 


T) T Т, 
1 с2(и) йи = / с2(и) du -f c^ (и) du 
T| t t 


= (T; — 002. (t, T) — (Тү — to 


imp 


(t, Ty). 


imp 
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Assuming 
Т; 
|, 6? (и) du = o?(u(T — Тр), T, <u < Т» 
T, 


and using the above result, we have 


c^(uXT, — Т) = (T; —t)e2. (t, Ty) - (T, — 002 (t, Ti) 


imp imp 


or 


(T, — (62 (t, Tj) - (Ту — 002. (t, T) 


imp imp 


T-T 


с(и) = -ТІ <и<Т,. 


7. Relationship Between Local Volatility and Implied Volatility. Let the relationship between 
the market-quoted call prices C(S,,t; K,T) and their corresponding implied volatilities 


Cimp(S;, t; K,T) be given by the Black-Scholes formula 


C(S,, t; K,T) = бе РЭ фаир) – Ke aa?) 


log(S,/K) + ("= D+ 502 MT =F 


d 
E Oimp УТ -t 


* 1 
where Ф(х)= ha е 2 "dx is the cdf of a standard normal and бүр = 
2л J=% 
Cimp (S; t; K,T). 
From the Dupire equation, the local volatility o(K, T) is extracted from 


2 (2 + (= рук 9© + рс(8,5 К,Т)) 
20 дТ дК 
o(K, TY = = 
20°C 
oK? 


By writing the Black-Scholes formula in the form 
C(S,t; К,Т) = SN- КМ, 
where N, — e DT-0g(qimP), N, =e"? @(di™?) and using the property 
dim? = gimp + gi (Sp K,T) VT -t 


show that 


7.2.2 Local Volatility 707 


(а) 5, = K s -0 
a es 
imp i 
(b) дау Е дар Ж бтр 4 VTi imp 
8I. T г oT 


дай? — ggimp 


+ - їтїр 
5 =VT-1 
SIRO OK OK. 
даітр gimp Qo. 
dece Mo кессе тэ 
OK Коу бир ДК 


Hence, using the above properties or otherwise, show that the local volatility function in 
terms of implied volatility is 


до; до; 
2/ E pep == hc =) 
o(K, T}? аж aK CIT 
д д2 oi p К 2каү? Dimp | K2d'™P qimp (s =) аг 
дк? Simp T-t К бітір бітр Т-і 
Solution: 


(a) Using the identity ae = а — бир V T -1, from Problem 2.2.4.1 (page 218), we 
can easily show that 


ерт) e71? = Ke" T-0,-5 (dim 
t 
or 


Кы н ey age ay 
V 2a V 2a 


which implies 


and hence 


ðN, _ Nr 
274 NU 


(b) From Gar = ар = Simp VT — f and taking partial derivatives with respect to Т, we 
have 


дбітр 


да"? дай Отар 
— = PVE St 


Т ӘТ т oT 
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(c) From ee — gimp = биш V T — f and taking partial derivatives with respect to K, we 
have 


да"? — ggimp | 
+ = imp 
uc 1-2 ТЕТІ 
9К 9К 9К 


log(S,/K) + (r — D — 102 XT — t) 


imp 


(d) From аїр = and taking partial derivatives with 


respect to K, we have 


K бітір OK. 
ын 02 
ок буур — t) 
до; 1 
VT —t = (1о8(5, /K)+ (r-D- 50 op) (T -0) 
E, 
agn 
— UN pu imp _ di DP дор 
Ko T -1 OK Simp OK 


2 1 Е (2 + ут!) 55 бітр 
Kop VT -: Ni | 


imp 


Using the above information, 


imp 


с DS,e PT -Dgyq' PP) + бе) 


oT 
imp 


+rKe "(T -0gy(gimp) e Ke" (T 70g! (qim) да" 
= 7 oT 


aN, да"? ам, дан 
= —DS,N, +rK N, + S,—— 


>a oT дат? дТ 

әм, (od? дан 
=-DS,N,+rKN,+K " 22 - 

дат? oT oT 


ON, 
= —-DS,N, +rKN, +K 


б; до, 
шар ЧАТ: imp 
да"? Vo /T -1 oT 
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ac Е 
(ғ- рук == -(ғ- р)К Se DT Dg а РР) —е T-Dgy(qimp) 
дар 


-Ке”"Т-Оф/ (qimp) 23 
- oK 


imp imp 
-(ғ- DK | Ke"! (qim) шог 
S ак OK 


—e 'T-Dgy(qimp)| 


ON. 00; 
= (r — DK? —+ JT -t— - (r- D)KN; 
m OK 


DC(S,,t;K,T) = DS,N, - DKN, 


and 


д2С д Шр дбітр 
К22---К21-14|К VT -t -N 
дк? E ( IS aK Е 


ON. до, ` ƏN, дат? до; 
БЕ 2 2 r; imp 2 їтїр 2 2 In... imp 
s р PE cde да"? OK шиг: 
" | 
+K oN, па Oimp E дм, да'"р 
да!" oK? дда"? OK 
ON. дбіш да? doin, 
КО |vVT -t— -KVT - td™ m 
да!" | дК Е OK OK 
д бар odimp 
+КУТ -t ---- 
әк? дК 


дК | ЭР дК 
шар 
ON. dimp до; 926, 
equ |2| тер | — +KVT -t — 
дал р бтр OK OK 
| dimp до; 
+Kd™P VT -t| a Pt ( =| l 
imp дк Komp VT =t 


710 7.2.3 Stochastic Volatility 


әм, [247 926; 
= к?—- йык ы fag = 
дат”? бітір ок дак? 
dim? gimp де. 2 
+K| == |vr-t ( =| de o 
Pimp OK Кор Т-і 
= ON, VT к? д? сүл кау дбітр 
да. К? & т; К 
imp 
А К 2gimPgimp ( дбітр ) А 1 
бітр OK Simp T —t 
Gathering all this information, we have 
06; 
2( 2 5 (жаз mx? ME есі =.) 
2 oT OK +2т 
o(K,TY = 2 imp 2 imp А 
s д“бітр 2Ка, dimp | K^d, а" imp = {те ЭЕ Е ЛСА 
9К? бі T-t 224 Simp бітр T —t 
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1. Generalised Stochastic Volatility Model. Let 1124 : t > 0} and (wr : t > 0} be two cor- 
related P-standard Wiener processes on the probability space (О, 2, Р). Suppose we have 
a stochastic volatility model having the following diffusion processes 


dS, = (S, Y, DS, dt + «(Ү,05ау/5 
ЧУ, = a(S, Y, t)dt + P(S, Yp DA WY 
ауу - dW,” = pdt 
where S, is the asset price which pays no dividends, o(Y,,t) is the volatility process, 


и(5,,Ү,,1), а(5,,Ү,,1) and f(S,, Ү,, f) are continuous functions and р е (—1, 1) is the cor- 
relation. In addition, let B, be a risk-free asset having the following differential equation 


dB,=rB,dt 
where r is a constant risk-free interest rate. 
By defining (W, : t > 0} as a standard Wiener process where W, JL Ww , show that we 


can write 


W? = РИ + V1- gw. 
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Using the two-dimensional Girsanov’s theorem, show that under the risk-neutral measure 


Q, 
dS, oS 08-08: (гай! "EVI Ра) 
ау, = [а(5,,Ү,,1) — у,8С5,Ү,0)| dt + 865, У, даи 


where W, and wy are Q-standard Wiener processes and у, is the market price of volatility 
risk. 


Solution: For the first part of the solution, from ws = pw + Ү1-р2И/ we have 


Е(И/5) = EWY + V1 — pW) = pEQV) + V1 р2Е(И,) = 0 


and 
Var(W,5) = Var(pW,” + V1 — PW) = PVW) + (1 — p?)Var(W,) =t. 
Given both wy ~ №(0,1), W, ~ .N'(0,f) and wr L W, therefore 
pW. + V1- gW, ~ N 0,t). 
In addition, using Ito's formula and taking note that wy ШИ’, 


а> .dWY = ари + УТ - р?и) аи! 
= (оа! + V1- gdW): dw» 


= p(dW y. + V1- p2dW,- dw” 
= pdt. 


Thus, we can write И/ = pW,” + /1— g?W,. 
Under the P-measure we һауе 


dS, = и(8,Ү,08,4-- oY, ÒS, (м - dW, + paw,” ) 
dY, = a(S,,Y,,t)dt + P(S, Y, даи 


and by defining 
22) 1 
И! = + ү y, du 
0 
sd t 
W, = W, +f A, du 


where y, is the market price of volatility risk and 4, is the market price of asset price risk, 
and since W, 4. wy , therefore W, 4. ТАЙ 


712 7.2.3 Stochastic Volatility 


From the two-dimensional Girsanov’s theorem, there exists a risk-neutral measure Q on 
the filtration Z,, 0 < s < t defined by the Radon-Nikodym process 


1 rt t 1 
dQ _ 25 е- Jo Mdu- Ју A,dW, , 2240 Y2du- fy y,dW, 
аР 


so that W, and wY are Q-standard Wiener processes and W, 1 Wy. 
Let X, = e™™ S, be the discounted asset price, and from the application of Ito's formula 


OX, 19 

ді 25, 2 sx 
не" S dt + ет" o + = o(Y,,t)S,dW, 
+po(Y,,t)S,dW,” ) 
—rX,dt + WS,,¥,,1)X,dt + V1- po, X, dW, + po(Y, t)X d WX 


o(Y,,t)X, (ee) dt+V1—p2dW,+ paw? | 


с(Ү,,1) 


ТЕ m 
oY, DX, (242) dt+ ут 2 (div, = ^а) 


о(Ү,,1) 
+р ША 2 nat) 


S,Y,t)— 
(У, 0)X, Ї (42) - V1- 024, 52 dt 
1? 


 V1- рай + ра | | 


+42 


2 25245 №? + 


ах, 


To ensure that е”, is а Q-martingale, we therefore set 


HOS, Ү,,1) – ғ 
V1- pA, + ру = —— — —. 


с(Ү,,1) 
Using the above relationship and substituting 


dW, = dW, — да! 
dWY = aW – уа 


into 


dS, = MSp Yp DS, dt + 00,05, (= Paw, + paw | 
dY, = a(S, Y, t)dt + CS, Y, ам} 
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the asset price under the risk-neutral measure Q becomes 


dS, = WS, Yp DS dt + УЛ — 0Y, tS, (dW, — Ай!) 
+po(¥,,t)S, ША - мш) 


= S,dt + УТ- polY,,1)S,dW, 4-ро(Ү,:1)8,4977 
and the stochastic volatility under the risk-neutral measure Q is 


dY, = [a(S,,¥,.1) —7,H(S,, Yp 0] dt + BCS, Y, аи. 


2. Backward Kolmogorov Equation — Stochastic Volatility Model. Let 1125 :t 20) and 
(W? :1> 0} be two correlated P-standard Wiener processes on the probability space 
(Q, Z, Р) and let the asset price S, follow a stochastic volatility model with the follow- 
ing SDEs 


45, А 
1 


do, = a(o,,t)dt+ Blo, паи’? 
dW, -dW? = pdt 


where и is the drift parameter, D is the continuous dividend yield, o, is the volatility pro- 
cess, a(o,,t) and р(с;, t) are continuous functions, p € (—1, 1) is the correlation parameter, 
and let r be the risk-free interest-rate parameter from the money-market account. 

By introducing (Z, : t > 0} as a standard Wiener process, independent of W7, show 
that we can write 


S = 
И” = ри’? + ү1-д022, 


Using the two-dimensional Girsanov’s theorem, show that under the risk-neutral measure 


Q, 


dS, = (r— D)S,dt + 0,545 
do, = à(o,.t)dt + В(с,, ай 


where ws = pwe +у1- р22,, Ws and 2 аге Q-standard Wiener processes, Ws L 
Z, and @(o,,t) = a(0,, f) — y,B(o,,t) such that y, is the market price of volatility risk. 
Using Taylor’s series, show that for a definite integral of a smooth function f(x), 


b 
b 
f fa) du = f (25 )%-д-о(0-а)) 
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and hence show that under the risk-neutral measure Q, 


E? [Saar 5] A] = C- Р) At + О ((Ary)) 


1 
t+5At 


5 1 
ЕО Jonn- o;| &] = 8 (o. iat? 244) At + О ((Ary)) 


ЕС | 84-50: 5 =o, S? At + О ((402) 


1 1 
t+5At +541 


2 | ae 
EO | (ica: - o) A -0 (o. iat Ч 244) At + 0 ((At)?) 


ЕЗ | (5 HAt T S,) (ТТ = 6,) 


1 
F] = ph ( Pred lapt + 541) о бым ді 


2 
+O (аг) 


En (Saar = sy 
2 


| |y] -o 
ЕО | (Sas Е 5) (бум E 21 A =0 
) Es | о 
СЕ 


for At > 0. 

Let р(5,, 0,, t; Эт, от, Г) be the transition pdf of the asset price, where the asset price 
and volatility are S, and o, at time 7, respectively given that the asset price and volatility 
are Sy and o at time Т > f, respectively. From the Chapman—Kolmogorov equation for 
At > 0, 


p(S, o0, t At; Sp, o7,T) = 1 | рС5,, Opt — Ақх,у,Әр(х,у,5 Sp, бү, T) dxdy 
0 0 


show that by expanding p(x, у, t; Эт, от, Г) using Taylor series centred оп S, and с, up to 
second order and taking limits At > 0, р(5,,6,,1;5т,бт. T) satisfies the backward Kol- 
mogorov equation 


д д? 
9,965, б1; Sp op, T) € 5 29252 ac шш 


Tz 566,0) An ST, от, Г) + ppo, — P(S, 0, t; 5р,бт,1) 


06,5 д? 
ІЗ дб (95, 
д р ~ д : 
+(r — D)S, ХАВЧ t; Sp,o7,T) + 0(б,, a PSs o, f; Spy, op, T) = 0 
t t 


with boundary condition 


Р(5,,6,,1,5т,бт.Ә = (05, —Sp)ó(o, – от), Vt. 
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Note that if (W, : t = 0} and (B, : t = 0} are two correlated standard Wiener processes 
on the probability space (©, F, Р) with correlation p Е (—1, 1), and if f and g are simple 
processes, then the covariance between the Ito integrals 


t t 
па FOW,.s) dW, and J, = f 8(В;,5) dB, 
0 0 


:1(/ ОА (/ 73] 
0 0 


1 
Se (/ fW; s)g(B,. s) qv. B), 


t 
Е (/ fW, s)g(B,, s) as) 
0 


п-1 


(и, В), = lim ХУ, - W,X(B, 
i=0 


| 
> 


where 


- B,) 


i+] 


such that ¢; = it/n, 0 = ty < tj <h < <t,_) «t, =tn EN. 


Solution: To show that we can set W,° = pW,? + /1 — p?Z,, 2, 1 И, see Problem 
7.2.2.1 (page 685). 
We define 


where 4, is the market price of asset risk and y, is the market price of volatility risk. Since 


2, L №, we can easily deduce that 7, 1 ws. 
Let the portfolio П, be defined as 


II, = ф,5, + yB, 


where ф, units are invested in risky asset S, and y, units are invested in risk-free asset В,. 
Given that the holder of the portfolio will receive D.S,dt for every risky asset held, thus 


dll, = ф, (45, + DS,dt) + v,d B, 
= $, (uS,dt + o,S,dW 3) + y, (rB,dt) 
= rlLdt + $,5, іш -dt +o, (paw? + y1- 2221 | 
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By substituting 


dW? = dW? — y,dt 
dZ, =ай, — дай 


into АП, we have 


ап, = Па! 
+ф,5, ІШ аъ, (ра — py,dt+V1— 242, - VI- 2131 
= "Пий 


+ф,5, | (и-"- (ри + I= p22,) о) dt +o, (рай? + I= paZ,)]. 


Since we and 2, are Q-martingales, and in order for the discounted portfolio eT, to 
be a Q-martingale, 


d(e "II,) = -re "TI,dt + e "dll, 
=e Q.S, ІС -ғ- (or, -ү1- 22) 2 dt 
to; (рай +у1- PA 
we set 


и- 


ру, + V1- 024, = 


Hence, by substituting 


dW? = dW? — y,dt 


dZ, = dZ, — да! 
H—r 


б, 


ру, + М1 - 024, = 
into dS, = (и — D)S,dt + 0,5, (paw? ут 247, ), we have 


dS, = (и — D)S,dt + 6,8, (007° — py,dt + М рай, — МТ аа) 


84 
= (и- D)S,dt + 0,5, (рае + Ү1-р42)-о,5 (р, + У Ph) at 
84 


= (и — D)S,dt + 0,5, (рай + V1- EA – 015, Е - ) dt 
с 


1 
-(ғ- D)S,dt + в,5, (рай; e 42.) 


= (r - D)S,dt + о,5, А. 
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In contrast, by substituting 
dW? = dW, — y,dt 


into do, = a(o,,t)dt + B(o,,t)dW,°, the instantaneous volatility under the О measure 
becomes 


do, = a(o, Ddt + Blo, t) (div? Р dt) 
= (a(6;,t) — (0.1) dt + blo, dW,’ 


= а (о, t)dt + plo, dW 


where @(o,,t) = a(o,,t) — у,В(с,,1). 
To show that 


b 
b 
/ f) du = f (25 )%-д-о(0-а)) 


for а smooth function /, see Problem 7.2.2.2 (see page 687). 
From 


dS, = (r — D)S,dt + о,5 45 
do, = Go, tdt + plo, Dd WS 
аи 5 -dW° = pdt 


and taking integrals 


t+At t+At t+At "m 
| dS, = / (ғ- D)S, du + J c,S, CWS 
t 1 1 


t+At AL t+At = 
] do, = / а(с,,и) au f Вси) амо 
1 1 1 


we һауе 


t+At t+At 2 
Siar T Sy = j (r - D)S,du + ! с,%, dws 
t t 


AL t+At = 
Orat — Of = / a(o,,u)du+ Ї В(с,,и) dWw?. 
t t 


Taking expectations, using the approximate integral formula and Ito calculus, 


t+At t+At ЫЗ 
E? [Sua — 51| Я] = -D | S, du + E? J 6,5,dWs 
t t 


=("- D)S 


1 
+541 


4 


At + О((АР)?) 
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d 


t+At t+At 2 
p? | бусдад xd 21 F] = J @(с„, u) du + ES / B(o,,u)dW? 
t t 


я 1 3 
EY (бад t+ 244) At + O((At)) 


2 


t+At 
E? | ca — S| Я -(ғ- р) 1) 22 
1 
t+At t+At PE 
+2(r — D) (/ 5, D ER i 0,5, CWS 
1 1 
t+At 52 2 
ЕО (/ o, S, айр) F, 
t 
t+At 2 t+At 
=(r- р)? (/ 22 «f o? S? du 
t 1 


22222 2 2 
i EET "00897 


t+At 
Е9 [eu - o|z| = ( 1 lo, u) du) 
t 
t+At t+At P 
+2 (/ ic, du) ES / Plon u) aW? 
t t 
t+At xA 
E [ P неда) 2 
1 
t+At 2 t+At 
= (/ ic, du) «f В(с,,и)? du 
t t 


2 
= р СЕ 5л) At + O((At)?) 
2 


d 


+ 


2 


d 


+ 


Ee [Gas — 5 (бл, — 23) F] 


t+At t+At 
=(r—D) (/ 22 (/ 22 
1 1 
t+At t+At ыг 
+(т— D) (/ 5, D pa / pon u) dW? 
t t 
t+At t+At р 
+ (/ 2 ES / c, S, аЗ d 
t 1 
t+At m t+At Бе 
+E? (/ г,8,487 | (/ дамай) 
1 1 
t+At t+At 
=(r—D) (/ 22 (/ 22 
1 1 


4 
d 
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+ 


t+At "t -— 
Е [f oe WS, 4.7, d 
1 


t+At t+At t+At 
=(r—D) (/ 5, 2 (/ а(б,,ш) 2 + of с, (с,,и)%, du 
t t t 


1 
ayy, (ә t+ 54t) ыы Lia O(AtY)) 


Зи | (Sas = 8) | A 


t+At 
= (r— р)? (/ S, du) 
t 
t+At t+At 
43(r — р)? (/ 5, D po 1 SS, CWS 
t t 
t+At t+At 
43(r — D) ( ! 22 ( | 222 
$ t 
t+At t+At 
+ (/ с2,52 2 ES / c, S, dW |, 
1 1 


= О((А/?) 


3 


2 


4 


EP | (5 ҺАР” s) (ол; — 21 F| 


t+At 2 t+At 
=(r- р)? ТІ 5, ш) (/ 222 
t+At | t+At 
+2(r — D) (/ 5, 2 (/ а(с,,и) 2 
t t 
t+At 
cQ / e, S, ам 2 
t 
t+At t+At 
+ (у (o, , u) 2 (/ 6252 du) 
t t 
t+At 2 t+At 
+(r — р)? (/ 5, 2 Fo [fi We, dw) 
t t 
t+At 
+2(r — D) 1i 5, 2 
t 
t+At LEAL 
ЕН [fi Sa) СІ We, idw) d 
t t 
t+At t+At 
+ b siste) ЕЗ (/ дарадан) d 
t t 


= O((At)) 


x 


d 


х 
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En | (Sas — S;) (6:5; z 23 A 


TAL t+At 
=(r—D) (/ 5, D [| 22 
| 1+А1 ' t+At 
+2(r — D) | 5, ш) (/ а(б,,ш) 2 
[4 1 
TAL 
nl 
£ 
FAC t+At 
+(r—D) (/ 5, au) (/ B(c,, uy? 2 
1 1 
t+At 2 t+At 
«(f ic, du) Е n oS, CWS 2 
Ї 1 
t+At 
+2 (/ AlO, U) du) 
1 
t+At TAL 
o [( ne) em) 
1 1 
t+At t+At 
+ (/ (c, uy? D Е / oS, CWS 2 
Ї 1 


= О((44)2) 


2 


х 


х 


4 


апа 


3 
ЁС | буд - о) | F] 


t+At 
= (/ A(O, U) du) 
t 
t+At t+At 
+3 (/ а(с,,и) 2 Ee / B(o,,u)dwe 
t t 
t+At LEAL 
+3 | | Xlo, U) du) ( / (c, uy? D 
t 1 
t+At t+At 
+ (/ В(с,,и)? 2 Fa [| popud Ws 
t t 


= O((At)’). 


3 


2 


d 
d 


From the Chapman—Kolmogorov equation we һауе 


p(S, o0, t — At; Sp, T) = | / Рр(8,,6,1- Аб; х, у, p(x, у, ё; 5т, от, T) dydx 
0 0 
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and expanding р(х, y, t; Sr, от, Г) using Taylor series centred on S, and o;, 
р(х, У, t; ST, or, Г) = = р(5;, бу, t; юэ бт, Т) 
+(x — 59557 ag e, t Sp, op, T) 
+(у - 22 Opt; Sr, op. T) 


+e- sp тэ сы; Sp o. T) 


Ts jo- o, EE 


Hx- SHO — 6) =a lS о,,1; Sp, op, T) 


д? 
00,05, 
*O(x — S) + O(x — SO 01) 
*O(x — S) — 5,7) + О(у- o). 
Substituting Taylor's expansion into the Chapman—Kolmogorov equation yields 
рС5,,б,,1- At; Sp, T) 
=5„вь5тот T) | | p(S,,0,,1 — At; x, y,t) dydx 
o Jo 
PEA Opt, 8т,бт. n f ni (x — .S)p(S,,0,, t — At; x, y, t) dydx 
05, 0 Jo 


+205, сық ухаа) | / (у-с/р(5,,6,1- At; x, y. t) dydx 
6, 0 0 


д? со со 
+ ee STOT, n f | (х = S, p(S, 0, t— At; х,у, t) dydx 
19 
52262 С Sport) |. is (у= o? p(S,,0,,t — At; x, y, t) dydx 
Р 
Жав 95, — — P(S, ont; Sr, op, T) 


х 13 17 (x — Sy — NPCS, 0, t — At; x, y, f) dydx 
0 0 
+O f | (х-45,У9(5,6,1-Айх,у,1) дуа) 
0 0 


+O P ji (x 2.5, (y — o)p(S, opt — At; x, y, t) dydx 
0 


ul 
+O (/ 1-0 = Sy хэ c,) p(S,, СЇ — At; x, у, t) дуа) 
0 0 


+O 1 (у= EPPS, pt — At; x, yt) дуа) А 
0 
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Since 


D | р(8,6,1- Ақх,у,Уауах-і1 
0 0 


1 | (x — 80р(5,,6,1- At; х, y,t)dydx = (r – D)S „А? 
0 0 2: 
+0 ((A?) 
со со 25 1 
| ү, (у = 0,)p(S;, 0,,t — At;x,y,t) dydx = a (o. iat? 244) At 
+0 ((A?) 
3 rig (x – S,)?p(S,,6,,t— At;x,y,t)dydx 9o? , 52, At 
1+5 1л; 1+5 1л; 
+0 mes 
со со 1 2 
| 1 (y — с)?р(5ү, 0,1 — At; x, y,t)dydx = f C 244) At 
+0 ((A?) 
со со 1 
| | (х – 5,)(у – о,)р(5,, ont — At; x, yt) dydx = pf (o iat 244) 
холм АГ 


+0 ((At)’) 


a Ге - Sy p(S,,6,,t — At; x, y,t) dydx = O ((At)”) 
is [с - S (y — оу)р($\, opt- At; x, y. t) dydx = О ((At)) 
A Ге -5Ху-с)7р(5,6,1- At; x, у, t) dydx = O ((At)) 

А Го - o, P(S, Cpt — At; x, у, t) dydx = О ((А1)) 


then by taking limits At — 0, 


рС5,, бү, t— At; Sr, T) oF р(5,, бі, t; Sr, er, T) 


lim 
At30 At 
-(ғ- р) lim S =z P(S, Op t; Sp,op, T) 


At-0 1+5 22 


ЕСЕ 1 д 
+ lima Gai 244) T Ооо 
2 


1 E 2 д 
оо +» АӨ ы aaa цэцэн 


i 1 
+; Jim й (о Т. bar) Avere. T) 
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1 д? 
+p lim p aa 246 oni La yt 24495 до, as az PSr Ont Sr. от, T) 
+ lim O(At) 
At>0 
and hence 


10252-00. 


- 9 (8, б,,1; ST, от, T) = tas asz on Oo, t; Sp,op,T) 


——~ lS, б,,1; Sr, бт, Т) 


д? 
+= уйе 17-2 5175. б-т, сү, Т) + одо 005 95,25; 


д 
РО$\, Ort; 8т.бт.Т)%4(6,05- LPS, msn Sp,op, T) 


+(r — D)S, — às, 


or 


д д? 
3 e 9e 5 Sp. op, T) LES 95 3 pia б,,1; Sr, oy, T) 


Tz оби дамыды Sr,o7,T) + pf(o;, ----2(5,,6;,1; Sp, op, T) 


t 
ie 5 


+r =, Г), 29. 9 5,6,5 Sp,op, T) T 9(01.1)=— PULL Sp,op,T)-— 


"OS, 
with boundary condition 


Р(8,,6,,5 Sp, от, = (5, — Sp)ó(o, — от), Vt. 
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. Black-Scholes Equation — Stochastic Volatility Model. Under the risk-neutral measure О, 
let TAR t > 0} and (We: t > 0} be two correlated Q-standard Wiener processes on the 
probability space (Q, F, Q) with correlation р Е (—1, 1). Let the asset price S, under the 
Q measure follow a stochastic volatility model with the following dynamics 


= (r - D)S,dt + 0,5475 
do, = à(o,. t)dt + plo, dW 
dW, . 4W? = pdt 


where r is the risk-free interest-rate parameter from the money-market account, D is the 
continuous dividend yield, o, is the volatility process, @(с;, t) and B(o,,t) are continuous 
functions. 

Let р(5,, 0,, t; Sr. от, Г) be the transition pdf of the asset price, where the asset price 
and volatility are S, and o, at time f, respectively, given that the asset price and volatility 
are S and от at time Т > t, respectively. We consider a European option written on 5, 


724 7.2.3 Stochastic Volatility 


with strike price К > 0 expiring at time T > t with payoff (57), where the option price 
at time 1 under the risk-neutral measure Q is 


V(S,o,,t; Ka T) =e" %E® | .Ф(5:3 F] 


= f 1 POPS, o, t; x, у, Тудуйх. 
0 0 


By using the backward Kolmogorov equation, show that V(S,,0,,t; K,T) satisfies the 
two-dimensional Black-Scholes equation 


WV |l оди 29 ду 

— + 5078; + „t wy „t 

дг 2719 952 ; un 9820 ЕЕ 
дү 

D ag: Fe DS -rV (Sp opt, К,Т) = 


with boundary condition 
V(Sp,07,T; K, T) = Ч($т). 


Solution: Given 


V(S, о,,1; K,T) = э |. А V (x)pCS;, Ort; X, У, Т) dydx 
0 0 


by taking first and second-order differentials, we have 


oV _ сан f V(x)pCS;, 0,1; x, y, Т) dydx 
дї 0 0 


ана | ФЕ,» T) dydx 


= re 'T-0y(s,, с, K,T) 


peer 1 Фу 6, t; x, y, T) dydx 


со со д 
Е =е "Г V(x)—— p(S,, с,, t; T)dyd 
95, е / ! 09557 pop ix. У, ) yax 


т. = лі [i Yo VS, о, 5; X, у, T)dydx 
б о Jo б, 
ov т a ГК 2 
— =e W(x) ——р(5,, с, t; x, у, T) dydx 
д5? 0 0 252 1 61 

2 со co 2 
2, - Хи! | B uw o, 5x, y, T)dydx 

t 


ay - 
0o,0S, - menm DA [ ve pag ^ быр x, у, T) d ydx. 
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From Problem 7.2.3.2 (page 713), the backward Kolmogorov equation satisfied by the 
transition probability p(S,, o,, f; Sr, от, T) is 


0282 д? 


д 
ES, бг; брт, T) 5 tas asp ee S7,07,T) 


Tz оби данады 8т.бт.Т)--рр(б), ----2(5,,6;,1; Sy, op, T) 


mss 5 


+(r == Р), PCS, Opt; Sp,op, T) T %(6,05- PALLA Sp,op,T)-— 


ios 
with boundary condition 
P(S Ont, Sp, op, T) = 6(5, – Sq)ó(o, — ст) 


for all t. 


By multiplying the backward Kolmogorov equation with V(,S-) and taking double inte- 
grals we have 


| f W(x) 2 (5, сбх, у, Туй х 
50252 13 9 то); 52 La ыла y,T) dydx 
1 КИП И Ци o? 
t zf(o,, t) Фо) — p( S, 0, t; x, y, T) dydx 
2 о № У 
ct pfo, 06,5 2 3 T(x) 338. mas eR x,y,T)dydx 
со со д 
+(r — ns, | f P(x)— p(S,, 0, t; х, у, T) dydx 
о Jo 95, 
2: цан io д 
ноо | / V(x) — pS, Ont; x, y,T)dydx = 0 
0 0 до, 


2 2 2 
By writing the above equation in terms of aa СН ША ра. апа LaS we have 


ді” 0S, do,’ 282” до? до,д5, 


LT oV oy QV 
e (0-70 Ё —гУ(5,,о,,1, К,Т) + = ET + 506 б), t —. 
2 
орто А + (r= D)S, Ше. + 0.09 | =0 
до,98, " 
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or 


V (1 22У y 


oy 
+ 586 02 т + Pf, 
9, 2 
E P ' д5; o? 


oV 
10,5 995 
о,95, 
+(r — D)5,77- y @(о,, n£ -rV(S,o, t; K,T) = 
Finally, for the boundary condition we note that 
V(S7,07,T;K,T) = | | Ф(х)рС5т,бт, Т; х,у, T) dydx 
0 0 
and from the definition of the Dirac delta function, 
V(S7,07,T;K,T) = 1 | Ҹ(х)р(5т, ст, Т; х,у, T) dydx 
0 0 


= Г ie Ф(х)6С5р- х)ӧ(от — y) dydx 
0 0 
= YS,). 


4. Forward Kolmogorov Equation - Stochastic Volatility Model. Let {ws :t > 0} and 
(W? : t > 0} be two correlated P-standard Wiener processes on the probability space 
(Q, F, P) and let the asset price S, follow a stochastic volatility model with the follow- 
ing SDEs 

45, s 

— = (и – D)dt t o;dW, 

S, 

do, = a(o,,t)dt + p(o, DAWS 


S б _ 
4/5 - dW? = pdt 


where и is the drift parameter, О is the continuous dividend yield, с; is the volatility рго- 
cess, a(o,,t) and В(о,, f) are continuous functions, p е (—1, 1) is the correlation parameter, 
and let r be the risk-free interest-rate parameter from the money-market account. 

By introducing (Z, : f > 0} as a standard Wiener process, independent of W7, show 
that we can write 


з. с 
WS = рие + A- pz 


Using the two-dimensional Girsanov’s theorem, show that under the risk-neutral measure 


Q, 
= ("- D)S,dt +.0,5,dW,S 
o, = (6,041 plo, dW? 


where ws = pwe жу!- р22,, We and 7, are Q-standard Wiener processes, Ws L 
Z, and 0(с;, 1) = a(6;, t) — у,В(с;, t) such that y, is the market price of volatility risk. 
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Let p(S,, с,, f; Sr, от, T) be the transition pdf of the asset price, where the asset price 
and volatility are S, and o, at time f, respectively, given that the asset price and volatility 
аге Sy and ст at time Т > t, respectively. From the Chapman—Kolmogorov equation for 
AT > 0, 


P(S, бү, t; Sr, or, Г + AT) 


со со 
= ] | P(S Ont, х, у, Т)р(х, у, Т; 8т,бт.Т--АТ)й4уах 
0 0 


show that in the limit АТ — 0, 


T со 
д д 
3r 8» t Sp, T)= -f Т р(5,,6,, х, y, Ty». 5т, от, T) d ydx. 


Finally, using the backward Kolmogorov equation, show that р(5,, бү, t; 5т, от, Г) satis- 
fies the forward Kolmogorov equation 


д lg 
эт?» Ont; Sr,or,T)— 2952 |6::52 р), O, Ё; Sr, or, T)| 
T 


1 д? 
=55 5 [Bor Т)°р(5ү, бү 1; Sr. or. T) 
007. 
д? | | 
-p В(от, Т)ст 5тр(5,, 0,1; Sr. op. T) 
дотд5т Т TAT: 42:71 Т-“Т 


д ЭС 
Жо: De ae [STPS cnt; Sp, o7,T)| [&or. T)p S, ont; Sr. or, T)| = 0 
T 


+ ЕЕ 
дет 

with boundary condition 
рС5,, бү, 5 Sp, op, Т) = 6(5,— Sp)d(o, – от), Vt. 


Solution: To show that under the risk-neutral measure Q, the asset price and the volatility 
follow the dynamics 


dS, = (r - D)S,dt + 0,545 
do, = (o, t)dt + В(с,, dW? 


see Problem 7.2.3.2 (page 713). 
From the Chapman—Kolmogorov equation for AT > 0, 


pCS,, б}, t; ST, or, T + AT) 


со со 
= | Ї рС5,, o, tix, у, Т)р(х, у, Т; Sp, от, T + AT) dydx 
о Jo 
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we can write 


P(S Ont, Sp, o7,T + AT) — p(S;, 01t, Sp, o7,T) 


оо со 
- | f рС5,, Ont, x, у, Т)р(х, у, T; Sp,o7,T + AT) dydx 
0 0 


-р(5), бі, t; Sr, бт. Т) 


оо со 
= J f рС5,, Ont, x, у, Т)р(х, у, T; Sp,o7,T + AT) dydx 
0 0 
со со 
-/ / р(5,,6,,5х,у,Тур(х,у,Т; т, от, T) dydx 
0 0 
оо со 
- | f рС5,, Ont, x, у, Т)р(х, у, T; Sp,o7,T + AT) dydx 
0 0 


-/ | р(5,, 0,, 1; x, у, T)ó(x - $т)ё(у — от) dydx. 
0 0 


Ву dividing the expression with AT and taking limits AT — 0, 


р(5;, m t; Sr, Op, T T AT) = pGS;, "m t; Sr, бт. Т) 


АТ-0 АТ 
. © (19% Spont, х, y, Т)р(х, у, T; Sp, op, T + AT) 
= lim Умд— — — — dydx 
At20 Jo Jo AT 
20 [9 (9 KS, o, tx, у, TÓ(x — Sp)5(y — or) 
— lim n_n — —— d ydx 
AT>0 Jo Jo AT 


со со 
li Sp Optix, y, T 
im, / / T Ont Y, T) 


р(х, y, T; Sr, op, T + AT) - (х — Sp)ó(y — от) 


оо оо 
li бо, вх, УТ 
sim, f | T popbix у, T) 


р(х, у, Ti Sp, o7,T + AT) — p(x, y, T + AT; Sp, от, T + AT) 
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Since 
lim рС5,, Opt; Sp, op, T + AT) — pS, 0t; Sp, от, T) 
АТ-0 АТ 
= 3r 9e бү» Sr. от, T) 
апа 
li р(х, У, Т; Sr, or, T + АТ) — р(х, УТ + АТ; Sr, op, T + АТ) 
11152222 dE NOE IU нала TR HEN ана А мала M RU балан б А, 
АТ-0 АТ 
д 
= -zr У, Т; 8т.бт.Т) 
thus 


д 
3r 8v Or, t; Sr, бт. Т) 
оо оо д 
-/ / D(3,, 05,5 X, yY, T) PO y, T; Sp, op, T) dydx. 
0 0 


From the backward Kolmogorov equation on р(х, y, t; Эт, от, Т) for the stochastic volatil- 
ity model 


д 1 д? 
3 P0 Y tSp, op, T) + УХ ure y, t; Spr, op, T) 


д? 
+5 T Sox yt Sr» op T) + PPO, духа БОХ у, fi Sp or T) 


д © д 
+r = Бух--р(х,у,Б8т,бт.Т)-а(у,)--р(х,у,5 Sp, от, T) = 0 
дх ду 
we һауе 


д 
3r v бө 5 Sr. or. Т) 
со со д 
= рС5,, б,,1; х,у, Т) G = D)yx- P(x, у, Т; т. от, Г) 
0 0 x 
zi д 15590 
+а(у, T) — р(х, y, T; Sp, op, Т) + =y x^ — p(x, y, T; Sp, oq, T) 
ду 2 дх2 


+ oT Z o, у, T; Sp, op, T) 


д? 
+оВ(у, Т)ух р(х, у, T; 8т,бт.Т)| dydx 
дудх 
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=) | G2 DEAS, сорау) Spon y знан тууй 
0 0 дх 
со eo д 
F acy, Т )рС5,, оү, 53, Y T) px, y. T; Sp,op, T) dydx 
0 0 y 
+ 5У X (S0, 5x, у, T) — pO у, T; Sy, op, T) dydx 
o Jo 2 дх2 
+ =p, T) pCS,, бү, t; x, y T) — poc у, Т; Sp, op, T) dydx 
o Jo 2 ду 


со со д? 
+f | PB, Туухр(5,, бу, х, y, T) 5-5, y, Т; Sp, op, T) dydx. 
о Jo удх 


Integrating by parts for 


/ | (r — Dyx py.) ох, У.Т) poc y T: Sr, 0r, T) dydx 
о Jo x 


we let 


dv д 
и = (r — D)xp(S,,o,,t;x,y,T) and dx LI эх P0» T; Sp,op. T) 
so that 


du 


д 
d rus (б - D)x р(5,, o,,1; x, у, Т)| and 0-р(х,у,Г:5г,бү,Г). 


Thus, we һауе 


| | (C= D)x P(S 8) tix, у, VA р(х, y Ts 8т,от,Т)ауйх 
0 0 х 

-/ (r — Dx pS, 0n t; х, у, Т)р(х, у, Т; 5т,от,Т)| dy 
0 0 


со со д 
-/ 1 р(х, у, Т; Sp, о (б - D)x p(S;, o,,1; х, у, Т) dydx 
0 0 


со со д 
= -/ | р(х, у, T; Sp, ar T) (б - D)xp(S,, бү, t; x, у, Т) dydx. 
0 0 


7.2.3 Stochastic Volatility 


For the case of integration by parts for 


со COEM д 
ni / UY TIPS 0x, T) PO y, Ti Sr, от, T) ауах 
0 0 


we let 
КӨ dv д 
и-о(у,Тур(8,,6,, Қ х,у, Т) апа m - aye у, Т; Sp, o7,T) 
so that 
ш lacy, ToS, бү, Вх, у, Т) апа v= р(х, у, T; 5т, от,Т). 
ау ду 
Непсе, 


ЇГ | Soviet D Ee sire T) dydx 
= ШІГІЛ x, y, T)p(x, y. T; 5т,от,Т) E 
-Г [2 | Су, Т)р(5,,6,,1; х, у,Т)| р(х, у, Т; Sp, o7,T) dydx 
-/ ТЫ 2. [&0у, Тур(8,,6,5 х, у, Т) р(х,у,Т;8т,бт,Т)ауах. 
For the case of 


со со 2 
f (ГУ һен, D ихээ бүх or T) dyds 
о Jo 2 дх 


and solving the integral by parts, we let 


1 у? 2 717) д? 
и= x^p(S,o,t;x,y,T) and -----р(х,у,Т;8т,от,Т) 
27 ах дх2 
so that 
du дп д 
үн = ax 27 yx? рС5,, б,,1: х, у, т) and v= 5 у, T; Sp,op. T). 
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Hence, 


со со 2 
f 7 lys, Opt; xX, y, T) 0 рух,у, Т;5т, от, Т)ауах 
o Jo 2 дх 
= а (8,6,5х т). Т; 5, nl d 
ын 27 р ЖАМ 555 ‚У, ЭХЭ х,у,1; Т>бт» х 
0 0 
Жем лет сан т)2 [5 252 WS, 0, fX T)| a dx 
б 0 Зүс ‚У, ЭТ» ЎТ» дх 27 р 1р ‚У, y 


> [д 9 11 
=] / SPORIS ay T |02205, oss tix y т) dydx. 


Integrating by parts again, we let 


u= = [EPS] and 22 = 9 х,у, T Spo. T) 
dx 127 цэ 
so that 
2 
du _ == 2 5 57 2х2 р(5;, Opt; Х, »T) and U = р(х, у, Т; Sp. or. T). 
dx дх2 27 


Thus, we һауе 


со со 2 
Ў | 1,22 65, o, tix Y T) 0р, Y. T; Sp от. T) dydx 
о Jo 2 дх 


° 4911 
--/ 2 Буро Т) р(х, у, Т; Sron D| dy 
0 


-Г E 2j: = [59 39, o tix v. T) р(х, y, T; Sp, от, Г) dydx 


-Г ШЕ 22 ух 2р(5,, 04,05 х, хт) р(х, y» T; Sr. от, T) dydx. 


Taking integration by parts of 


2 f2] д? 
= В(у, Т)2р(5,, 0, ї х, у, T)— р(х, у, Т; Sp, от, T)d ydx 
o Jo 2 ду? 


we let 


1 dv o? 
и = (y, T PCS, оү, t; X, y, T) and — = р(х, у, Т; 5т,от,Т) 
2 dy ду? 
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733 


so that 


du 


д [1 
И әлі v= 


Therefore, 


д? 
T 17 ОТ сыг; х, фат ыла ы 


со 


PA 19 во» P(S ost; x IDZA, y. T; SpT,o0p, T) dx 


0 


д 
-Г [2 [бо Т)?р(5ү, 05,0 X, y, т) ут dydx 


д | 5 д 
-- — [zB TY PS, бы; х, y. T)| р(х, Y. T: т, от, T) dydx. 
Í | ду 2 tf ду ТТ 


Integrating by parts again, we let 


ð ГІ ао д 

и = — [бо TY pS, 0;,0;X, »T) and E d = P(x, У, Т; 5т,от,Т) 
ду 12 ау ду 

so that 


du _ д 


dy y ду 2 E =В(у, TY p(S, o, t; X, хт) and v = p(x, у, T; Sp,op,T) 


апа һепсе 


ш! д? 
= Ву, Т)2р(,, opt; х, у, T) — p(x, у, T; Sp, op, T) dydx 
o Jo 2 ду? 
д 11 2 Чи 
=- р ро Т5, ох Т) рх, у,Т;5т,от,Т)| dx 
0 22 0 


д2 [1 
+f | E ЕК Т)%р(8,,6,,5х,у, т) р(х, у, T; бт, от, T) dydx 
o Jo ду°12 


д2 [1 
-/ | oy 5/0. Т.о x, T) р(х, y, T; Sr, от, T) d ydx. 
0 0 


Finally, for 


[a у: рф(у,Т )yxpCS;, бу, t; Х, ут); — pix, У.Т; т, от, T) dydx 


д 
ЭР» у, Т; Sr, OT, T). 
y 
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we let 
dv д? 
u = pB(y,T)yxp(S;,0;,t;x,y,T) ала m dy oer D) 
so that 
du д д 
dy = әрІР??О»Туухр(8,,.:х,у,Т)) and 0-<-р(,у,Т;8ү,өт.Т). 
у ду дх 
Therefore, 


(3 Ж PB(Y, T )yxpCS,, 0; t; x Dar po Y, T; Sp,op, T) dydx 
- 12 рВ(у, ТЭухр(5,, o, t; x T) px, Y,T;Sp,op,T)| dx 
0 


-Г [2 |рР(у,Туухр(8,,,,1; х,у, T)] 2 px, y,T; Sp, от, T) dydx 


--Г fz | Ву, T)yxpGS,. б,,1; x y, T)] pos y,T; Sy, от, Г) d ydx. 


Using integration by parts again, we let 


9 40 д 
аг ду |280; Туухр5, бу X, у, Т) апа тол zP »Т; Ут, от, Т) 
so that 
du д? 
dx дудх [ов(у, Т)ухр(5,„,б,1;х,у,Т)| and о=р(х,у,Т;$т,от,Т) 


and therefore, 


үй n PPO, TYyyxp( S. бү, t; х, » D poc y Ti бү, бү, T) dydx 
° д 
--/ » [ов(у, T)yxpGS;. бу, t; х, у, T)| р(х, y. T; Sor T) E 
0 
| | дудх Ше Туухр(8,,6,,15х,у, T) р(х, у, Т; Sp, от, T) dydx 
0 0 удх 


-/ | зуәх PPO. ТУухр(5,, бы; х, у,Т)| р(х, у, T; бү, от, Т)дуйх. 
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Thus 


д 
ЭГ. 6,1; Sr, op, T) 


дудх 


or 


?9 
5 — [&. DPS, o,. t; x. y, T)] 6(x — Sp)6(y – op) dydx 
0 
® 02 [1252 | 
Е Б x P(S, Cp tx T) d(x — Sp)ó(y — от) dydx 
0 
ШІ 3 [OTIS n, tx, у. ТУ] 56 — SY- op) a ydx 
0 0 


+f 1 СЕР | Ву, Туухр(5,,6,,1:х,у,Т)| d(x — 5г)6(у- от) d ydx. 
0 0 
Непсе, 


д д 
5r Sv б,,1; 8т-бт. T) =. OS, (б = D)STp(S,, б), t; Sp, or, T)| 


д г. 

“дор | (от, Т)р(8,,6,,1; Sp. ст, T)] 
íi |! 
282 

9? [1 3 
о | lor.) (Spont: Sp. op. Т) 
бр 
д? 
+ 
дотд5т 


501-515. ont; Sp, OT, т) 


[28(от, T)o, 5тр(8,,6,,і; Sp, ст, Т)) 
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and rearranging terms we have the forward Kolmogorov equation for the stochastic volatil- 
ity model 


д 1 92 
3r Oe 9e Sr. бу, T) — 2952 


(62,82 р), or, t; ST, OT, Т) 


19 
B [8(от, Т)?р(5,, ont; Sp. ст, T)| 
067. 


o? 
дот 


| (ст, DorSr S, 01,1; Sr. ст, T)] 
д д ы 
+(r — D)—— |S7p(S,,0,,t; Sp, от, Т)| + — |4(ст,Т)р(8,,6,,1;8,6т.Т)|-0 
98 дот 
with boundary condition 


D(S,,0,, 1; Sp, 07,1) = 6(5,- Sp)ó(o, — от) 


for all t. 


5. Under the risk-neutral measure Q, let (ws :£ > 0} and (we :t > 0} be two corre- 
lated Q-standard Wiener processes on the probability space (©, Z, О) with correlation 
p € (-1, 1). Let the asset price S, under ће Q measure follow a stochastic volatility model 
with the following dynamics 


dS, = (r — D)S,dt + 0,545 
do, = à(c,, t)dt + plo, Dd WS 
Ws Wo _ 
dW; - aW? = pdt 


where r is the risk-free interest-rate parameter from the money-market account, D is the 
continuous dividend yield, с, is the volatility process, @(o,,t) and Р(0,,1) are continuous 
functions. 

Let р(5,, 0,, t; Sr. от, Г) be the transition pdf of the asset price, where the asset price 
and volatility are S, and с, at time f, respectively, given that the asset price and volatility 
аге Sy and от at time Т > f, respectively. We consider a European call option written on 
S, with strike price К > 0 expiring at time T > t with payoff W( S7) = max( $7 — К,0) 
where, under the risk-neutral measure О, the option price at time f is 


С(8,6,5 K,T) = e "T E? [ max{ Sp — K,0)| F] 


со со 
= нь! f max{x — К,0)р(5,,0;, t; x, y, T) dydx. 
0 0 
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Show that the following identities are true 


д ст кы р fee d 
хк К) = Ko К)-(х-К) 


oK 
д д 
Ax -K)- “эке - К) 
o? o? 
FEM - К) sg erum 


By using the forward Kolmogorov equation and the above identities or otherwise, show 
that C(S,, с;, t; K,T) satisfies 


Q 


С 


10[2 Е 20°C дС | х 
i 1 92| Sr = K, Sno, KS + -Ф Жа РС(Я, K,T) =0 


Q 


with boundary condition 


Ст, от,Т; K, T) = шах{5т — К,0). 


Explain the significance of this equation. 
Deduce that for a European put option price P(S,,0,,t; K,T) written on S, at time f 
with payoff ®(5т) = max{K — 5т,0} expiring at time T > t, P(S,, t; K,T) satisfies 


Q 


P 


ЕО |221,5. =К, 5 oP рук2Р + DP(S,.t:K.T) =0 
T >= ? mo ac а ) эк і ( tts ? ) = 


1 
2 


Q 


with boundary condition 


Р(5т,ст,Т; K,T) = max{K — 51,0). 


Under what condition do both the stochastic volatility and local volatility models price 
European options equally? 


Solution: For the proof of the three identities, see Problem 7.2.2.5 (page 699). 
By definition, 


C(Sp ont; K,T) = € "1 E? [max{ Sp — K,0}| F] 


со оо 
= хи | max (x — K,0}p(S,,0,,;x, у, T) dydx 
0 0 


= а | (х- K)p(S;,0;,t;x, y, T) dydx. 
K 0 
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Differentiating C(S,, o,, t; К, T) with respect to Т and from the forward Kolmogorov equa- 


tion for the stochastic volatility model 


д 1 д? 
эт? б,,1; SpT,op, T) — 23228 6252 р(.5,, б,,1; Sr, or, T)] 


1 02 


2202 > (Bor. TY рС5,, 6, 65 ST, от. Т) 


д? 
"Parcas. Wor Dor 5тр5ь ost Sp os T)] 
peer 


д до 
*(r = D) — [51р(8,,0,,1; $т, op, Т)] + 528 | (от, DPS, 0, t; Sr, o7, T)| = 0 
Т 


we һауе 


acr шан f (x — Кур(8,6,5х,у,Т)ауах 
K 0 


oT — 
ет f / (x — KMS, сбх, у, Т) dydx 
K 0 


= pe 6,0 K, T) 
SU f. T (х- o% [x pGS,. о, t; x, у,Т)| dydx 


ont) ia ru (х- ом | бу, TY PCS, б, t5 х, у, Т)] dydx 
+pe "T9 a 18 (х = DS (во, Туухр(5,, б), t; х, У, Т) dydx 
-(ғ- mee» f 17 (х- Kye [xpGS,, o. t; x, y, T)] dydx 
к Jo x 


—е "То / | (x - KZ (%(у,Тур(8,,6,,5:х,у,Т)| d ydx. 
к Jo ду 


Given that the payoff does not depend on бү, using integration by parts, all partial deriva- 


tives with respect to от will vanish. Hence, 


со со 9, 
ji / (x – Ёс (РО, TY pGS,. 0,6; х, y, T)| dydx = 0 
a 15 (х- Юуж (во, Т)ухр($,, с\,1; x, y, T) dydx = 0 


[5 15 (x — n (%(у,Т)р(8,,6,,1:х,у,Т)|4у4х = 0 
к JO у 
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and we can rewrite the equation as 


дС 
ЭТ = -ГС(5, б,,1; K,T) 
La- [ [оку 2 fy? | 
+-е (х— К) [у x^p(S,, Opt; X, y, Т) ахау 
2 0 К дх2 


-í(r — Da 1 (х- к) [xpGS,. o;. x, у, Т) ахау. 
0 К дх 


Integrating by parts for the inner integral 


i (x — к). (хр(8,,6,,х,у, T)] ах 
К дх 


we let 
dv д 
u=(x— К) and Tx = as [x PCS, бү, t; x. у, Т) 
so that 
du д д 
лол an - К) = -3k€ —K) and v-—xp(S,o,t; x, y, T). 
Therefore, 


1 (х- к). [xp(S;, бү, t; x, у, Т)] ах 
К дх 
= (x — K)x p(S;, o;, t;x, у, T)|e + / хр(5,,б,,1: x, y, NA - K)dx 
K 
EL (S, o, t;x ту d Eja 
3 Pt бу, х,у, 9К 
© д 
= | (қ-<а-ю-оа-К)м8,в,5х.у,Т)4х 
К OK 
д 
=К -- [x - К)р(5,,6;, t; x, y, T)] dx 
к OK 


-/ (х- K)p(S,, о,,1; x, у, T) dx 
К 
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and hence, 


Ан / (х = g [x р(5;, oft; х,у, Т) ахау 

0 К дх 

ЕЕ, Ї 1 -2 (х-Кур(5, 0, t; x, y, T] ахау 
о Jg ОК 


Le UD f | (x — K)p(S,.o,, t; x, y, T) dxdy 
0 K 


oC 
= Ko = С(5,,6;, t; К,Т). 


For the case of the inner integral 


/ (х- 5732 [у^х?р(5\, 6,1 X, y, Т) ах 
К 


we let 
и-(х-К) and м 2х2р(5,, оу, t; x, у, T)] 
ах дх2 22 р tet"? ‚У, 
so that 
du ð д 
dx = 907 ам v= = [у°х°р(5„оыг;х,у,Т)| 


and therefore 
i д2 [22 
(х- К)-2 ly x PCS, ont; x, y, Т) dx 
K 
ð со 
= (х= К) [x (GS, бї; х, y. Т) 
К 
> д 9 [2.2 | 
- age KE) [у х P(S;,6;,0;x, у, T)] ах 
К 
ЫГ 9 [22 т 
= = an E [у х PCS ot; x, y, Т) dx. 
K 
To integrate 
° д 072.2 3 
-J ®-— Юз [у х°Р(5$ бы; х, у, Т) dx 
К 


е $еї 


д dv д 
и= xe — K) and m ох? pGS,. o, t; x, y, T)] 
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so that 


du 
dx Жо -К) and v- yx?p(S, 6, ;x, y, T) 


and hence 
@ д2 [22 
-/ (х-Ю< |у х?р(8,,6,:х,у,Т)| ах 
К 
со со 2 
= - Pe MS ont WTA - K) «f у2х2р(8,, сбх, y, T) (ж — K) dx 
дх к JK дх2 


со д? 
= y K?p(S, o, t; K, y, T) + / YX p, бы; x yT) zx- K) dx 
К 


= yY K? pS, Or t; K, y, T) 


since Фүх-КЮ)- 1 апа Z a«-K)= 9 х-К)у= 


Therefore, 


igne 23 (8 (х- ку [x X p(S, 0,1; X, y, Т) ахау 


оо 
ыы дах у Y!K?p(S, o,, t; Ky, T) dy 
0 


со 
„К? е у?р(5ү, сыт; К,у,Т)ау|. 
0 
Given that 


oK? OK (әк 
д _ Е оо оо д 
=- | (Т B 1 K K K)p(S, с;, t;x У.Т) ахау 
К 
= puer ЕСІ К,Т)--(х-К) 


i ri ZE- KORG, os tix y T)dx| dy 


оо 
— eT- / асатын 
0 


е Ups еек) 
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and from the identity 
POS;,6;,,t; K, y, T) = p(S.o,t; Sp = К,Тур(8т = K, So, tiy) 
we have 
=e tT D. К (х- к) (ух? DS, Opt; x, y, T) dxdy 


со 
= mv y! K?p(S,. o, t; К, y, T)dy 
0 


= 5K таа FHS вл: Ky Td] 
0 


1 _ T оо 
= 5K | РО S, 0p t; Sp = кт | у?р(5т = K,S,0,,1; y) dy 
0 


1 2 Ж 2 
--К“--- Y p(Sy = K, Spont, y)dy 
27 AK2 Jo i TTE 
= 160 [2] 5 = ks, o, r| x2 С 
=> 02| Sp = K, Snr | 
Thus, 
ӘС”. | lof 2 Е 20°C 
Se = UC, 0, t K,T) - БЕ [0+ Sr = Kost] eo 
-48-40) [к -С(8,6,; К, т) 
ОГ 
A see БЕ -К,5,6, 1к2% саа r= DKSC + DO(S, ыг, K,T)- 


with boundary condition 
С(5т, от, Т; K, T) = max( S5 — К,0}. 
From the PDE expression, we can write 


oC 
2 (5 + (т = рук © + 0С(5,,0.5К.Т)) 


pa $т = K, Spont! = 


io 9€ 
дк? 
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such that given the market prices of call options written on S, with arbitrary strikes K and 
expiries T', the expected volatility at time T' can be extracted given that the asset price is 
Sr = К at time T. 

From the put-call parity 


C(S,0,, 5; K,T) = P(Sp opt; K,T) бе 00-0 — K eT- 
we have 


Qe В DS,e PT) +rK eT 


oT oT 

9C _ Р нт- 
OK OK 

9К? ОК?’ 


Substituting the above information into the PDE for C(S,,0,,t; K,T), 


д2Р 
дк2 


29 DS,e PT 4 pK e (070 — 


ЭТ ЕС | 92| Sr = К, 5,0,1 


l 
2 


+(r— D)K [22 - gr + D[P(S;,6,,t;K,T) + Se 01-0 - K eT] = 0 


or 
oP 1 д2Р дР 
— E? Ы 5,- K, Spot! KOSS +C- DKS + DIG, o i K,T) = 0 


with boundary condition 
Р(5т,ст,Т; К,Т) = max(K — 57,0). 


Take note that if the volatility is a function of asset price and time, then 


po Sr = К, 5,061 = pa ess. T Sp= K, Spont! = о(К,Т)? 


апа the PDE becomes the Dupire equation. Thus, a local volatility model and stochastic 
volatility model will price a European option equally provided the above relationship is 
satisfied. 


6. Hull-White Model. Let {w,s :t > 0} and {W,? :1> 0} be two independent standard 
Wiener processes on the probability space (Q, 2, Р). Suppose the asset price S, and its 
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instantaneous variance в? have the following diffusion processes 


dS, = (и — D)S,dt+0,S,dW,> 
462 = ac? dt + £c2dW? 
dW,’ -dW? = pdt 


where и, D, о and ё are constants. In addition, let B, be the risk-free asset with the differ- 
ential equation 


d B, =r B,dt 


where r is the risk-free interest rate. 
By using the two-dimensional Girsanov's theorem, show that under the risk-neutral mea- 
sure О, 


dS, = (r - D)S,dt + о,5,аў/5 
do? = (a – &y)o2dt  £cldW? 
where ws and We are Q-standard Wiener processes, ws 1 We and y is the market 
price of volatility risk. 
Is the market arbitrage free and complete under the Q measure? 


By letting а = а — Ey, and conditional on F, and (с, : t < u € T }, show that under the 
risk-neutral measure Q 


(5) 
log | — 
5, 


~N [6 =p- sas T) Phe тур г) 


Slo; tx ue TI 


and conditional on ¥, show that under the risk-neutral measure 0) 


4% 


чә 


F ~N |(@-„2)т-2@-1 


эм» 


where 


оа № Ё 24 
Crust. )= т; ; с„аи 


is known as the mean variance over the time interval |1,7). 
Show that 


2 
б E 
cQ 2 g | — 1 (Т—1) 
| “ ма 7) F] C um (е > 1) 
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апа 


2 Lg 

o (2044-2-ХТ-4) 

Var ЕО T) F] = — À3 E шшш 
(T —t) | (a + £^)Qa + £^) 


@\2а+=2 2422 a2 


2 ( 1 = (607-0 —1)° 


We consider a European option price V (S;, 85 t; К, T) at time t written on S, with expiry 
2 


time Т > f, strike price K, continuous dividend yield D and instantaneous variance o Ж 


V(S,02,t; K,T) = e TE? [ISP| F] 


where the payoff 


max {Sr — K, 0} for call option 
Ч(5т) = 
max {K —- ST. 0) for put option. 


Using the tower property, show that the price of a European option at time f is 


VG, 02, K,T) = ЕНУ, (S ойм, T) К,Т)| | 


where V,.CS,, В T),t; К,Т) denotes the Black-Scholes formula for a European 
option at time 1 with spot price S,, strike price K, time-dependent (ог term-structure) vari- 
ance бай Т) and option expiry time Т > 1. 

By expanding У,,65,, 6 ysl Т), К, T) about its expected value 


Aust, T) = E? [os T)| %| 
up to second order, show that the option price can be approximated by 
Обо K,T) я У„,(5 onus T), t, K,T) 
— | EI ga i 5425 
4o us (tT) V 27 
x (а®М8 М5 — 1) var? |02 Т) A| 
where 


RMS _ log(S,/ К) + (r — D + SF aust, ТУТ — 1) 


Е = / 
Opms(t, T) T -1 
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Solution: We first define 
S S i 
5-5 ! À, du 
~~ t 
Ий = у + | y, du 


where 4, is the market price of asset risk and y, is the market price of volatility risk. Since 
ws L И, we can deduce ws 4 ИТ. 
Let the portfolio П, be defined as 


II, = Ф,5, + v B, 


where ф, units are invested in risky asset S, and y, units are invested in risk-free asset B,. 
Given that the holder of the portfolio will receive D.S,dt for every risky asset held, 


ап, = $, (dS, + DS,dt) + v,d B, 
= ф, (uS,dt + 0,S,dW,*) + y, (r В,41) 
= rdt + 4,5, [(и- rdt + оа. 


Substituting 


dW,S = 45 — Adt 
dW? = dW, — y,dt 


into АП, we have 


an, = тй + yS, [и — nat + о, (45 — а) 


= rIl,dt + yS, [iu -ғ- À,0;) dt + s.d Ws Я 


Since ws is а Q-martingale, and in order for the discounted portfolio e~"TI, to be a Q- 
martingale, 


d(e "II,) = —re "Па + e "dll, 
—-e"y,S, I — r — Àj6;) dt + са 


we set 
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Hence, by substituting 
dW, = dW — A,dt 


into dS, = (и – D)S,dt + oS, d W5, the asset price dynamics under the Q measure 


becomes 
dS, = (и — D)S,dt + 0,5, (di Е ^а) 
= (и — D)S,dt + 0,5, СА = Ga) ir) 
А 
or 


dS, = (ғ – D)S,dt + 0,5475. 


As for the case of the instantaneous variance, given that o? is not a traded security, we can 
set 


m 
I 
z 


where y is a constant. By substituting 
с _ 41170 
dW, = aW? — ydt 
into d o? = ас?а t+ 2024 ЦАР the instantaneous variance under Ше Q measure is 
D E 2 ре. 
do? = ав?а + ёо} (dW? - үш) 
ог 
M = 2 2 1176 
do; = (а – ёу)сгаї + огай. 
The market is arbitrage free since we сап construct a risk-neutral measure Q on the filtra- 
tion ¥,,0 < s < t. However, the market is not complete ав © is not unique, since o? is not 


1 
a traded security. 
Expanding d log S, and applying Ito's lemma, 


diste sos (48, 
055,------)(|-- 
кА 2\5, 


= (r — D)dt + сай/5 - 5020 


= (r-D- 542) dt + ЛААГ 
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Taking integrals, 


T T | ОЕТ 
/ dogs, = f (>-о-14)ш4 f c, ай 

Sr 1 2 5 qs 
ЧЄ = (r- D- zelus D)) T 0+ Л 


where 


x ans ис? 
kms me c, du. 


From the properties of the Ito integral, 


= [ies ($) 


1 
F,,{o,:t<us г} = (r- D- Zous T)) T -0 


and 


T 
=E? | odu 
" и 


= ožys TXT — t). 


ZOETE] 


Thus, conditional оп Z, and (ор, : t < u € Т}, we can easily deduce that 


(з) 
log | — 
5, 


~N [(r- P- Sous) T 0,9570]. 


F,,{o,:t<u<T} 


u 
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In contrast, by expanding d log в? and applying Ito's lemma, 


d log o? = 


and taking integrals, 


T 
1 d log o? 
t 


2 
do? 1 do? 
—--=(—] + 
02 24 0? 

юм 1170 1 2 
= adt + EdW, = 5$ аї 


(8 = 58) di + ай? 


Гев) [is 


(a = 39) (T -1) + 692 


(2 
log = 
б, 


Thus, using Ito integral properties, 


2 
б 
108 (=) 
б, 


p? EO T) F| we note that 


F~ N | (1-38) T -98r - 0]. 


To find 


E? osse D| %| 


Q| 21g 
= — c | F,| du 
T-tJ; Е | 
ES 2-0) q 
Tun 
42 


aT = D) a E ) 


боо T) я, we first note 


-Q 1 ( / af 2 
T- Ж 
1 и-Т v=T 

(Т – 0)? ЇЇ E 


For the case of Var® | 


Е9 | см, 0.13 | 
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Since 
~ l Wo с 
с? = о2е0—58 Жир amd с2 = T cle 5 \(v- EW, 
we have 
0202 = ofe@ se ижр-2нг We p) 
where 
We? We. O,utv—2t -2min(u— t, v —1]) 
since 
Cov (We We ) = тіп{и = t,v — t}. 
Thus, 
o? е-20і u=T 5 
p? Е GT |7] = = ІЙ | еби+ә)+ё min{u—t,v—t} vd 
nMs (^ 2, T = Жэ 
и-Т 
i (8 gro (v—t) dvdu 
Эс 
o? е-20 и-Т 
и). PN ейи+)+ё (u—t) dvdu 
"mon 
22-О0а- л и=Т 
sj. on е@+2? )vrau ойи 
о 
(294-22) и=Т 
Ка 5 aj. 17: ete Jutav ағаш. 
9-1. 
Since 
-Т - зун d 52 
Г rà 5 е@+2)0+@и рди = еса УГ в eT (аж 
и=ї р=ї (@ + €2)(2a + £2) ада + 2?) 
е(а+=? e(2a+e?)t 


--- = + TS 
AHENTE) AED) 
-T pv=T avg а-а ат „@+° 
a "a е@+2)и+ӣо аоаи = eO eT Z вет 27 ее 
bem аба +2) (28-22) aae) 
eO» 


БІТЕУ 
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and after some algebraic manipulations, we eventually arrive at 


© T-A [EENT + 22) 


2 1 e%T-) 
+= { — -- : 
а 24-42 48-22 


Q 1282 T) 1 | 


2 ~ Lg 
c o CET -0 
ЕО | of (1 т|%|- : | 2 
RMS** t 


Thus, 


var? [|а| = E? | ойм, | $  { 
o? 2e Q9? NT- 


~ (т—?|@+&)0@+7) 


2( 1 ém (99-1 
а \2а+= @+ё а2 

Conditional on F, and (6, : t <u € Т}, Sr is log normal with initial value S, and from 
the tower property, 


V(S,,o2,t; K,T) = eT E® [Ф(5т)| F] 


= E? [eT DE. [Wp)| Я, (o, :t <u < T)]| 7] 


-pa ШЕСІ 2 т), K,T) A 


where the inner expectation is the Black-Scholes formula with initial value ‚5, and time- 
T 
dependent (or term-structure) variance okys T) = La | o? du. Thus, the option 
price under stochastic volatility is the average value over all possible volatility paths. 
By expanding V,.(S,, Oeil T),t; K,T) about its expected value 


gius Т) = E? Ее T) A 
up to second order, 
Vy (S, zust T), t; K,T) 
& Vy (Sy o eus T), t; K,T) 


OV, 
+ — M 
(сву (t,T)) 


-2 
(52,4. Т) – оруй, T) 
Cet Dongil) 


9? V,. 


2 
-------- А T – 52 yd po 
"(eius t DP (rius) -Fust T) 


ap ust бид? 
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From Problems 2.2.2.6 (page 105) and 2.2.4.7 (page 226), we have 


- 3i Tat se PT ena 
oy Т1 DT-0 1424,4 
дб 2л б 


where 


log(S,/K)+(r-D+ 50°\(T Е Д 


сүТ-1 


d, = 


By setting v = 0°, 


av _ V до 
ðo? дс до 
= 1 
== Fat se PT ena 
V _д (7 02) 
0(c2 дс до до 


ду ðo ‚ОУ 926 
до? до до додо 


-142 
= —4/ + se PT Ne 24d d 


1 /Г-ї1с DT= Dod 


2a 15-99-98 (d,d.. — 1). 


Thus, 


дуу, 
д(62 м @,Т)) |, 
247 
д(с2, (t. Т)? 


Spe- PTD e 5098) 


S, PT Dg ӨР Р 


ust T) =us (1T) RET Т)! 


o2 ме (®Т)=б (T) pum T) 
х A ES 1) | 
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Therefore, 
V(S,.02,t; K,T) 
-2 
x Vis (Si бам (ts T), t; K,T) 
| “(1553 Ты, 250297 2| 2 25 
+ 5,6 e 2+ E* lo t,T)—oc т 
т 2л ! км5( T) вмз É T)| 7, 


2 
20 вмз 


1 Т- se Га ӨР5У (qRMSgRMS = 1) 
—2 2л ыг Е 
MU T) 


2 
XE? ЕСІ d Ses (t T)) | я 


= И,;(5,, Tams (в, T),t;K,T) 


4 1 Т- se DTD 5095) (d RMS уЁм5 51) 
45? (T) V 2" = 


RMS 


xVar? [озмз@,Т)| $. 


7. Heston Model. Let { ws : t > 0} and {W7 : t > 0} be two standard Wiener processes on 
the probability space (Q, F, P) with correlation р е (—1, 1). Suppose that the asset price 
5, and its instantaneous variance o? have the following dynamics 


dS, = (и — D)S,dt + o,S,dW 
do? = k(0 — o2)dt + ao, d Wf 
dW’ -dW? = pdt 


where и, D, к, 0 and а are constants. In addition, let В, be the risk-free asset with differ- 
ential equation 


dB, =r B,dt 
where r is the risk-free interest rate. 
By introducing (Z, : t > 0} as a standard Wiener process, independent of W7, show 
that we can write 


W? = pW? + УТ - PZ, 


Using the two-dimensional Girsanov’s theorem, show that under the risk-neutral measure 


Q, 


dS, = (r—D)S,dt + 6,5, (ра? БЭ EA 


do? = (к(0 – o2) — ay,0,) dt + ac,d Ws 
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where ГА апа 2 ‚ are Q-standard Wiener processes, We 47 ‚ and y, is the market price 
of volatility risk. 

Is the market arbitrage free and complete under the Q measure? 

By assuming the market price of volatility risk is proportional to the instantaneous 
volatility бу, 


y, = co, 
where c is a positive constant, show that the dynamics of the model can be described by 
dS, = (r — D)S,dt + o,S, (гай? пет аа 742.) 

do? = 60 — o?)dt + ao,d W7 


such that & = к + ас and Ó = кб(к + ас)- 1. 
Hence, conditional оп F, and (o, : t < u < Т} show that 


m 
1751 
Ha 10 E ЧО, T) (T – 0), oz us ТУТ — г) 


where 
Жы 2 pT 
5 сао 1 02 [5 о2аи 2 ТЕР 2 
ё, = е? и и 29 h u and OR Ms: T) = Тег o, du. 


We consider a European option price V (S, o?, t; K,T) at time ¢ written on S, with expiry 


time T > f, strike price K, continuous dividend yield D and instantaneous variance о’, 


V(S,02,t; KT) 2 e ' 0 E9 [ISP| F] 


Ир? 


where ће payoff is 


max {Sr - К, 0} for call option 
Ч(5т) = 
max {K — ST. 0} for put option. 


Using the tower property, show that the price of a European option at time f can be 
expressed by 


Y (S,,02,t; KT) = E? T, (Si eias t T K/Er Т)| я 
1 
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where И,,(5,, биш. (t, T),t; K,T) denotes the Black-Scholes formula for a European 
option at time 1 with spot price ;, strike price К, variance ous (t, Т) and option expiry 
time T > f. 

Finally, by denoting Q6 as a new measure where 4; is used as numéraire, show that 


V(S,,02,t;K,T) = E% |". (592,501), K/Er/&).T) | F| | 


Solution: For the first two results, see Problem 7.2.2.2 (page 687). 

The market is arbitrage free since we can construct a risk-neutral measure Q on the 
filtration &,, 0 < s < t. However, the market is not complete since o? is not a traded asset 
and therefore Q is not unique. Thus, the risk-neutral measure Q is an equivalent market 
measure. 

By setting y = сб), 


do? = (к(0- о?) - aco?) dt + ao,d Ws 
= (кө — (k+ ac)o?) dt 4 acd Ws 
= &(0 — o2ydt + a0,dW? 


such that č = x + ас and д = кб(к + ac) !. 
To show that 


| eS 
SE 75016 


~N [(r- D- ЭХ ОЛ 


%,(6,:1<и<Т) 


where 


5 wol, [52 T= а d 
é = e^ Io cd Wz —5 p^ fo сади and es dsl Т)- T L o? du 
1 


see Problem 3.2.3.10 of Problems and Solutions in Mathematical Finance, Volume 1: 
Stochastic Calculus. 

Conditional оп F, and (0, : t < u € T ), $т is log normal with initial value S,é,/é, and 
using the tower property, 


V(S;,07,t,K,T) = e TE? [WSP] F] 


гне 


= E? E "т-ро Гс), (o, а<и<Т)|%) 


such that the inner expectation is the Black-Scholes formula with initial value $,ёт /&, and 
1-2 


5 2 = 
term-structure variance Cys, Т) = "^ | 


2 
o; du. 
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Thus, 


S 
Ио tK, 1) = En | (ŽE ouse TiK.) 
t 


For a constant value л > 0, the Black-Scholes formula with a constant or time-dependent 
volatility с has the following identity (see Problem 2.2.2.8, page 109) 


Vis (25,02, K,T) = лИ,,($,,07,;К/п,Т) 


and therefore 


V(S,o2,5 K,T) =E? ЕХ [S 6s usi T. K/érf&)T) s . 
t 


Under the change of numéraire for a payoff Хү 


Mca” | Xr огоо | Xr 
М (1) Fa SEN, (2) gu 
Ny Nr 


where for i = 1,2, N is a numéraire and 000) is the measure under which the asset prices 
discounted Бу N are Q-martingales. 
Under the risk-neutral measure Q we have 


and under the measure ©: 
2 2 
м ) = e and Ny ) = ёт. 


ёг 


By setting Хт = 2 
1 


Vy (5, oust T),t; K, T), the option price under the measure 0° 


d 


18 


V(S,.o2,5 KT) = & é é 
t T 


—Е® |". (592,507), K/Er/&).T)| A | 


a | & Vis (So бам (tT) 5 K/Gr/&).T) 


8. Heston Model — Black-Scholes Equation. Let (Q, Z,|P) be a probability space and let 


(V5 :£ > 0} апа {W} : t 2 0} be two correlated Wiener processes. Suppose that the 
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asset price S, and the instantaneous variance v, follow the diffusion processes 


dS, = (и — D)S,dt + y/v,5,dW,s 
dv, = k(0 — v,)dt + Ex/v,dW,? 
dW; - dW, = pdt 


where и is the drift, D is the continuous dividend yield, к, 0, > 0 are constant parameters, 
р is the correlation coefficient such that p € (—1, 1) and let r be the risk-free interest rate 
from а money-market account. 

By considering a hedging portfolio consisting of two European-style options 
V(S,,v,, t; Tj) and V(S,, vj, t; T5) of different expiry dates T, and Т, and the underlying 
asset S, show that 


V 1 29V 12 ov ду 

SS ey, pisc 

дй 2°18 952 25 n av? СЕ 

+(r — D)S, 2s + (к(0 — v) – А65, v) 2 2" —rV(Ss ost T) = 


where A(S,, 1),) is the market price of volatility risk independent of the expiry time T. 


Solution: Let V (S, v,, t; T) denote the price of an option at time t < Т with expiry time 
Т. By applying Ito's lemma, dV is given by 


и, ду av цэг МО, АШ 
dpa] ара ах 4 а 
ЭЕ TO ta тты ami 
48 
ко (du) +.. 
+ ох (и- D)S,dt + \/o,S,dW’S) 
: 


1 (к(0 — v,)dt + €y/v,dW,’) 


122 4 1020 ay 
22-25 (6,5248) + 2 (220,01 5,4! 
+2952 (^ (г, hrs 222 ; (220, нь San, Pe (41) 
ди 1 од? ЖО a oy ду aV 
аа даа уулыг Eus e 
(% г age y ae Sae ШШШ 


+ к(0 — 23 dt + ү0:5,5 ои? EVA анг. 


Let the portfolio П, consist of buying one option with expiry date T, V (S,, о,, t; Тү), selling 
A, units of asset S, and selling A, units of the option with expiry date T5, /(5,,0,,1;7,), 
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where Т) # 7,. By setting 


VCS 0, t5 Tj) = V (Sa vnt, Ti) 
И. (5,, 0, t; T5) zz V(S;, 0, t; T») 


at time 1, the value of the portfolio is 


П, = И! ($,, Unt; Ti) — А15, m А,Ү,(5,, 0} t; T^). 


Since we receive Г.5,41 for every asset held, the change in portfolio П, is 


== аў, = Aj (45, + 05,41) = AdVy 


Mi 1,5201 la P es i үн pys PH 
U — 
й 2352 2° "әу "әд, ‘OS, 


t 


ду, 212108 V 1, OV, 0? V, 
+к(0 — 232 -А, (% + о + 20022 0,6 95:90, 
1 
v, 
+(и - DS. i «(0 — 052 dt — A,pS,dt 


ду, s (дї _„ T 
(d -a-a 28) Vasa? + (= = Ao ge) Узи. 


To eliminate both the asset and volatility risk, we have 


cR pA oA 
98, 95 98, до, 
ог 
aV, OV, ОУ; ду; дү, ду; 
йуж eee pce Be ОЧИХ dum ces em 
98, \as,as,)/ дь, as,/ дь, 


Under the no-arbitrage condition, the return on the portfolio II, invested in а risk-free 
interest rate would see a growth of 


ап, = "та! 
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and therefore we һауе 


vy 1 522112 aV, AS aV, ТРЕ. и, (6 к 
U U Ur K = = 
Be QU gyn QR CU rasan OS до, 
ду, /ди,\ [0 1 20° , д2у, 
pcne ааа қата Б Ag. 
(5= / 2) ( DEM UTE 580 ЕЕ 


ЕТЕТ je ди _ ЛЛА DAW 
авт as, \as,oS,)/ ov, / ' 
ди, (әу д%,\ әр, 
=r |V Sp vn tT- 12422216 

as, \д5,д5,// дь, 


ДА дү, 
95, до, У(5,,0,51: T5)|. 


By gathering together all Vj terms on the left-hand side and all V5 terms on the right-hand 
side 
aV, 


1 28V 12008 o? y, 
a pu 


2 1 1 
-470,--- + pév, S, ——— 
252 25 t av ре t 105,90) 


+(r— D)S си +к(0 25 VGS,, v, t; Т) 
r— — +к(0 – 0) — — "И ($ vt; Ti 
' 9s, " Qu, 1 1 


дү, 
ди, 


ду, 3015. 13 PN д2 


+105222610602. peu, 2 
à R A ag? 2° "әу ООШ 


ду, ду, 
+r — DISSE + — o) - VIG, os Ty) 
t 


дү, 
QU, 


Since the left-hand side is a function of Т) and the right-hand side is a function of Т», 
the only way for the equality to hold is for both sides to be equal to a common function 
A(S, v,) independent of the expiry time Т. By dropping the subscripts we have 


90V 1 29V 1 25 ду ду 
— + zu —— + =&v,— + 
à 2% 952 25 "ор 2 ТУ 


дү oV 
+(r — D)S, — às, + к(0 – 227 = rV(S, v, t; Ti) 


= A(S, v). 
дү 1 1 


ди, 
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Thus, 


OV 1 ,0?V jest 
21 59/82-218 
д 3" 952 25" 


дү ди 
+r- D)S = + (к(0 — vj) – ACS,, v) эр CIV GS, vs ВТ) 20 
1 1 


ay 
CUPS ! 3 Эр, 
1 1 


9. Heston Model — European Option Price. Let {w,s : t > 0} and {W : t 2 0} be two stan- 
dard Wiener processes on the probability space (©, F, P) with correlation p е (—1, 1). Sup- 
pose that the asset price S, and its instantaneous variance v, follow 


S, = (и – D)S,dt + Jv, S,dW? 
dv, = k(0 — v)dt + в/о, аи’? 
S = 
dW? -d И’? = pdt 
where и is the asset drift, D is the continuous dividend yield, к is the variance mean- 
reversion rate, 0 is the variance long-term mean, ё is the vol-of-vol and р € (—1, 1) is the 
correlation coefficient. In addition, we let r be the risk-free interest rate from a money- 
market account. 


ГесС(5,,0,, t; К, T) denote the price of a European call option at time f with strike price 
K and expiry time T > f, satisfying the Black-Scholes equation 


ðC 1 28C lp д?С 


д2! bd 2 
+r- р)5,2 — 5% (к(0 = v) — ACS,, v) 26 — —rC(S, vt; К,Т) = 
such that A(S,, v,) is the market price of volatility risk, with boundary condition 
С(5т, от, T; K,T) = max( S7 — K,0). 
By introducing x, as the logarithm of the spot price 
x, = 1055, 


and assuming A(S,, 0,) = Av, where 4 is a constant value, show that С(х,, v;, t; K,T) sat- 
isfies the following PDE 


ðC 1 C 1 92С С 
ГЭ 2 5p UU LECT 
1 \дС дС 
+(r-D-50 59 (кө = v) до) у= "Са, es KT) =0 
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with boundary condition 
C(xp,Up, T; K, T) = max {ет - к,0) 7 
By analogy with the Black-Scholes formula, let the solution of the call price take the form 
C(x, v, t; K,T) = ee PE P (x, v, t; K,T) - Ke" 1 P(x, v, t; K, T) 
where P, (x; v, t; K,T) and P,(x,, v,, t; K,T) are the risk-neutral probabilities that the call 


option is ITM at expiry time T'. By substituting the proposed solution into the PDE, show 
that Pi (x,, vj, t; K,T) and P,(x,, v,,t; K,T) satisfy the PDEs 


ðP; | P, 13 д?Р, д?Р, дР, 
+ + + оёр, —— + (r - D+u,v,) — 
д 232 EU a2 ET Ч uj) ax, 
uy ee 
+ (a — 50; до, = 


Шш--т a = кф, b, —K-4À- рё, b =K+A 
subject to the boundary condition 


Р (хт, UT, T; K, T) = LL, 10g K- 


Let Ё (т, о, t; K,T) be ће Fourier transform of P, (x; v,,t; K,T), where 
^ © ; 
Pm, v, t; K,T) = 1 eim P (Хор, 5 К.Туйх,, 7-1,2 


—со 


апа show that Pum, v, t; K,T) satisfies 


oP, |. ФР, oP, 
j j А j 
v + 25 UL + (а- b jv, + ітрёо,) ЭШ 
1 
+ (0 - Био т — Tmo) Pm, v, t; K,T) = 0 


with boundary condition 


ет log К 


Pm,v,,T;K,T)- 
ym, 0р ) im 
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By seeking an exponential affine solution of the form 
Вт, о, 5 K,T) = eACD*BEDY B (m, vp, T; K, T) 


with A(T, T) = 0 and B(T,T) = 0, show that 


oB 
aU (В@,Т) -л.) (В.Т) =) 
дА 
— = ôB(t,T) + 
т (t, T) - € 
where 
t0. Е | 2 
а--т“-іти, В=Ь,—трё, үз-26 


6=-1 е--(ғ- Бут, m, 


Solving the two differential equations, show that 


apps (5 1) tog (=F) -nT -0 -eT -1) 
Ч T -7 


1 
л.(1-ес"Ч-0) 


] — zen -0 


В(,Т)- 


where 


2-л /л, and n= Vf? -4ay. 


Finally, by taking the Fourier inversion of Ёт, vet, K,T), 


оо 
Piet K,T) = 23 e" P (m, v, t; К,Т)4т 


со 


show that the European сай option at time f is 
C(x, 0), t; K, T) = езе PT- p, 77 0), t; K, T) кй Ke "179 p,(x,, Ur, t; K, T) 


where 


1 09 gin -log К)-А(,Т)--В(1,Т)о, 
Р,(х,, v, t; K,T) = xj dm, j= 1,2. 
QR: J 555 im 
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Solution: From the PDE satisfied by C(S,, о,, t; K,T), 


oC 1 20°C | 2 с д2С 
Ку Е 
seu ҰЛЫ OS ay, 


ar 5 г252 7 
dcus 9€ Термен 20) 9€ —с( vut KT) = 
‘OS, t IST до, фея , 


such that A(S,, 0,) is the market price of volatility risk, with boundary condition 
С(5т, vr, T; K, T) = max{ Sr — К,0) 
= log S,, we have 


and by substituting A(S;, о) = Av, and х, 


oC ФСдх, 14С 
95, дх,д5, 55, дх, 


ёс 0 (19CY. 19c,1 9 (9дсү 1(9C oc 
S, Ox, 520х, 5,08, дх, 52 \ dx? Ox, 


апа 


C 19(9Су 1 oc 
28,20, 85,90 (дх)) 8, 0x,00, 


Hence, by substituting the above equations into the Black-Scholes PDE we һауе 


ӘС 1 QC, 92С 92С 
— +- Бэлх ээ See! 
дї 23207 50 E" TUS NE 

1 үдС aC 
= сы шу хах гл» 


with boundary condition 


C(xp, vp, T; K,T) = max {ef — K,0} = (ет — K) 1, sis K- 


Setting the solution of the call price in the form 


C(x,, vj, t; K,T) = ече PT P x, v, t; KD) - Ke" 17 P(x, v, t; KT) 
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we have 
OP, 
го Рехе-Р1-0 р (x,,0,,0;K,T) + grig DED 
ді ді 
OP. 
—rKe "1-0 P (x, v, t; K,T) - Ke "1-0 = 
Oe eie PT) p (x v, t; K,T) + erie DT OF - Ke T-09P. 
дх, S X; дх, 
2 2 
22% eie (T7 p (x v, t; К,Т) + дечет)? + erie DT FP 
дх? дх, дх? 
2 
-ke 0-09 P 
Ox? 
2 2 2 
PC . re DTIP | „-ют-›9Ё юо-нт-0 9?) 
д0,0х; до, до,дх; до,дх; 

9C _ ох -р‹т-)9Р1 _ ko 0-995» 

QU, QU, QU, 

2 2 2 
QC  x,-br-)9 Р. _к—ңт-)9Р› 

до? дь? дь? 

At expiry time Т, 
C(Sp, vr, T; K, T) = max(e?r — К,0} = (ехт - К) П. >овК 


which is equivalent to 


eT Pi (xr, vr, T; K,T) = КР.(хт. Up, T; k, T) = er Ию K тч КІ, tog K- 


Hence, the boundary condition becomes 


Pi (хт, vp, T; K,T) = П, >к апа Р,(хт, от, Т.К, Т) = Поз K- 


Substituting the above equations into the PDE satisfied by C(x, vj, t; К,Т), 
Pi (x, v, t; K,T) will satisfy 


д2Р, 
дх,до, 


1 P 1, д?Р, 
+ тЫ 5° (кашы. 


ОР, 
— +(r-D+50 
ot 


oP 
+ (к0 — (к +A— pé)u,) =0 


peel 
QU, 
with boundary condition 


Р|(хт, UT, T; K, T) = I,.,.>log K- 
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In contrast, Р,(х,, 0,,#; K, T) will satisfy 


ОР, 1 OP, 1. OP, 9? P, 1 \ OP, 
Epa +5 (PDs )52 
д 2" 952 т Цин N 0) әх, 
ОР, 
ШЕТЕН 3: =0 
1 
with boundary condition 
Р,(хт, от, Т; К, Т) = П, 10g K- 
From the definition of the Fourier transform, 
Pm, v, t; K,T) =) eT" P (x, vpt; K, T)dxs j=1,2 


and taking Fourier transforms of the PDE satisfied by Pi(xi, v,,t; K,T), j = 1,2 we һауе 


©% oL ОР 1 f. P ЦЭЭЖ LANI 2P; 
e" ах, + =v, e "* ах, + —ё&“ш, e "nn “ах, 
NN ді 2 E дх2 2 —oo ди? 
Using integration by parts for partial derivatives with respect to х,, 
co ӘР, И A 
/ “жи наг dx, = т | ВО v, K,T) dx, = imP,(m, v,,t; K,T) 


со : б eo А ОР, A 
/ e "X dx, = im f егіп і dx, = -т?Р (т, U, t; K,T) 
Ж х? = : 


со д t со дх, 


and since 
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and 


by substituting them into the Fourier-transformed PDE, we eventually have 


oP, | „ PÊ : oP, 
Чан v, — + (a — b,v, + impév,) — 
А 22 (а jU: impé |) a 


+ (0 - D t ujv;)im — Tmo) Ё (т, v, t, K,T) = 0 


with boundary condition 


со 


Bm op TK, || e T] морк) Хт 


—со 


eo n 
log K 


етітхт |® 


im  |logK 


e imlog К 


im 


for j 2 1,2. 
Setting the solution of the Fourier-transformed PDE as 


В,(т, v, t; K, T) = ACD BOM: B (m, vp, T; K, T) 
and in order to satisfy the boundary condition, we therefore have 
А(Т,Т)-0 and B(T,T)=0. 


Substituting 


oP, доА ОВ ^ ӘР, ^ 
7 Я Ј Я 
= ( m + 2 2 Pj(m, Up, T; K,T), TA = B(t,1 )Р,(т, v, t; K,T) 


and 


ae Bt, TY P,(m, v, t; К,Т) 
t 
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into the Fourier-transformed PDE and removing the common factor Pum, v,,t;K,T), 


ðA OB 1 | 
p PLUME 56 0.80, Т)? + (a—b,v, + impév,) Bt, T) 


+(r = D + ujv,)im — ‚т? 


v, = 0. 
Thus, by equating coefficients we һауе 


28 + іти — т? + (impé — bj) Bt, T) + ва, Т)-0 
24 T aB(t, Т) + (r – Бут = 0 
with boundary conditions 


A(T,T)=0 and B(T,T)=0. 


By setting 


а= lm —1ти, В =; – ітрё, r=- 


B + VP – day 


6=-l, e=-(r-D)im, m, 7 
Е 7 


the above differential equations сап be written as 


ел = а + В(,Т)-уВ(,Т)-у(В(,Т)-л,(В(,Т)-л.) 
a = 6B(t,T) +e 


with boundary conditions 
А(Т,Ту-0 and В(Т,Т)-0. 


Solving the differential equation for B(t, Т), 


/ ав ay j 
(в(,7)-л,(Ва,Т)-л) J” 

1 / ав -/ |- fya 
ЛЬ В-л_ В-л, 


l- Та == ЕС 
о = 
EUgc іші 


BE 


where C is a constant. 
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Att = T, B(T,T) = 0 and so 


1 X. 
С= log (=) —yT 
Ne, iy Ta 
Thus, 
A (1 = en. -7-Y (70) л. (1 = етт-») 
1 = ger- T-t) 1 - gen -t) 
where 


Zz—z /z, and q= (лу z )y = Vf? — 4ау. 
Finally, for the case of A(t, T) we can rewrite B(t, Т) as 


л.(1-е! (8-1 -4(1”--4) Де 
В(,Т)- | | E 5 | 


1—ўеТ-) | е1) —% 1-2етт-) 


and solving for A(t, Т), 


Гал = | 97a [eat 
5 e (1-10) d eT -0 1 
= ӧл_ ЕЕЕ i] +С dt «f. t 


ô 
А@,Т) = 225 [log (eur) —i)- T los (1- дет) ++ С 
Ч л 


where С is a constant. 
From the boundary condition A(T', Т) = 0, we have 


6 7222 
С=- {== (5 +) ока -9| em) 
n Л 
and therefore 


деу е (55) log (===) Т) -“Т-). 
n Л 1-7 


Непсе, Ғог / = 1,2, 


n eA (CT) B, T)v,-i mlog K 
P,(m, v,.t; K,T) = ————————— —— 
im 
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and from the Fourier inversion theorem 


1 PD 
Р(х, v, t; К,Т) = 7 / е””чР,(т, о,44К,Т)4т 
=со 
1 со gi mos 108 К)+А(@,Т)+В(@т,Т)ь, 
25-23 -----П--П--П----ү(4т,/ = 1,2 
2л jJ: im 


such that the European call option price at time f is 


Cr, р, t; K, T) = gue PT- P (x, Ut, t; K, T) 25, Ke"? p(x, Ur, t; K, T). 
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1. Variance Swap. Let {W, : t > 0} be a standard Wiener process on the probability space 
(Q, F, Р). Suppose that the asset price S, has the following dynamics 


48, 


[4 


where и, D are constants and the volatility о, is a continuous (possibly stochastic) process. 
In addition, let r be the risk-free interest rate from a money-market account. 

By considering a European call option C(SS,, t; K,T) written at time f оп S, with strike 
price К and expiry time Т (Т > t), state the Dupire equation and payoff satisfied by 
C(S,, t; K, T) as a function of strike K and time f. 

Sketch the call option payoff as a function of strike К. 

Assume that for European call options, all strikes are available and we wish to replicate 
a payoff V(S7-) by synthesising from the following 


W(S,)- m Ф(К)шах(5ү-К,0) dK 


where (K) is a density function of European call option payoffs with strike К. 
Show that 


ФК) = Ч (К). 
Under what conditions can the payoff Ф(5т) be synthesised using the above expression? 


Hence, deduce that the payoff V(S-) can be constructed using a combination of Euro- 
pean put, call, asset and cash of the form 


K со 
№057) -/ "  p(K) max{ K -5.0)ак+ f o-(K)max{S — K,0}dK 
0 Ко 


+aSr + В 
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where a, f and Ку are constants, фр(К) and фс(К) are density functions of European put 
and call option payoffs with strike К, respectively. 

Find the replicating portfolio for the payoff (57) = log Sy in terms of Kọ. 

A variance swap is a contract with payoff 


T 
Vor) = | o? du — K „ar 
1 


in which the constant K,,, is chosen so that there is no upfront fee to be paid when the 
contract is initiated at time 1. 


Show that 
Ж T 4S 5 
| он = 2] f 1 -ю 35) 
1 1 5, 5, 


and using the replicating portfolio for log Sy or otherwise, deduce that this contract can 
be replicated with a combination of European call, put, cash and asset. 


Solution: The Dupire equation is 


0C 1 5,5,09?C дС 
— + -0o K* — + (D -r)K — – DC(S,,t; K,T) = 0 
ЭР "ЭЭР" oe ge (8; ) 
with payoff 
C(ST, T; K,T) = шах{5т — К,0). 


The call option payoff as a function of strike K is illustrated in Figure 7.1. 
Given that 


W(S,)— 2 ФАК) тах(8-- K,0) dK 
0 


Payoff 


Sr 


ST K 


Figure 7.1 Call option payoff as a function of strike K. 
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by differentiating the expression with respect to Sy, 


д 


W'S) = —— 
ЕИ 


Г Ф(К)шах(5т-К,0) dK 
0 


ФОРС 
TA |/ ф(К) тах{5т — K,0}dK 
+ |. «ута, - к,0)ак 
5т 


д Сует 
= 58: | P(KXSr — K)dK 


Sr 
J $(K)dK. 
0 


Differentiating it again 


o fer 
с з / «как 
= (Sr). 
Therefore, 
ҰҚК) = ф(К). 


From the above information, the conditions under which the payoff V(,S7.) can be synthe- 
sised are 
e Y(Sr) has gradient continuity 
e Ф/(51) is bounded for small or large Sp values. 
If V(S7.) has a gradient discontinuity say at S. = Ко, then 


lim V'(S. lim V'(S. 
jee ды чис 


and hence Ф” (.57.) and subsequently W" (S) is not continuous at S = Ко. Thus, ф(%т) 
is also not defined at Sy = Ko. 

In contrast, if V" (57) is not bounded for small or large Sy, the integral will not converge 
(1.е., trading options with unbounded strikes). 

Since Ф(8-) = V" (S) there is a unique ф(5т.) corresponding to each W(S'). There- 
fore, depending on the position of the arbitrary constant Ку with respect to Sy, the syn- 
thesising portfolio can also accommodate a put option and also a linear function of 57 as 
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well. To show how this portfolio is synthesised, for a constant Ку we can set 


PST) = Ф(5т) 
$c(ST) for0< Ky < Sr < oo 


фр(5т) for0< Sr < Ky < œ 


where фс(5т) and $ p(Sr) are density functions of European call and put option payoffs 
with strike К = Sp, respectively. 
Taking integrals, we can write it as 


Sr 
фсіЮаК-а г0 < Ko < Sr < oo 
Ko 
4'(5т) = 


Ко 
-/ $p(K)dK-a їот0О< Sr < Ko < oo 
Sr 


where а is a constant. 
Integrating again, we can write it as 


Sr 
/ фФс(КХ5ү- K)dK +а5т-+р їогО< Ko < Sp < оо 
Ко 
Ч($т) = 
Ко 
/ pp(KXK – 5т) ак +aSr + В for0< Sr < Ky < oo 
ST 
where р is a constant. 
Hence, 
/ фс(К) тах {.5т – К,0) dK +а5т +В ог0 < Ку < Sr < оо 
Ко 
(057) = 


Ко 
фр(КутахіК- 5т,0} dK +а5т +В for0< Sp < К « oo 


or in general, 


К, со 
9(8%) -/ dp) max(K — Sr,0) aK + | oc(K) max{S; — K,0}dK 
Ko 


ta S, + В. 


To find the replicating strategy for (57) = log Sr, we consider two cases. 
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Case 1: 0 < Ky < Sr < оо. 


К, со 
VS.) -/ ' bp(Kymax(K — 57.01 dK + | фе(К) max{ S; — K,0) dK 
0 Ko 


+а5т + В 


= $c (K) тах{5т — K,0}dK + aS, + В 
К, 
a E 
- f де(К)тах{8т — K,0) dK + | фе(К)тах{5т - K,0}dK 
Ко 5т 
+а5т + В 
5т 


Ко 


By setting Y(S7) = log Sy and differentiating with respect to S'y up to second order, 


Sr 
Ф(8-) = log Sp = / $c(K) Sr — K)dK +aSr +В 
Ко 


Sr 
Ч (ру i = фс(К)аК+а 
Т Ko 


PS) = -= = фс(6т). 
Т 


At ST = К, 


log Ky = aKo + В 
1 
— =a. 
Ko 
Thus, 


1 1 
a on Ё-1юЕК,-1 and Оо) 


Case 2: 0 < Sr < Ку < оо. 


K, со 
ЧФ(5&т) = : $p(K)max(K — 5т,0} dK + | Фс(К) тах{5т — K,0}dK 
0 Ко 
+а5т + В 


Ко 
= фь(К)тах{К — Sr,0}dK +а5т + В 
0 
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Sr K 
= фь(К)тах{К — S;,0}dK -/ | фь(К)тах{К - 5т,0} dK 
0 5т 


+а5т + p 


K 
- / ФКК — Sp)dK жар +8. 
Sr 


By setting V(S) = log Sy and differentiating with respect to 57 up to second order, 


K 
Ч($т) = log Sp = 1 | фь(К)(К - Sp)dK +а5т + В 


елы 
ӛт 


PST) = —< = dp. 
T, 


K 
M CS yes 7 " bp(K)dK +a 
Sr 


At Sr = Ко 
log Ky = «Ko + В 
1 
— =a. 
Ko 
Thus, 
шог -ш108К,-1 4 К) = 1 
шэг, В = log Ky — and фр( pee 


Combining case 1 and case 2 results we finally have the replicating formula for log Sy in 
terms of Ко 


со 


Ko | 1 
log Sp - - f pa PIK om. Ordi = = ro E Ud 


qr dec 
Ko 05 0 Б 


Under the risk-neutral measure Q, 


dS, 28 
и = (г = D)dt + o,dW, 
t 


SE. 


t 
where W, = W, + | E du is a Q-standard Wiener process. 


0 б, 
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From Taylor's expansion and subsequently applying 167 lemma, 
d log 5, = 22) =. (22) + 
S, 2\ 5, 
= (r — D)dt + ва, — 50201 
= аз - lg 


Taking integrals, 


or 


T T qs, Ку 
/ да=2 || : ie (57|. 
1 t S, 5, 


For the case of a variance swap payoff 


T 
Vor) = i) o? du — Ky 
t 


let the value of the swap contract at time t be 


T 
V (0, t; Kyan T) =e PE / o? du — Ky, 
1 


Since there is no cash flow at initiation of the contract at time f, 
V (ont; Ku, Т) = 0 


we can then express 


11 
N 
mnm 
© 
pum 
SS 
ы 
a 
> 
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From the dynamics 
45, 233 
> = (r E D)dt + o,dW, 
t 


then 


Т T 
s| =e n = Ddus f c, dW, 
1 [4 


-(-0ХТ-1) 


Т ~~ 
cQ / 6, dW, 
1 


As for 108(5т /5,), for an arbitrary constant Ky we can write 


ST ST Ко 
jog] 22 \ = log ( 22 \ +1og ( e. 
«(x)-m(z)*«($) 


and from the results of log 57, 


d 


since 


d = 0. 


jog [. 7 (8 1 отах{К—5г,0}а4К- Ба - K,0}dK 
о 22-45 = — — max = б нэ --- max = 1 
: 5, 0 К? Р Ко К? Ж 


ST Ко 
шаг гаа 212221: 
х iti s) 


E? [max{ Sr — K,0}| 9 | = e'7 C(S,,t; K,T) 
E? [max(K — S,0}| A] = eT PCS, t K,T) 
E? [SrA] 


Since 


| = Se (170 


the parameter К,,, becomes 


T dS 5. 
Ky =2 EY / — F, – E? log (%) T 
1 5, 5, 


К, 
[eoo -Q | су max{ K — $7,0} dK 
0 


4 


1 
d "E E? [Sr] F] 


+ 


á Ko | 
E -- max{ Sr — K,0}d K 
| К? UN ! 
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Ко 
=2 L — DT — t) + е 007-0 Ї ZPS, 5к,туак 
0 
үес) 


со 
(r—D)\(T-1) 1 : 
+ —C(S,,t;K,T)dK — 
е L K2 ( t ) Ko 


ШЕШ)! 


2. Let the asset price 5, and its instantaneous variance o? have the following dynamics 


a 
A 
Ш 


(и — D)S,dt + o,S,dW,® 
do? = k(0 — o2)dt + ac, aW? 
ауу .dW? = pdt 
where и, D, к, 0 and a are constants, 1124 : t > 0} and (W? : 72 0} are two standard 


Wiener processes on the probability space (©, F, P) with correlation р € (—1, 1). In addi- 
tion, we let B, be a risk-free asset with the differential equation 


d B, = г B,dt 


where r is the risk-free interest rate. 
We consider a variance swap with payoff 


T 
Ч (от) = / o? du — Kyo, 
t 


where K,,, is chosen so that no cash flows are exchanged when the contract is initiated at 
time 1. 
Assuming that the market price of volatility risk is zero, calculate the fair value of Кл. 


Solution: Following Problem 7.2.3.7 (page 753), it can be shown that under the risk- 
neutral measure Q, 

dS, = ("- D)S,dt + 6,S,dW,S 

do? = (к(0- о2) —ауо,) dt + acd W? 
where ws = pwe +у1- PZ, Ws and 2 аге Q-standard Wiener processes, we 1 


2 ‚ and y, is the market price of volatility risk. 
By assuming that the market price of volatility risk is zero, 


dS, = (r — D)S,dt + в,5 4/5 
do? = k(0 — о?)ат + ao,d W. 
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Let the variance swap payoff at expiry time T be 


T 
Ч (от) = / o? du — Ky 
[4 


then under the risk-neutral measure О, the value of the contract at time f is 


(бы; Ko, T) = e "T PE? [Kor] F] 


T 
2 
/ o, du — Ky, 
1 


Since there is по cash flow when the contract is initiated, we can set 


“Т-Әг0 


=e 


V(o,, t; К 


var? 


Т)-0 
and the fair value of K,,,, is defined as 


T 
К, = E? n o? du d ; 
1 


From the stochastic volatility model under the risk-neutral measure ©, 


do? = k(0 — o?)dt + a0,dW? 


and taking integrals оп both sides we have 


rT T : Т m 
[=] «0 - o du^. | ac, dW? 


Taking expectations under the filtration F,, 
T T T ET 
ЕС / do? | F,| = E? / к(0-о2)4ш F,| +E? / ac, dw? 
1 1 1 
T T 
/ E? 146319 :| | ЕО [00 — 02) du| | 
1 [4 


Т 
since Е® / ас, dW? 
1 


Simplifying further, 


T T 
/ dE? СЕ - | [ko - xE? Б 
1 t 
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Ву differentiating with respect to Т, 


шил 


4Т Т Т 

ог 
-4 ро ЖЕ + KE 51% = кд 
ат T| 21 T| 21| = KV. 


To solve the first-order differential equation, we set the particular integral 
І-е / кат — ект 


and multiplying J with the differential equation 


4 [ект rQ | | z1l EN k0ekT 
ат 


and then taking integrals, 


where C is a constant. 
When the contract is initialised at time 1, 


so that 
С-е“(о2- 0). 


Therefore, 


EO [o| m] = 0 e? - 8) 
and finally the fair value К,,, takes the form 
T 
ГЭМ / E2 С A du 
t 


T 
- / [0 + eto? — ө)| du 
1 


2-0 
-or-o (2 Ja-e. 
K 
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3. Let {W, : t > 0} be a standard Wiener process on the probability space (Q, F, P). Suppose 
that the asset price .S, has the following dynamics 


dS, 
—. = (u — D)dt+o,dW, 
S, 


where и, D are constants and the volatility o; is a continuous (possibly stochastic) process. 
In addition, let r be the risk-free interest rate from a money-market account. 

By dividing the time interval [t, T] into n equal intervals with corresponding asset price 
values Spo Sro ..., S, , t; 2 t ІЛДІ, At Z(T-Dfn t= to < ti <e < tyi <th ЕТ, 


ty li 


T Т 
show that the realised integrated variance / о2 du and volatility J o, du сап be 
t t 


approximated by 
т "gg. eed N 
2 А Ti+] ti 
o‘ du = lim — 
/ и noo 2, ( 5, ) 
апа 
T mls, —S, 
: z(T-t fia] ti 
мему ©) 
/ Ou au ae 2 n 2, 
respectively. 


We consider a call option on the realised integrated variance having payoff 


T 
Wor) = max / Hu K.o}. 
1 


Explain how to value the сай option at time ¢ as a discretely sampled Asian option. 


Solution: From the diffusion process 
45, 
[4 


and using Ito's lemma 


dS,\? 
(5) = |u -= Dat од 


= (u — DP (dt + 2(и — D)o,dW,t + o; (dW, 


7 22; 
= о, dt. 


7.2.4 Volatility Derivatives 


Thus, for a small time interval Ат, 


and the realised integrated variance is 
п-1 = 2 
с: 2 ди ж Sti 5, А 


Therefore, ав и оо, 


From Ito's lemma 


dS, \ 2 
2 W, 2 t 
^r s | Е ( 5, ) 


we сап set 


dS, 
5, 


o,|dW,| = | 


Since |dW,| follows а folded normal distribution |dW,| ~ М 100, dt) with mean 


2dt 
(ай) = 4| 
Л 
24! 
а = ү/ 2. 
Л 


informally we сап write 


For small Ат, 


ЫГ — $; 
= S; 


i 


or 


-4 
fil И 
5, 


і 
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Hence, the realised integrated volatility can be approximated by 


Bhd c 98 = 5, 


and in the limit n — oo, 


Bug c 


By definition, the call option price at time ¢ under the risk-neutral measure © is 


T 
С, K,T) = eT OER Is (/ ТТ) d 
1 


and since we can approximate 


where (o ) is the jth realisation of the payoff. 
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Thus, the call option price at time 1, which is the discounted expected payoff, is approx- 
imated by 


n-1( 50 _ $0} 
1+1 ti -K0 


Е - 
1 
G diss K,T) А n 1 > шах 
т = ЧЕ: 50) 
j=l i=0 


4. Timer Option. Under the risk-neutral measure Q, let (ws : t > 0} and 1724 : t > 0} be 
two correlated Q-standard Wiener processes on the probability space (Q, F, Q) with corre- 
lation p е (—1, 1). Let the asset price S, under ће Q measure follow a stochastic volatility 
model with the following dynamics 


48 ^T 
BOR = (r - Dt + /V,dws 

1 
dV, = alV,,t)dt + (V, aW," 


dW,’ dW,’ = pdt 


where r is the risk-free interest-rate parameter from the money-market account, D is the 
continuous dividend yield, VV, is the volatility process, a(V,, t) and B(V,, t) are continuous 
functions. 

We denote т as the random expiry time of a call option written оп S, at time t with strike 


price K » 0, 
и ~ 
т=з [из а: f vac 
1 


where it is the first hitting time of the realised integrated variance to the variance budget 
V. 
Show that the timer call option price at time f is equal to 


T 
Cina Su Vp t; K, 1) = E® max алыр, - Ke", 7] я 
where 
ву-/ WV, (га + I= рай, 
t 


such that 7, is a Q-standard Wiener process and Z, L ТАЙ 
Is there an explicit solution for the above timer call option? 
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Discuss under what conditions we can expect the timer call option to have closed-form 
solutions. 
Finally, show that the put-call parity of timer options is 


Crimer(St и, nk, т) 2 Рите (5), И, t; K, T) 
- ЕО Ес "(т ШЕЛ — КЕӨ E "(т ШЕ] 


where Р,,о,(5), V, t; K, 7) is the timer put option written оп S, at time f with strike price 


К and random expiry time т. 


Solution: By expanding d log S, using Taylor's series and subsequently applying 1076 
lemma, 


dios 226: (48). 
05 — = [| — 
E БО NS, 


= (r - D)dt + JV,aW$ – Ка! 


1 
= (r- D- sh) dt + JV,aWS. 
Since we can set 
dW = pdW +V1- 247, 
where 24 L Z, we can set 
41025, = (r- D- 59) dt УУ, (гай + УТ 0242,). 
Taking integrals, 
т т 1 т 
41055, = Gr Daas У, аи 
1 1 1 
+f VV, CLA tyl = 42,) 
1 
5, I~ 
log 5, Е Ооу Вр 
ог 


жы S, e Die V + By 
a : 


7.2.4 Volatility Derivatives 785 


Given that the payoff of a timer сай option is paid at random time т, the price of a timer 
call option at time f is 


Cyge (S; Vj; К,т) = E® E 1777 max 15: = K,0}| F| 


Де 
= FQ |e г(т—ї) max e = к.о)| | 


ж 
: 


From the timer call option price expression, there is no explicit solution since Вр and the 


random expiry time 7 can be correlated and the conditional distribution of Bj; т is not a 


normal distribution. 
Conditions where we expect the timer call option to have closed-form solutions are as 
follows. 


(a) 


(b) 


К =0andD=0 

By setting K = 0 and D = 0, the timer call option is reduced to a timer share contract 
with random expiry time т. 

Hence, we can set 


Ciimer(St V,,t; K,T) = Е [ ы А F, 
= 5, 


by assuming, under the general stochastic volatility model, that eS, is а martingale 
(1.е., putting restrictions on a(V,, t) and B(V,,t)). 
r=Oand D=0 

By setting г = 0 and D = О, we have 


x 
Css (S, V, t; K, 1) = E? max [se i -K, оу я | 


Note that the difference between the timer option and а European option is only the 
expiry time т, which is random when r = D = 0, then the exact date when the cash 
flow occurs is no longer applicable. Thus, the timer option is not dependent on т and 
following the Black-Scholes formula we have 


Cine GS; V, t; К) = 5,Ф(4,)- Kd(d ) 
where 


log(S,/K) + 5V 
d Ls ы. 
Vv 


and Ф(-) is the cdf of a standard normal. 
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(с) BV,,1) = 0 
When f(V,,t) = 0, the instantaneous variance process is deterministic and hence we 
know exactly when to exercise the timer call option. By solving the first-order PDE 


ae (1213 
dp 4 


to find the solution V,, let Т; be the time for the realised integrated variance to reach 


Ty E 
! V,du=V. 
t 


Thus, the solution of the timer call option reduces to the Black-Scholes formula 


the variance budget Ӯ, ie. 


Ciimer(St и, t; K)- Se P Tp @(d,) EE Ке" -?ф(а ) 


where 


| PEG/IO * e- DS - 02 5V 


р vv 


and Ф(-) 15 the cdf of a standard normal. 


1 
2 


For the put-call parity relationship, from the identity 
max[S, K,0] — max(K — S,,0} = 5, – К. 


Taking expectations under the risk-neutral measure О, 


EQ Ї ne 9 max(5, - K,0)| Я - E? E id ? max 5, — K,0}| x] 


= E? [e (s, - K)| 7] 
or 


Crimer St, и, 5 К,т)- В, тег (Sy, и, 5 К,т) 
= Fa E r(r 98%) - КЕ E r(r ДЕД к 


From the put-call parity, we can see that the first term on the right-hand side is the 
price of a timer share contract at time 1, whilst the second term is the price of a timer 
cash contract at time 1. 


Аррепйх А 


Mathematics Formulae 


Indices 
b p x" b b b b 
хох? m x9 225909, queo m (хо) aya 
3 
а 
Е 1 х xa 
х“ 3 Қ х9 =1 
ха у уд 
Surds 


age р у dx i 


8 


b 

[B= (= 
Exponential and Natural Logarithm 
fro, Рен, Qo 


log(xy) =logx + logy, log (=) —-logx-logy, logx"- ylogx 
y 


log ех = х, elosx = e? log x = ха. 
Quadratic Equation 


For constants a, b and с, the roots of a quadratic equation ах“ + bx + с = 0 are 


20 —b+ Vb? — 4ac 


Binomial Formula 


(Armee (97454760) 


n 
Y n = Y n! 
(x + у)" - Qe kyk = aea 
k=0 k=0 
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Series 


Arithmetic: For initial term a and common difference d, the nth term is 


Т,-а-(п- Па 
and the sum of п terms is 
1 
8,- gn [2a + (n — 1)d]. 


Geometric: For initial term a and common ratio r, the nth term is 


T, = ar"! 
the sum of n terms is 
$e a(l — r”) 
l-r 
and the sum of infinite terms is 
lim S, = ——, ||<1. 


Summation 


Forn E€ Z*, 


n n n 
Ук = зип» 1), уе = gni 1)(2л + 1), Ук 
К=1 К=1 К=1 
Let aj, a5, ... be a sequence of numbers. 


* If 3 a, < oo = lim a, = 0. 


no 


ә If lim a, %0-->/а, = co. 


Trigonometric Functions 


= Е jy. 


: i sin x 
sin(—x) = – sinx, cos(—x) = cosx, tanx = 
cos x 
1 1 
csc x = ——, secx = ‚ сох = 
sin x cos X tan x 
cos? x + sin? х = 1, tan? x 41-2 sec? x, cot? x + 1 = csc? x 


sin(x + y) = sin x cos y + cos x sin y 
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cos(x + y) = cos x cos y t sin x sin y 


ийэ tan x + tan у 
an(x + y) = ———— 
2 1 x tanxtan y 


sin(0) — 0, sin(2) = >, iie" 
2 
cos(0) = 1, cos (2) = 


tan(0) = 0, tan (=) = Vs 


Hyperbolic Functions 
; e*—e* ех + е * sinhx е*—е* 
sinh x 2 ————, сону PES tanh x = —— = —— 
2 2 coshx ех--етх 
1 1 
cschx = ———, sechx = ———, cothx = —— 
sinh x coshx tanh x 


sinh(—x) = —sinhx, cosh(—x)=coshx, tanh(—x) = —tanh x 


cosh? x — sinh? x = 1, coth? x — 1 = csch?x, 1 — tanh? x = sech?x 


sinh(x + y) = sinh x cosh y + cosh x sinh y 
cosh(x + y) = cosh x cosh y + sinh x sinh y 


TUR tanh x + tanh y 
anh(x =. 
ши 1 + tanh x tanh y 


Complex Numbers 
Let w = u + iv and z = x + iy where и, о, x,y E R, і = y-1 and i? = —1, then 


w +2 = (и+ х)+(о+у)ї, wz = (их — оу) + (vx + uy)i 


ш их + оу их-иу\. 
mL T i 
х2 + у? х2 + у? 


2 


М 
I 
№] © 
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De Moivre’s Formula: Let z = x + iy where х,у € К and we can write 


z-—r(cosÜ-cisin0) r= х2 + у?, 0 = (апт! (>) : 
ForneZ 
[r(cos 0 + i sin 0)]" = r” [cos(n0) + i sin(n0)] . 
Euler's Formula: For 0 Е К 


e? = cos 0 +15їпӨ. 


Derivatives 
If f (x) and g(x) are differentiable functions of x and а and b are constants 


Sum Rule: 

£ (a f (x) + bg(x)) = а/'(х) 5 (о) 
Product/Chain Rule: 

2 COED = fg! + 7 О) в (о) 
Quotient Rule: 


d (=) J Fog) — f Og GO. 20 


ах \ g(x) go»? 
d , а , 
where — f(x) = f (x) and — g(x) = g (x). 
dx dx 
If f(z) is a differentiable function of z and z = z(x) is a differentiable function of x, then 
d , , 
m (200) = f (2(х))2 (х). 
х 
If = x(s), у = y(s) and F(s) = f(x(s), y(s)), then 


д of д 
Aged ку 
48 Ох Os ду Os 


If x = х(и, v), y = y(u, v) and F(u, о) = f(x(u, о), y(u, v)), then 


QE 00 30 (CB Ву ОЕ «cf. 30% QUT ду 


Qu dx Qu ду ди Ov Ox Ov ду Ov 
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Standard Differentiations 


If f(x) and g(x) are differentiable functions of x and a and b are constants 


44-0, Liro = nlf GO] О) 


, 
2/9 = рде, Frog siya А, Fal = уда! toga 


£ sin(ax) = a cos x, са cos(ax) = —asin(ax) йй. їап(ах) =a sec? x 
X 


dx > dx 


a анна арайын coh ashe Сар ao 
dx dx dx 
, а 
where /'(х) = — f (x). 
ах 


Taylor Series 


If f (x) is an analytic function of x, then for small Л 


1 1 
Локо + В) = f Gg) + Тора =f" EA + 3 f" Qu)h + 
If f(x, у) is an analytic function of х апа у, then for small Ах, Ау 


д 
fx; + Ах, Ay) = Лоо) + LAO ay + Porro) ay 


Ox oy 
1 0? f (хо, Yo) 2 д2 f (xg, Yo) 220477 Хо, Yo) 2 
- |------(А 2-------АхА ----(А 
zl дх2 Ы дхду ы ду? (Ay) 
1 [95 f (ху, yo) 4 „Sf (xo. yo) 2 
-|------(Ах/-3------(Аху“А 
5 | “СО (ax) aug, АхУАу 


(Ау)? | + 


39 FOI) A Ay? 4 9? f (xo, Yo) 
дхду? ду? 


Maclaurin Series 


Taylor series expansion of a function about xq = 0: 


1 


=1-х+х2- х? +.. 
1+ х 


., Ix| «1 


1 
тў =1+х+х xb te, |x| < 1 
=X 


1 1 
e*=1+x+ =x + х3 + 


71 T ..., огай х 
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= 1 1 
e Х=1-х+рх^— Sx + 


5 T ..., forall x 


log(1 +x) = x — jx нэ - ps ши xE(-1,1] 


log = x) = -x = 5х2 = даб pts |x| «1 
13,15 17 
ати +z” – 1х 422, гаі х 
= 15 14 16 
сох pem +g” Te 422, forallx 
aeu ЕЕ LITE |x| < 2 
3 15 315 ын 2 
inxex4 ix $154 4574 for all 
sinh x = x a 555 tax te or all x 
pee жыды for all 
cosh x = 215 + их tae К? or all x 
1\3 2x5 177 л 
tanhx = x сх? + ————х'+..., Em 
ELS EE ON TL BI 


Landau Symbols and Asymptotics 


Let f(x) and g(x) be two functions defined on some subsets of real numbers, then as x > xo 


e f(x) = О (g(x)) if there exists a constant К > 0 and 6 > 0 such that | f(x)| € K|g(x)| 
for |x — xol < 6 
e f(x) = 0(g(x)) if lim 1452) -0 
хэхо g(x) 
e f(x) ~ g(x) if lim ЈО) = 1 
хәху g(x) 


L’Hopital’s Rule 
Let f and g be differentiable on a € R such that g'(x) # 0 in an interval around a, except 
possibly at a itself. Suppose that 

lim f(x) 2 lim g(x) 2 0 

xoa xa 


or 


lim f(x) = lim g(x) = +00 
xoa xa 
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Шеп 


PICO С 
im — = lim : 
хта g(x) xa (х) 


Indefinite Integrals 


If F(x) is a differentiable function and f(x) is its derivative, then 
| twa = F(x)+c 


where F'(x) = ip (x) = f(x) апа с is an arbitrary constant. 


If f(x) is a continuous function then 


B / годах = f(x). 
x 


Standard Indefinite Integrals 


If f (x) is a differentiable function of x and a and b are constants 


пы 
аах=ахче, халуа = SHT e п#—1 


а(п + 1) 
, 
р ел ЙИ ДЕ [ге жиг ЫЫ 
ЕСЕ dx = x log(ax) — ах + с, / а* dx = сш 
loga 


j sin(ax) dx — 23 cos(ax) + c, | «мад ах = : sin(ax) + c 
а а 


if sinh(ax) dx = : cosh(ax) + с, Ї cosh(ax) dx = T sinh(ax) + c 
a a 


where c is an arbitrary constant. 


Definite Integrals 


If F(x) is a differentiable function and f(x) is its derivative and is continuous on a closed 


interval [a, 6], then 


b 
/ f(x)dx = Е(Ь) – F(a) 


ШЕ 


where F'(x) = 
dx 


F(x) = f(x). 
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If f(x) апа g(x) are integrable functions then 


a b a 
! f(x)dx = 0, / /одах-- | f(x)dx 
a a b 


b b b 
1 [а f (x) + Ве(х)]ах = “| /(х)ах + 2 g(x)dx, а, В are constants 


b с 5 
[тоа | rax | f(x)dx, сє [a,b]. 


Derivatives of Definite Integrals 


If f (t) is a continuous function of t and а(х) and b(x) are continuous functions of x 


qq d d 
Tm f) dt = f(b(x)) —b(x) — f (a(x)) —a(x) 
х Ja) dx dx 
d [9 d d 
d Ер dt= 25:009) — 3:209. 


If g(x, t) 15 a differentiable function of two variables then 


b(x) b(x) д t 
КЖК ТОО у Т 98059) ay 
4х а(х) ах ах а(х) дх 

Integration by Parts 


For definite integrals 


b 


b 
-/ о(хди (х) dx 


а а 


Ь 
/ u(x)v'(x) dx = u(x)v(x) 


a 


where u'(x) = HA and v'(x) = Bue 
dx dx 


Integration by Substitution 


If f (x) is a continuous function of x and g' is continuous on the closed interval (а, 6], then 


g(a) b 
годах = | f (g(u)g' (и) du. 


g(b) 
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Gamma Function 


The gamma function is defined as 


T(z) = | le~ dt 
0 


such that 


T(z +1) = zI'(), г(5) =m, Г(п)-(п- 1)! forn €N. 


Beta Function 


The beta function is defined as 
1 
B(x, у) = 1 11-1/У71агїогх»0,у» 0 
0 


such that 


roro) 


B(x, у) = B(y, x), B(x, у) = FG 


In addition 


и 
ji p (u – ty! dt = wt"! B(x, у). 
0 


Convex Function 


А set Q in a vector space over R is called a convex set if for x, y € Q, x $ y and for any 
дє (0, 1), 


Ax+ (1-A) EQ. 


Let Q be a convex set in a vector space over R. A function f : Q — R is called a convex 
function if for x, y € Q, x # y and for any А Е (0, 1), 


f(x + (1 — Ay) < Af (x) + (0 -A Бу). 


e If the inequality is strict then f is strictly convex. 

e If f is convex and differentiable on R then f(x) > f(y) + f'(yY(x — y). 

e If f is a twice continuously differentiable function on R then f is convex if and only if 
f" > 0. If f" > Othen f is strictly convex. 

e f is a (strictly) concave function if — f is a (strictly) convex function. 
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Dirac Delta Function 


The Dirac delta function is defined as 


RE pr 


and for a continuous function f(x) and a constant a we have 


ШІ zl 1: I (x)6(x) dx = f (0), A 7096(х- а)ах = f(a). 


со 


Heaviside Step Function 


The Heaviside step function H(x) is defined as the integral of the Dirac delta function given 
as 


нә-/ жәж-19 0 


Er х > 0. 


Fubini’s Theorem 


Suppose that f(x, у) is Ах В measurable and if 1 


Ах 


22070702 1 ( / лау) 225 Ї ( / fs») dx) dy. 
AxB A B B A 


| f Ос, y)| d (x, у) < оо, then 
B 
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Probability Theory Formulae 


Probability Concepts 


Let А апа В be events of the sample space Q with probabilities P(A) е [0,1] and P(B) € 
[0, 1], then 


Complement: 
P(A‘) = 1 - P(A). 
Conditional: 
P(A|B) = TE. 


Independence: The events A and B are independent if and only if 
P(A n B) = P(A) - P(B). 


Mutually Exclusive: The events A and B are mutually exclusive if and only if 


P(A n В) = 0. 
Ааййоп: 
P(A U B) = P(A) + P(B) — P(A п В). 
Multiplication: 
P(A п B) = P(A|B)P(B) = Р(В|А)Р(А). 
Partition: 


P(A) = P(A n B) + P(A п В“) = P(A|B)P(B) + Р(А|В©уР(В©). 


Bayes’ Rule 


Let A and B be events of the sample space Q with probabilities P(A) € [0, 1] and P(B) € 
[0, 1], then 


Р(В|А)Р(А) 


Р(А|В) = E 
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Indicator Function 


The indicator function I, of an event A of a sample space © is a function I, : Q > R 


defined as 


1 НоЕА 
140)- ( 0 ое Ас. 


Properties: For events A and В of the sample space Q 


Ix =1- 14, Hjg-l4lg Iiug = 14 + Ig- 1416 


Discrete Random Variables 


Univariate Case 


E(I4) = P(A), Var(IL,) = P(A)P(A), Соу(Ид, Ig) = Р(А п B) — P(A)P(B). 


Let X be a discrete random variable whose possible values are x = х, х›,... and let P(X = x) 


be the probability mass function. 
Total Probability of All Possible Values: 
Р(Х =x, = 1. 
k=1 
Cumulative Distribution Function: 
n 
P(X <х,) = > P(X = x,). 


k=1 


Expectation: 


E(X) = и = Y x, P(X = ху). 
k=1 


Variance: 


Var(X) = o? 
= E [X - vy] 


со 


(xy = и?Р(Х = ху) 
К=1 


Ў; x P(X -х,)- и? 
К=1 


= Е(Х?)-(ЕООР. 
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Moment-Generating Function: 


My(t) = E (e*) = У, езр(Х-х), tER. 
k=1 
Characteristic Function: 
ox(t) = Е (eX) = У P(X =x,), i= V-landteR. 
k=1 


Bivariate Case 


Let X and У be discrete random variables whose possible values are x = Хү, хо, ... and у = 
Y1; Уо, ...› respectively, and let P(X = x, У = у) be the joint probability mass function. 


Total Probability of All Possible Values: 


> P(X =x,,¥ =y)=1. 
k=1 


Mes 


J 


Ш 
MR 


Joint Cumulative Distribution Function: 


п т 
Р(Х «х,Ү X Ym) = У У Р(Х Ех, У = ук). 
j=l k=l 


Marginal Probability Mass Function: 


P(X = х) = È PX =x, Y =y), PY =y)= },Р(Х=х„Ү = у). 
k=1 j=1 


Conditional Probability Mass Function: 


P(X = x,Y = y) 
P(Y = y) 


P(X =x,Y = y) 


P(X = x|Y = у) = РОХ 5) 


‚ PY =y|X = х) = 


Conditional Expectation: 


n n 


E(XIY) = Hayy = У, ХРО =х|Ү =y), ЕХ) = ну, = У POY = УМХ = х). 
j=l k=1 
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Сопашопа! Уапапсе: 


Уа(Х|У)- 02, 


= E[a - и] 


x; - ug P(X = xjlY = y) 


Ї 
™ 


j=l 
со 
= У х2р(Хх =x,|Y=y)- jc 
ігі 
22322 
Var(Y |X) = р 


20x ~ Hy PY = 4X = x) 
Рух 


= Y XP =у,|Х =х- 
К-1 


Соуапапсе: 
For E(X) = и, and E(Y) = 


Cov(X, Y) = E [X — и - ny) 


Mes: 


ll 
ын 


(xj — ихук — Hy)P(X = xj, Y = у) 
k 


ll 
на 


J 


Ms 


x,yP(X = x, Y = yk) – ии, 
j=l k=1 


= E(XY) - ҚХОҚ(Ү). 


Joint Moment-Generating Function: 
For s,t ER 


Mxy(s,t)= E ge) 222 > ex P(X = x; Y = у. 


Joint Characteristic Function: 
For i = y -1 and s,t E R 


со со 
Qxy GG. D = E (e*4 RE) os ef Xt PX i. xp Y Р у). 
j=l k=l 
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Independence: 
X and Y are independent if and only if 


e P(X =х,У =у) = Р(Х = х)Р(Ү = y) 
е Myy(s,th=E (езе) =Е [e (eY) = Мх($)Му(®.. 
e Q xy. D) =E (ӘЗІР) Е (е (e) ше Фх(5)Фү@). 


м 


— 


Continuous Random Variables 
Univariate Case 


Let X be a continuous random variable whose values x € R and let fy(x) be the probability 
density function. 


Total Probability of All Possible Values: 


[х= 1. 


Evaluating Probability: 


b 
P(a < X <b)= / fx Co dx. 
a 
Cumulative Distribution Function: 
х 
FyG)- Pt «3)- | fx) dx. 
Probability Density Function: 


f(x) = 2 Fy, 
x 


Expectation: 


х) =и= | х/ұодах. 


со 


Variance: 


уш) =0?= / -и?/хбдах= [s fede – и? = EX- EOP.. 


—со 


Moment-Generating Function: 


Мү()-Е(е7) -Г e f у(х) dx,t € В. 


со 
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Characteristic Function: 


Qx(t) = E (е^) = fe Fx ax i= V-landte R. 


со 


Probability Density Function of a Dependent Variable: 
Let the random variable Y = g(X). If g is monotonic then the probability density function of 
Y is 
1 а лу 
fro) = fx (87109) |2710) 


where g^! denotes the inverse function. 


Bivariate Case 


Let X and Y be two continuous random variables whose values x Е К and y € R, and let 
fF xy G6 y) be the joint probability density function. 


Total Probability of All Possible Values: 


|. |. fxy(x, y)dxdy= i ГІ fxyO y)dydx = 1. 


Joint Cumulative Distribution Function: 
x y y x 
Ехү(х,у)= P(X <х,У <у)= / | fxy(x, y)dydx = / / Лху(х, y) dxd y. 


Evaluating Joint Probability: 


Xp Yb 
Pa SX «xy Уә) = | / fxy(x,y)dydx 
Xa Ya 


Yb хь 
= / fxy(x, y)dx dy 
У 


х 


а а 


= Fyy (Xp, Yb) — Fyxy (Xp Ya) — Fxy (Xas Yp) + Fry (Xas Уа): 


Joint Probability Density Function: 


д? д? 
Лху(х, у) = әхәу xv 0») - ar жу) 


Marginal Probability Density Function: 


hs / Б Е / УА 
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Conditional Probability Density Function: 


/хү(х, y) Лху(х, у) 


/хүу ОУ) = Ты” fyix olo = "fo" 


Conditional Expectation: 


EXD) = ua, - / Xf хуу (ly) ах, za po = uy, / Yfyix Ох) d y. 


Conditional Variance: 
Var(X|Y) — б, 


-Е|Х-ю | 


/ (x — nay fiy cb dx 


- " X! убу) dx — и, 


2 059 
Var(Y |X) = бух 


= E [Y и x] 


з (у= Myx) fvix ol dy 
- f Y f yx (9 dy — иу. 


Covariance: 
For E(X) = и, and ЕҮ)- Hy 


Cov(X, Y) = E [(X — XY — и,]] 


E 1 (x — их) — и,)Лху(х, у)дуах 


-/ 1 xyfyy(x, у) 4у4х — ихи, 
= Е(ХУ) – ECX)EQ). 


Joint Moment-Generating Function: 
Fort,s ER 


Myy(s,t)=E (eae) = / / e*t Гуү(х, y) dy dx. 
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Joint Characteristic Function: 
For i = y-landt,semR 


Фхү (5.1) = E (e*t) = / i) gi Ht F v (x, y) dydx. 


со 


Independence: 
Х and У are independent if and only if 


9 Лху(х, y) = /х0д/ү0). 


e Myy(s,t) = Е (esX+ty =E(e*)E 


е! 
ө Q хү(8,1) zu [C = Е (e*X) Е (e 


гре M x (s)My(t). 
туш Фх(8)Фү(1). 


Joint Probability Density Function of Dependent Variables: 


Let the random variables U = g(X,Y), V = h(X,Y). If u = g(x, y) and v = h(x, y) сап be 
uniquely solved for x and y in terms of и and v with solutions given by, say, x = p(u, v) and 
y = q(u, v) and the functions g and Л have continuous partial derivatives at all points (x, y) 
such that the determinant 


д8 og 
у- У | авап дЕдї Lg 
| ðh oh дх ду дудх 
дх ду 


then the joint probability density function of U and V is 


fyuy, v) = Гүү (x, y) JG, у)! 


where x = p(u, v) and y = q(u, v). 


Properties of Expectation and Variance 


Let X and Y be two random variables and for constants a and 5 


E(aX + b) = aE(X) + b, Var(aX + b) = a? Var(X) 


E(aX + bY) = aE(X) + bE(Y), Var(aX + bY) = a? Var(X) + b? Var(Y) + 2abCov(X, У). 


Properties of Moment-Generating and Characteristic Functions 


If a random variable X has moments up to kth order where К is a non-negative integer, then 


үк dE 
dt* 


E(X*) = Oe ag XO, 


where i — V-1. 
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If the bivariate random variables X and Y have moments up to m + n = К where m, n and К 
are non-negative integers, then 


d* ilis td 
E(X"y")2 —— —M ‚1 = - ‚1 
( ) XO xv G.f) iem |o лутт Фхү(5,1) m 


where i — V -1. 


Correlation Coefficient 


Let X and Y be two random variables with means и, and и, and variances в? апа с. Тһе 
correlation coefficient p,,, between X and Y is defined аз 


n- Соо а. SE [X — uY — и] 
ху EM acr еы ГЛ с ж їл, = 


4/ Var(X )Var(Y ) бхбу 


Important information: 


• р.у measures only the linear dependency between X and У. 
а рат 
е Ifp,, = 0 then X and Y are uncorrelated. 
e If X and Y are independent then р,, = 0. However the converse is not true. 
e If X and Y are jointly normally distributed then X and Y are independent if and only if 
рху = 0. 
Convolution 


If X and Y are independent discrete random variables with probability mass functions P(X = 
x) and P(Y = y), respectively, then the probability mass function for Z = X + Y is 


P(Z =z) = У P(X = x)P(Y =z-x) = M P(X = 2—- у)Р(Ү = у). 
x y 


If X and Y are independent continuous random variables with probability density functions 
fx (X) and fy(y), respectively, then the probability density function for Z = X + Y is 


по = | /хбд/у@ -хуйх- | fxG – »fyQ) dy. 


Discrete Distributions 


Bernoulli: A random variable X is said to follow a Bernoulli distribution, X ~ Bernoulli(p) 
where p € [0, 1] is the probability of success and the probability mass function is given as 


Р(Х=х=р (1—0)! 7, х= 0,1 


806 Appendix В 


where Е(Х) = p and Var(X) 2 p — p. The moment-generating function is 
My(t) 21-p- pe, t€R 
and the corresponding characteristic function is 
Qx() = 1— p ре", i=V-landteR. 


Geometric: А random variable X is said to follow a geometric distribution, X ~ Geometric(p) 
where p € [0, 1] is the probability of success and the probability mass function is given as 


P(X2x)2p(1-p)*l х=1,2,... 


1- 
where E(X) — l and Var(X) = —. The moment-generating function is 
р р 
р 
My(t) = ——————, тек 
x(t) [XR 
and the corresponding characteristic function is 
р : 
t) = --2 Ы» =V-landteR. 
ЕТТЕР 


Binomial: A random variable X is said to follow а binomial distribution, X ~ Binomial(n, p), 
p € [0, 1] where p е [0, 1] is the probability of success and n е N is the number of trials and 
the probability mass function is given as 


P(X =x)= (“Уға – р), х-0,1,2,..,п 


where Е(Х) = np and Var(X) = np(1 — p). The moment-generating function is 


My(t)=(1—p+pe')", teR 
and the corresponding characteristic function is 
Qx(D = (1— p* pe", i2 y-1andt € В. 


Negative Binomial: А random variable X is said to follow a negative binomial distribution, 
X ~ NB(r, p) where p € [0,1] is the probability of success and ғ is the number of successes 
accumulated and the probability mass function is given as 


Р(Х-х)- 19 “уа =p", x=nrtlrt2,... 
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1— 
where Е(Х) = ғ and Var(X) = = Тһе moment-generating function is 
р р 


1-р у 
мо (222) , t<-—logp 


and the corresponding characteristic function is 


1- r 
mo=( 755) ‚ i2 V-1andt € R. 


pe 


Poisson: A random variable X is said to follow a Poisson distribution, X ~ Poisson(A), 4 > 0 
with probability mass function given as 


—41х 
Р(Х = х) = © 2 ‚ x=0,1,2,... 
x: 


where E(X) = A and Var(X) = 4. The moment-generating function is 


Мұ(д-е-), тєк 


and the corresponding characteristic function is 
фу) = е7), i= ү-1аагє В. 
Continuous Distributions 
Uniform: A random variable X is said to follow a uniform distribution, X ~ V (а, b), a < b 


with probability density function given as 


Oe a«x«b 
b—a 


b- 2 
where ЕХ)- ath and Var(X) = ( 1 6) . The moment-generating function is 
е? — ela 
M,(t) = ————, тек 
x t(b — a) 


and the corresponding characteristic function is 


е? _ eita 
p ТРТ узш 
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Normal: A random variable X is said to follow а normal distribution, X ~ N (4,0), u € R, 
c? » 0 with probability density function given as 


where E(X) = и and Var(X) = о2. The moment-generating function is 


1.20 
Муү()-е 29", teR 


and the corresponding characteristic function is 


: 1.250 
фу() = е 29", і= ү-1 аг ЕВ. 


Lognormal: A random variable X is said to follow а lognormal distribution, X ~ Іор-Л (и, с), 
и ER, о? > 0 with probability density function given as 


_ 1 води V? 
Е S86 
xovV 2л 


ptte 2 24402 : 2-2 
where E(X) = е 2° and Var(X) = (e? — 1)e^"** . The moment-generating function is 


со 
t” 1:252 
My(t)= 3 pere t<0 
п! 
n= 


and the corresponding characteristic function is 
со 
it)” 1,202 
фх(® = > шийр % j=V-landteR. 
п! 
п=0 


Exponential: A random variable X is said to follow an exponential distribution, X ~ Ехр(4), 
A > 0 with probability density function 


fx) = Ae, х>0 


where E(X) = and Var(X) = = The moment-generating function is 


A 
My(t) = —, t«A 
x(t) 1-1 
and the corresponding characteristic function is 


-1 
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Gamma: А random variable X is said to follow а gamma distribution, X ~ Gamma(a, A), 
a, A > 0 with probability density function given as 


-Ах а-1 
Ae ^*(Ax) x55 


fx(x) = Tla) > г 


such that 


го) = | e *x"-lgx 
0 


where Е(Х) = 5 and Var(X) = The moment-generating function is 
A a 
My(t)= (—) ‚ <А 
хо-(-- 


and the corresponding characteristic function is 


а 
) ‚ 1=\У аа ЕВ. 


4 
Фх(0- Ga 


Chi-Square: А random variable X is said to follow a chi-square distribution, X ~ 7?(v),v € N 
with probability density function given as 


де x7 62, x20 
210 
2 
such that 


r(z) -| ex dx 


where E(X) = v and Var(X) = 2v. The moment-generating function is 


2% 1 1 
My(t)=(1-2t) 2, --<і<- 
xt) = ( ) 5 5 
and the corresponding characteristic function is 


My(t)=(1-2it) 3, i= V-1andt ЕКВ. 


Bivariate Normal: The random variables X and Y with means их, Hy; variances 85 c? and 


correlation coefficient Pxy € (—1, 1) is said to follow a joint normal distribution, (X,Y) ~ 
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ШИГ? Е Var(X) Cov(X,Y)| | o? Рхубхбу 2 
М» (р, X) where и = А and X = Bes Y) Va(Y) |^ |750,0, о? with 


joint probability density function given as 


2 1 2 
1 Х-Их X—Hx У-Иу у-ну 
1 zi ох ) 2( ох )( бу )* ( ву 
— e ви 
—. 42 
2л6,6,4/1 pz, 


The moment-generating function is 


Лху(х, y= 


1022.2 2,2 
1-5 2 t t 
Myy(s, t) = gx Hy +5 (6х5 +2руусхоуѕі+оу ) steR 
and the corresponding characteristic function is 
Ч ; lí 22 2,2 
1-5 2px, tto-t : 
Фхү(8,1) = у s (ris +20уубубузї+о) 2 i= V-lands,teER. 


Multivariate Normal: The random vector X = (X,, X5, ..., X„) is said to follow a multivariate 
normal distribution, X ~ M п (И, X) where 


E(X4) Уа(Хі) | Cov(X,, X5) ... Cov(X,, X,) 
Е(Х,) апа У = Cov(X,, X5) Var(X>) ... Соу(Х,, X,) 


E(X,) Cov(X,, X,) Cov(X5, X,) » Var(X,,) 


with probability density function given as 
fx Gi. хә, ЗЭ ,х,) = 


Тһе moment-generating function is 


ТЕГ 
мые t= ne? 
and the corresponding characteristic function is 
ит 147 Xt 


T 
Фх(1ү,12,---,1,) =e t = (fi fos... utu) Я 


Integrable апа Square-Integrable Random Variables 


Let X be a real-valued random variable. 


e If (|X|) < oo then X is an integrable random variable. 
e If E(X?) < оо then X is а square-integrable random variable. 
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Convergence of Random Variables 


Let Х|, X>,..., X, be a sequence of random variables. Then 
(a) Х, 2 x converges almost surely if 


P (tim xX, =X) = 1. 
noo 


(b) X, Ud converges in the rth mean, r > 1, if E(| X7|) < oo and 


lim E (IX, — X|") — 0. 


naw 


P 
(c) X, — X converges in probability, if for all ғ > 0, 


lim P (IX, = X| 2 €) = 0. 


D 
(d) X, — X converges in distribution, if for all x е R, 


lim P(X, € x) = P(X < x). 
now 


Relationship Between Modes of Convergence 


For any r > 1 


Ifr > s > 1 then 
? 5 
(x, x) [x > x}. 


Dominated Convergence Theorem 


If X, 45 X and for any n € N we have |X,| < Y for some Y such that E(|Y |) < co, then 
E(|.X,]) < со and 


lim E(X,) = E(X). 


noo 


Monotone Convergence Theorem 


IfO < X, € X, and X, —» X for any n € N then 


lim E(X,) = E(X). 


noo 
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Тһе Weak Law of Large Numbers 


Let Ху, X5, ..., X, be a sequence of independent and identically distributed random variables 
with common mean и е R. Then for апу ғ > 0, 


Х,-Х,-...-Х 


noo n 


The Strong Law of Large Numbers 


Let Ху, X5, ..., X, bea sequence of independent and identically distributed random variables 
with common mean и € R. Then 


Хх +X +... +X 
p (tim ы" мэн 
noo 


n 


The Central Limit Theorem 


Let Х|, X5, ..., X, be a sequence of independent and identically distributed random variables 
with common mean и € R and variance с? > 0 and we denote the sample mean as 


Xp Xo eo X, 


n 


Х- 


a 2 2 
where E(X) = и апа Var(X) = zu By defining 
n 


pa ЭЕ) Хай 


V Var(X) в/ Vn 


then for n > oo, 


that is Z, follows a standard normal distribution asymptotically. 
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Differential Equations Formulae 


Separable Equations 


The form 


d 
z = f G)g(y) 


has a solution 


[Boe | годах 
g() 


If g(y) is a linear equation and if y, and y, are two solutions, then уз = ay, + руз is also а 
solution for constant a and b. 


First-Order Ordinary Differential Equations 


General Linear Equation: The general form of a first-order ordinary differential equation 


d 
T + foy = g(x) 
x 


has a solution 
у= (ху! | I(u)g(u) du + C 


where Г(х) = ef /9ах is the integrating factor and C is a constant. 


Bernoulli Differential Equation: For n + 1, the Bernoulli differential equation has the form 


d 
— + Роду = ОсОУ 
dx 
which, by setting w = an can be transformed to a general linear ordinary differential equa- 
tion of the form 
dw 


—— + (1 — n)P(x)w = (1 — п)О(х) 
dx 
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with a particular solution 


w =(1—n)I(x)7! / I(u)Q(u) du 


where I(x) = e07") / Родах 


equation becomes 


18 the integrating factor. The solution to the Bernoulli differential 


1 


у= (а = 109" | ranean awh +C 


where C is a constant value. 


Second-Order Ordinary Differential Equations 


General Linear Equation: For a homogeneous equation 


ау | dy 
— + b— =0 
асу + ЙЫ + су 


by setting у = е“* the differential equation has a general solution based on the characteristic 
equation 
au? + bu-- c =0 


such that m, and тэ are the roots of the quadratic equation, and if 


e m,m Е К, тү £m, then у = Ае"! + Be™* 

e ту,т ЄК, ту =m, = т then y = e"*(A + Bx) 

e m,m ЕС, т = а +1, т = а -— if then y = еб [А соз(Вх) + Bsin(fx)] 
where А, В are constants. 


Cauchy-Euler Equation: For a homogeneous equation 


а? а 

20 y y 

x^— + bx — + =0 
dx? dx " 


by setting y = x" the Cauchy—Euler equation has a general solution based on the characteristic 
equation 


au? + (b— а)и+с= 0 
such that m, апа тэ are the roots of the quadratic equation, and if 
e m,,m, ЕК, тү + m, then y= Ах”! + Bx"? 
e m,m ЕВ, ту = т = т then y = x"(A + Blog x) 


e m,m ЕС, т = а +1, т = а – if then y = x*[Acos(f log x) + В віп( log x)] 


where А, В аге constants. 
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Variation of Parameters: For a general non-homogeneous second-order differential equation 


а?у dy 
804 558 + Шала + с(х) = f(x) 
has the solution 


у= у. ty, 


where y,, the complementary function, satisfies the homogeneous equation 


d 
Уе a en 


B © + b(x) 
2 “йу 


2 
У 
alx) dx 


and у,, the particular integral, satisfies 


d?y, dy, 
ae m + 209 ете + с(х) = f(x). 


Let y, = С, у(х) +С, y(x) where С, and С; are constants, then the particular solution to 
the non-homogeneous second-order differential equation is 


(2) (1) 
а ус СОЛО) 0) / ус (х) f(x) 
=- | P ax + ya) EE А 
а a(x)W (yx), YP) шалга асо (у(х), YPO) 


where W ( yx), y?(x)) is the Wronskian defined as 


1 2 
У yx) 


W (X (x), YP) = | а d 
> LOG) Lyx) 


Lo d 2 2 а 1 
: = Хо) ую) – РУ # 0. 
х 


Homogeneous Heat Equations 


Initial Value Problem on an Infinite Interval: The diffusion equation of the form 


ди д?и 
—=a—~, а»0, -о«х«оо, 1>0 
дї дх? 

with initial condition u(x, 0) = f(x) has a solution 


1 со | (ez 
| f(z) а dz. 
24/ zat J –оо 


u(x,t) = 
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Initial Value Problem оп a Semi-Infinite Interval: The diffusion equation of the form 


—=a—, о>0, 0<x<ow, і>0 


with 


e initial condition u(x, 0) = f(x) and boundary condition u(0, t) = 0 has a solution 


_ (х-2)< 22 _ хаад 
и(х, ї)= = f(z) |е “dat —e 4ш dz 


2N zat 


è initial condition u(x, 0) = f(x) and boundary condition u,(0, f) = 0 has a solution 


- (- (х-2)2 _ «+52 
u(x,t) = Р(х) |е 4 +e 4a | dz 


1 
2N zat 


e initial condition u(x, 0) = 0 and boundary condition и(0, f) = g(t) has a solution 


x2 
g(w)e w dw. 


x | 1 
u(x,t) = 
24/ла JO у-и 
Stochastic Differential Equations 
Suppose that Х,, Y, and 2, are Ito processes satisfying the following stochastic differential 


equations: 


dX, = u(X,,t)dt + o({X,, айл 
dY, = uY, dt + o(Y,,t))dW,” 
dZ, = u(Z, tdt + o(Z,,1)dW,? 


where We, Ww? and Ww? are standard Wiener processes. 


Reciprocal: 


Product: 


d(X,Y, dX dY, dX,dY, 
XY) _ Doc 1011 


XY. Х, ТАРТТЫ 
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Quotient: 


Х 
а 

Gr dY, dX,dY, (ау ү? 
(z) * Yy XY, Y, j ` 


Product and Quotient I: 


X,Y, 
d 171 
ЕЗ” dY, dZ, dX,dY, ах, ай, лүе, 


X,Y, Е Х, Y, 2 Х, Ү, Х, 2 Ү, 2 
2, 


Product and Quotient IT: 


Х, 
ТООЖ” dY, 42, dX,dY, dX,dZ, dY,dZ, 


( X, ) Х, Ү, 2, Х, Ү, Х, 4 Y, 2, 


YZ, 


Black-Scholes Model 


Black-Scholes Equation (Continuous Dividend Yield): At time t, let the asset price S, follow 
a geometric Brownian motion 


48, 
—. = (и- D)dt + саи, 
5, 


where и is the drift parameter, Р is the continuous dividend yield, с is the volatility parameter 
and W, is a standard Wiener process. For a European-style derivative V (S,,t) written on the 
asset ,S,, it satisfies the Black-Scholes equation with continuous dividend yield 


OV | 1 52,29V ди 


— + 05.52 — +(r— D)S,— —гУ(5,,1) = 0 
as: 195, | 


where ғ is the risk-free interest rate. The parameters и, ғ, D апа с сап be either constants, 
deterministic functions or stochastic processes. 


European Options: For a European option having the payoff 
4 (Sip) = max {ô(Sr — K), 0} 


where д е {—1, 1}, К is the strike price and Т is the option expiry time, and if r, D and c are 
constants the European option price at time 7 < Т is 


V(S,,t;K,T) = óS,e PT (5d ,) -óKe "1 d(ód ) 
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108(5,/ К) + (r— D + 562ХТ e 
where d, = ————————————— — — — and dX) is the cumulative distribution func- 


сүт -t 


tion of a standard normal. 


Reflection Principle: If (S,, t) is a solution of the Black-Scholes equation then for a constant 
B > 0, the function 


S^ (p 1 r-D 
U(S,t)=(—) У(2-41|, a==(1- 
и (5) (5 ) i 2 lg2 

2 


also satisfies the Black-Scholes equation. 


Black Model 
Black Equation: At time t, let the asset price S, follow a geometric Brownian motion 


45, 


-(и-0)41--сау/, 
S, 


where и is the drift parameter, D is the continuous dividend yield, ø is the volatility parameter 
and W, is a standard Wiener process. Consider the price of a futures contract maturing at time 
T > t on the asset S, as 


F(t, T) = S,e- DXT70 


where ғ is the risk-free interest rate. For a European option on futures V (F(t, Т), t) written on 
a futures contract F(t, Т), it satisfies the Black equation 


ду | 15 TUA 
S t 39 Fe TY уру V EGT) 0 =0 
3: 555 (t, T) Эр? (EFT), 0) 


The parameters и, r, D and o can be either constants, deterministic functions or stochastic 
processes. 


European Options on Futures: For a European option on futures having the payoff 
YET, ТЭ) = шах(6(Е(Г,Т)-К),0) 


where ô € {—1,1}, K is the strike price and T is the option expiry time, and if r and с are 
constants then the price of a European option on futures at time t < T is 


V(F(,T),t;K,T) = 8e "1 |F, T)®(5d,) — K®(6d_)| 


log (F(t, T)/ К) + 502(Т -1) 
where d, = апа Ф(-) is the cumulative distribution function of 


oyT -t 


a standard normal. 
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Reflection Principle: If V(F(t, Т), 1) is a solution of the Black equation then for a constant 
В > 0 the function 


F(,T : 
U(F(t T), t) = © у (4 5") 


also satisfies the Black equation. 


Garman-Kohlhagen Model 


Garman-Kohlhagen Equation: At time t, let the foreign-to-domestic exchange rate X, follow 
a geometric Brownian motion 


dX, 
X, = udt + cdW, 


where и is the drift parameter, с is the volatility parameter and W, is a standard Wiener pro- 
cess. For a European-style derivative V (X,, t) which depends on Х,, it satisfies the Garman- 
Kohlhagen equation 


дү 


1 2,202 
252008 


aV 
X тты атан ы ы 


where rq and r are the domestic and foreign currencies’ risk-free interest rates. The parame- 
ters и, Ра, Ру апа с сап be either constants, deterministic functions or stochastic processes. 


European Options: For a European option having the payoff 
W(X) = max(6(X7 — K), 0} 


where б е {—1, 1}, К is the strike price and Т is the option expiry time, and if r4, г, and с are 
constants then the European option price (domestic currency in one unit of foreign currency) 
at time f < T is 


М(Х, KT) = óX,e "! 1 9 @(Sd,) — 6K e "47 @(6d_) 


log(X,/ K) + (rg — гу + 30?XT — 1) | "ИР 
where d. = ———_________——————_ and Ф(.) is the cumulative distribution 
сүт —t 


function of a standard normal. 


Reflection Principle: If V (X,,t) is a solution of the Garman-Kohlhagen equation then for a 
constant B > 0, the function 


XN” 2 ға-"ғ 
UE жасат тата кұралы 
В Х, 2 12 

2 


also satisfies the Garman—Kohlhagen equation. 
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Мо{апоп 


5ЕТ МОТАТТОМ 
е is ап element of 
ё is not an element of 
о sample space 
6 universal set 
@ empty set 
A subset of Q 
AS complement of set A 
| А| cardinality of А 
N set of natural numbers, 11,2,3,...) 
No set of natural numbers including zero, (0,1,2,...) 
Z set of integers, {0,+1,+2,+3,...} 
Zt set of positive integers, {1,2,3,...} 
R set of real numbers 
Rt set of positive real numbers, (x € R : x > 0} 
C set of complex numbers 
AxB cartesian product of sets А and B, Ax = {(a,b):a E A,be B} 
a~b a is equivalent to b 
c subset 
С proper subset 
n intersection 
U union 
\ difference 
A^ symmetric difference 
sup supremum or least upper bound 
inf infimum or greatest lower bound 
[a, b] the closed interval {x E R :a <x < 6} 
[a, b) the interval (xe R:a<x <b} 
(a, b] the interval (x ER: a<x <b} 
(a, b) the open interval {x ER :a< x< b} 


%,%, Ж  o-algebra (or o-fields) 
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Notation 


f(x) 
Ро» у") 
р» 


MATHEMATICAL NOTATION 


max{x, 0} 

min{x, 0} 

largest integer not greater than or equal to x, max{m € Z|m < x} 
smallest integer greater than or equal to x, min{n € Z|n > x} 
max{x, у} 

min{x, y} 

У-1 

infinity 

there exists 

there exists a unique 

for all 

approximately equal to 

p implies q 

р is implied Бу а 

р implies and is implied Бу а 

/ is a function where every element of X has an image in Y 
the value of the function f at x 

limit of f(x) as x tends to a 


increment of x 
the inverse function of the function f(x) 
first and second-order derivative of the function f(x) 


first and second-order derivative of y with respect to x 
the indefinite and definite integral of y with respect to x 


first and second-order partial derivative of f with respect to x; 
where f is a function on (х, x», ... , Xp) 
second-order partial derivative of f with respect to x; and x; 


where f is a function on (Хү, x2, ... , Xp) 
logarithm of x to the base of a 
natural logarithm of x 


а +а +... +а, 


а хах... ха 


п 


modulus of a 


m 

n factorial 
! 

—— —— for n,k € Z* 

К\(и — К)! 
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269) 


А,В,С 
I, 

P,Q 
P(A) 
P(A|B) 
Х,Ү,2 
Х, У, Z 
Р(Х =х) 
fx 


Fy(x), P(X < x) 
Mx(t) 


Фх@) 
P(X =x,Y = y) 


Лху(х, У) 


Dirac delta function 

Heaviside step function 

gamma function 

beta function 

a vector a 

magnitude of a vector a 

scalar or dot product of vectors a and b 
vector or cross product of vectors a and b 
a matrix M 

transpose of a matrix M 

inverse of a square matrix M 
determinant of a square matrix M 


PROBABILITY NOTATION 


events 

indicator of the event A 

probability measures 

probability of event A 

probability of event A conditional on event B 

random variables 

random vectors 

probability mass function of a discrete random variable X 
probability density function of a continuous random variable 
X 

cumulative distribution function of random variable X 
moment-generating function of a random variable X 
characteristic function of a random variable X 

joint probability mass function of discrete variables X and Y 
joint probability density function of continuous random vari- 
ables X and Y 


Еху(х, у), Р(Х «х,Ү < y) joint cumulative distribution function of random variables X 


Myy(s, t) 
Q xy, t) 
p(x,t; y, T) 
ж 
ЙЕК 
— 

r 
— 


and Y 

joint moment generating function of random variables X and 
Y 

joint characteristic function of random variables X and Y 
transition probability density of y at time T' starting at time f 
at point x 

18 distributed as 

is not distributed as 

is approximately distributed as 


converges almost surely 


converges in the r-th mean 


Notation 


x ®ү 
X LY 
ХІҮ 
Е(Х) 

E9(X) 


E[gCX)] 
E(X | F) 
Var(X) 
Var(X | F) 
Cov(X,Y) 


Pa 
Bernoulli(p) 
Geometric(p) 
Binomial(n, p) 
BN(n, r) 


Poisson(A) 
Ехр(4) 
Gamma(a, A) 
U (а, b) 


N (u, o?) 
log-N (u, o?) 


x(k) 
N, (и, X) 


O(-), B(x) 
P(x, y, p.) 


W, 
N, 


converges in probability 
converges in distribution 


X and Y are identically distributed random variables 

X and Y are independent random variables 

X and Y are not independent random variables 

expectation of random variable X 

expectation of random variable X under the probability mea- 
sure О 

expectation of g(X) 

conditional expectation of X 

variance of random variable X 

conditional variance of X 

covariance of random variables X and Y 

correlation between random variables X and Y 

Bernoulli distribution with mean p and variance p(1 — p) 
geometric distribution with mean р”! and variance (1 — p)p? 
binomial distribution with mean np and variance np(1 — p) 
negative binomial distribution with mean ғр”! and variance 
r(1— pp? 

Poisson distribution with mean 4 and variance 4 

exponential distribution with mean 47! and variance 477 
gamma distribution with mean «47! and variance (472 
uniform distribution with mean “(а + Б) and variance EIC — 
а)? 

normal distribution with mean и and variance o? 


lognormal distribution with mean е” +50? апа уагіапсе [С = 
1) gio 

chi-square distribution with mean k and variance 2k 
multivariate normal distribution with n-dimensional mean 
vector и and n x n covariance matrix 2 

cumulative distribution function of a standard normal 
cumulative distribution function of a standard bivariate nor- 
mal with correlation coefficient p, 

standard Wiener process, W, ~ N (0, f) 


Poisson process, М, ~ Poisson(At) 


3-period binomial tree models 
barrier-style options 432—5 
time-dependent options 310-14, 328-31 
tree-based methods 211-17 


ABM see arithmetic Brownian motion 
accumulators 428—9 
American options 267—349 
asymptotic optimal exercise boundary 316-21 
Barone-Adesi and Whaley formula 324—7 
basic properties 267, 271-92, 274—6, 276-9, 
279-88, 289-91, 290-2 
binomial option pricing 270-1 
Black approximation 322—4 
definition 2 
digital options 331-49 
early exercise 290-1, 321 
free boundary formulation 268-9 
linear complementarity 269-70 
lookback options 613-17, 623-7 
optimal stopping time 268 
perpetual options 294—305 
pricing formulations 268-70 
put-call parity 267, 282-4 
smooth pasting condition 314-16 
time-dependent options 305-49 
time-independent options 292—305 
upper bound of price 321—2 
approximation integration formula 689, 717 
arbitrage 306—7 
arbitrage opportunities 
American options 272—3, 275—7, 280, 290, 292 
discrete dividends 116, 122 
European options 65, 74-6, 80, 85, 116, 122 
self-financing trading strategy 65 
tree-based methods 192-3 
arithmetic average options 
average rate options 440, 442, 445—7, 457-79, 
487-91, 497, 525-9 


Index 


average strike options 441, 442, 448—9, 491—6, 
497, 525-9 

continuous sampling 440-1, 487—500, 525-9 

discrete sampling 440-1, 457-79 

probabilistic approach 496—500 

put-call parity 496—500 

symmetry of arithmetic average rate/ strike 525—9 
arithmetic average rate options 440, 457—79 

arithmetic-geometric average rate identity 445—7 

PDE approach 487-91 

put-call relation 442, 497 

symmetry of arithmetic average rate/strike 525-9 
arithmetic average strike options 441 

arithmetic-geometric average strike identity 

448—9 

PDE approach 491—6 

put-call relation 442, 497 

symmetry of arithmetic average rate/strike 525-9 
arithmetic averaging 439—41, 443 
arithmetic Brownian motion (ABM) 151—5, 554 
arithmetic-geometric average rate identity 445—7 
arithmetic-geometric average strike identity 448—9 
Asian options 439—529 

arithmetic averaging 439-41, 443 

average rate option payoff 440-1 

average strike option payoff 441 

continuous sampling 440-1, 480—529 

discrete sampling 440-1, 443-79 

geometric averaging 439-41, 443—4 

put-call parity 442—3, 496—500 

volatility derivatives 780, 782 
asset risk 573 
asset-or-nothing options 139-44 

Black-Scholes model 139-44 

Greeks 258, 260 

PDE approach 139-41 

probabilistic approach 141—4 
asset-paying dividends 72 
assets, non-dividend paying 163—7 
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asymptotic optimal exercise boundaries 316-21 Black, Fischer 63 
asymptotic property of binomial distribution 207 see also Black...; Black-Scholes... 
at-the-money (ATM) Black formula 422-3 
Brenner-Subrahmanyam approximation 662 Black model 144—6 
Chambers-Nawalkha approximation 683 Black-Scholes differential operator 247, 249, 256 
equity derivatives 3, 24 Black-Scholes equation 
Li АТМ volatility approximation 663—8 asset-or-nothing options 140 
Li non-ATM volatility approximation 668—73 asymptotic optimal exercise boundaries 317, 320 
average options see Asian options Barone-Adesi and Whaley formula 324—6 
average rate option payoff 440-1 barrier options pricing 354—6 
see also arithmetic average rate options; continuous sampling 480-1 
geometric average rate options continuous-time limit of binomial model 70, 202 
average strike option payoff 441 cross-currency options 572-9 
see also arithmetic average strike options; delta hedging strategy 64 
geometric average strike options digital options 134—5 
discrete dividends 116, 118, 122 
backward Kolmogorov equation down-and-out/in options 394—6, 413, 418 
Black-Scholes equation 724, 725 European option pricing 184, 189 
forward Kolmogorov equation 727, 729 European option valuation 95—7 
local volatility 687—92, 692—3, 695, 697 exchange options 542 
stochastic volatility 713-25, 727, 729 futures contracts 146-9 
Barone-Adesi and Whaley formula 324—7 geometric average options 502, 506 
barrier options 351—437 Greeks 245, 247—9, 252, 254, 256, 260 
barrier-style options 408—37 Heston model 756—60, 763 
in-out parity 352 higher derivatives property 110-12 
lookback options 609 immediate-touch options 339-42 
pricing 353-407 in-out parity 389, 408 
probabilistic approach 353-4, 357-86 invariance properties 108—9 
reflection principle 386—407 linear complementarity 307 
bear spreads 8, 37-9 local volatility 685, 687, 692-4 
Bermudan options 2, 270-1, 327-31 lookback options 604—9, 618—22 
binomial distribution asymptotic property 207 market price of risk 124—5 
binomial models one-touch options 331—3, 334 
continuous limit of 308—9 reflection principle 386-8, 421—2 
continuous-time limit 69-71, 202—4, 308—9 self-financing trading strategy 66 
discrete 194 smooth pasting condition 314-15 
tree-based methods 194, 202-4 solutions of 111-15 
see also binomial tree models stochastic volatility 723—6, 756—60, 763 
binomial option pricing 270-1 stock paying continuous dividend yield 89—92 
binomial tree models 204-17 stock paying discrete dividends 93—5 
3-period 211—17, 310-14, 328-31, 432-5 transaction costs 128 
barrier-style options 432—5 two-dimensional 537—9, 540, 724 
continuous limit of 308—9 up-and-out/in options 390—2, 410, 415 
continuous-time limit of 202—4, 308-9 Black-Scholes formula 63 
delta hedging 242-4 Brenner-Subrahmanyam approximation 661 
time-dependent options 308-14, 327-31 Chambers-Nawalkha approximation 683—4 
tree-based methods 204-17 down-and-out/in options 415 
bivariate normal distribution European options 85, 109-10, 648—9, 676—7 
Curran approximation 469—70, 474—5 generalised formula 161—3 
geometric average strike options 515, 518, 520 Greeks 71, 220-4, 226, 228, 230-1, 237 
rainbow options 559, 565, 566, 568—70 Heston model 755, 756, 761 
Black approximation 322-4 Hull-White model 745, 751 


Black equation 422-4 implied volatility 648—9, 706 


Index 831 


invariance properties 109-10 

Li non-ATM volatility approximation 668 

local volatility 685, 706 

Manaster-Koehler method 677 

reflection principle 393, 397 

theoretical 647, 649 

timer options 785, 786 

up-and-out/in options 412 
Black-Scholes framework 430, 442, 647 
Black-Scholes inequality 268 
Black-Scholes methodology 353 
Black-Scholes model 89-190 

asset-or-nothing options 139-44 

criticisms 73 

digital options 134—9 

European options 72-3, 89-190 

extension of 72-3 

local volatility 649-50 

stochastic volatility 651 

with transaction costs 73, 125—8 


chooser options 531, 600-4 
complex 601—4 
simple 600-1 
cliquet options 588-91 
closed-form solutions 
Asian options 439 
barrier options pricing 354 
one-touch options 337 
rainbow options 560 
timer options 784, 785 
collars 7, 41-4 
company defaults 158-61, 429-31 
complex chooser options 601—4 
compo options 575, 580 
compound options 591—9 
conditional Jensen’s inequality 475 
condor spreads 58-61 
contingent claims 2 
continuous arithmetic average 440 
continuous dividend yield 75-8, 305-6 


Black-Scholes operator 269 
Black-Scholes options see European options 
Black-Scholes price 668, 673 
Black-Scholes theoretical price 663—4, 666—7, 
669 
Black-Scholes world 
delta hedging 237 
down-and-out/in options 412, 418 
in-out parity with rebate at expiry 408 
knock-out equity accumulator 428 
knock-out/knock-in options 424 
reflection principle 386, 389, 390, 421—2 
time-dependent options 308 
tree-based methods 202-11 
up-and-out/in options 410, 415 
bonds see zero-coupon bonds 
Bos—Vandermark model 120-1, 233-7 
box spreads 39—40 
Boyle method 197—9 
Boyle-Emmanuel method 260-2 


Brenner-Subrahmanyam approximation 661—3, 673 


bull spreads 7, 33-6, 39 
butterfly spreads 8, 54-8 


call-on-a-put options 596, 599 
call/put-on-a-call options 591—2, 595 
capped options 532—3 
Cauchy—Euler equation 616 
Chambers—Nawalkha approximation 683—4 
Chapman-Kolmogorov equation 
backward Kolmogorov equation 714, 720, 721 
forward Kolmogorov equation 727 
local volatility 688, 691, 694, 696 


American options 271, 274, 277, 281, 292, 298, 
301, 316, 319 

arithmetic average rate options 446, 487, 525 

arithmetic average strike options 448, 492, 525 

backward Kolmogorov equation 687, 713 

Barone-Adesi and Whaley formula 324 

binomial tree models 308, 310, 327, 432 

Black-Scholes equation 480, 537, 723 

Black-Scholes formula 676 

Black-Scholes model 72, 89—95 

Boyle method 197 

Boyle-Emmanuel method 260 

Brenner-Subrahmanyam approximation 661 

capped options 532 

Chambers-Nawalkha approximation 683 

chooser options 600, 601 

cliquet options 588 

compound options 591, 596 

Corrado-Miller-Hallerbach approximation 673 

corridor options 533 

Cox-Ross-Rubinstein method 193 

cross-currency options 572, 575-80 

Curran approximation 468 

delta hedging 237, 245, 248, 250, 253, 255, 258 

down-and-out/in options 364, 380, 394, 400, 405, 
412 

Dupire equation 699 

exchange options 540, 543 

forward Kolmogorov equation 694, 726 

forward start options 586 

futures 13-14 

geometric average options 446, 448, 450, 500, 
504, 508, 514 
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continuous dividend yield (Continued) 
Greeks 218, 220-32, 237, 245, 248, 250, 253, 
255, 258, 260 
Heston model 754, 757, 760 
Hull-White model 745 
immediate-touch options 339, 345 
in-out parity 389, 408 
Jarrow-Rudd method 196 
Kamrad-Ritchken method 199 
Levy approximation 457 
local volatility 650-1 
lookback options 604, 613, 617-18, 623, 627, 
634, 640, 643 
one-touch options 331, 336 
PDE approach 354 
power options 534 
put-call parity 442, 496, 522 
rachet options 588 
rainbow options 559, 569 
reflection principle 386 
risk-neutral approach 190 
self-financing trading strategy 191, 192 
similarity reduction 482, 483, 485 
spread options 547 
stop-loss options 609 
time-dependent 72 
time-independent options 292, 298, 301 
timer options 783 
tree-based methods 190—3, 196—7, 199 
two-dimensional Black-Scholes equation 
537 
up-and-out/in options 357, 372, 390, 397, 403, 
410 
continuous geometric average 440 
continuous limit of binomial model 308—9 
continuous risk-neutral random walk 194 
continuous sampling 440-1, 480-529 


arithmetic average options 440-1, 487-96, 525-9 


Black-Scholes equation 480-1 
geometric average options 441, 500—25 
PDE approach 487-96, 500-8 
probabilistic approach 496—500, 508-22 
put-call parity 496—500, 522—5 
similarity reduction 482—7 
continuous-time limit of binomial model 69—71, 
202-4, 308—9 
contradiction 314, 315, 318, 320 
Corrado-Miller-Hallerbach approximation 673-6 
corridor options 533-4 
covered calls 7, 27, 32-3 
covered puts 7, 28—30 
Cox-Ross-Rubinstein model 
barrier-style options 432 


time-dependent options 327-31 
tree-based methods 193-6 
cross-currency options 572-86 
Black-Scholes equation 572-9 
PDE approach 575-9 
probabilistic approach 579—86 
cubic equations, depressed 663—7 
cumulative standard normal distribution function 
237 
Curran approximation 467—79 
currency see cross-currency options 


De Moivre's formula 665 
defaulting companies 158-61, 429-31 
delivery date, definition 2 
delta 71, 220—3, 260, 264—5 
see also delta hedging; Dirac delta function 
delta and gamma-neutral portfolios 264—5 
delta hedging 
Black and Scholes assumptions 63 
generalised perpetual American options 292 
Greeks 237-60, 262—4 
lookback options 607, 610, 620—1 
strategy 63-4 
time-dependent options 306 
depressed cubic equations 663-7 
derivatives, volatility 769-86 
differential equations see ordinary differential 
equations; partial differential equations; 
stochastic differential equations 
diffusion processes 
cross-currency options 580, 581, 583 
European option prices 167, 180 
exchange options 540, 543-4 
generalised Black-Scholes formula 161 
generalised perpetual American options 292 
generalised stochastic volatility model 710 
Greeks 255 
Heston model 757 
Hull-White model 744 
Merton model 132 
non-dividend-paying asset price as numéraire 
163-4, 166 
rainbow options 559, 569 
spread options 547—50 
time-dependent options 305 
two-dimensional Black-Scholes equation 537 
volatility derivatives 780 
digital options 134—9 
American options 331-49 
Black-Scholes model 134—9 
corridor options 533 
down-and-out/in options 365, 381, 413-14 
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European options 134-9, 331, 337, 410-14 
Greeks 253, 258, 259-60 
knock-out/knock-in options 427 
PDE approach 134—7 
probabilistic approach 137-9 
up-and-out/in options 357-8, 373, 410-11 
Dirac delta function 235, 691, 726 
discontinuous jumps 73 
discounting, definition 2 
discrete arithmetic average rate options 440, 
457-79 
Curran approximation 467-79 
Levy approximation 457-67 
discrete arithmetic average strike options 441 
discrete arithmetic averaging 439-41, 443 
discrete binomial model 194 
discrete dividends 
American options 273, 274, 278, 281 
Black-Scholes model 115-24 
Bos—Vandermark model 120-1 
escrowed model 115-18 
European options 77-8 
forward model 118-19 
futures 12 
yields 121—4 
discrete geometric average rate options 440, 450—7 
discrete geometric average strike options 441 
discrete geometric averaging 439-41, 443—4 
discrete sampling 440-1, 443—79 
arithmetic-geometric average rate identity 445—7 
arithmetic-geometric average strike identity 448—9 
Asian options 780, 782 
Curran approximation 467—79 
discrete arithmetic average rate options 440, 
457-79 
discrete geometric average rate options 440-1, 
450-7 
Levy approximation 457-67 
limit of discrete arithmetic average 443 
limit of discrete geometric average 443—4 
dividend yield 
discrete 121-4 
down-and-out/in options 418 
knock-out equity accumulator 428 
knock-out/knock-in options 424 
reflection principle 421, 422 
up-and-out/in options 415 
see also continuous dividend yield 
dividends 
forward model 118-19 
futures 11-12, 14-15 
see also discrete dividends 
domestic risk-neutral measure 580, 581, 583, 584 


down-and-out/in barrier options 352 
with immediate rebates 418-20 
PDE pricing approach 356 
probabilistic approach 364-72, 380-6 
with rebates at expiry 412-15 
reflection principle 394—7, 400-2, 405-7, 413-14 

dual delta 222-3 

dual gamma 223-4 

dual problem 322 

Dupire equation 699—705, 706 
local volatility 685, 699—705, 706 
stochastic volatility 743 
variance swaps 769, 770 

Dupire formula 650-1 


Emmanuel see Boyle-Emmanuel method 
equity accumulator, knock-out 428-9 
equity derivative theory 1—61 
definitions 1-2 
forwards 1, 4—5, 8-15, 17-18, 20-1 
futures 1, 2, 5-6, 8-15, 10-11 
hedging strategies 6—8, 27—61 
options 1-4, 15-27 
equity options, foreign 575-86 
equivalent martingale measure 67-8, 132 
escrowed dividend model 115-18 
estimation 
GBM parameters 652-4 
geometric mean-reversion process 658—60 
maximum-likelihood 647—8, 652-61 
moment-matching 653—4 
Ornstein-Uhlenbeck process 654—8 
Euler see Cauchy—Euler equation 
European options 63-265 
American options 271—6, 277—8, 281—2, 284, 
291 
Barone-Adesi and Whaley formula 324 
basic properties 74—89 
binomial tree models 432 
Black approximation 323 
Black-Scholes equation 95-7, 184, 189, 692, 694, 
723-4 
Black-Scholes formula 648—9, 676, 677 
Black-Scholes model 72-3, 89-190 
Brenner-Subrahmanyam approximation 661—3 
capped options 532 
Chambers-Nawalkha approximation 683—4 
chooser options 600, 602 
cliquet options 589-91 
compound options 591, 596 
continuous-time limit of binomial model 69—71 
Corrado-Miller-Hallerbach approximation 673 
corridor options 533 
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European options (Continued) 
cross-currency options 576, 578, 579 
definition 2 
delta hedging strategy 63-4 
digital options 331, 337 
down-and-out/in options 364—5, 380—1, 394—5, 
397, 400-1, 413-15, 418, 420 
Dupire equation 699 
exchange options 542 
forward start options 587 
Greeks 71-2, 218-65 
Greek values 245 
hedging strategies 40-1 
Heston model 754—5, 760-9 
Hull-White model 745 
implied volatility 648-9 
in-out parity 352, 389, 408-9 
knock-out/knock-in options 425 
Li ATM volatility approximation 664, 666—7 
Li non-ATM volatility approximation 668—9 
local volatility 651, 685 
lookback options 627-45 
Manaster-Koehler method 677 
martingale pricing theory 67-9 
Merton model 128-34, 158-61, 430 
options theory 21-7 
price formula 501, 505, 535-6, 547, 554 
prices under stochastic interest rate 167-90 
probabilistic approach 101—5, 137-9, 141—4, 
353 
put-call parity 267, 277-8, 280-1, 283, 284 
rachet options 589-91 
reflection principle 386, 421, 422 
self-financing trading strategy 64-7 
stochastic volatility 723-4, 736-7, 743, 745, 
754-5, 760-9 
time-dependent options 307, 323, 324, 331, 337 
timer options 785 
tree-based methods 190-217 
up-and-in call options 435-6 
up-and-out/in options 357-8, 372—3, 390-3, 403, 
410-12, 415, 417 
valuation 95—105, 131-4 
variance swaps 769, 770, 772 
European-style options 
Asian options 442 
cross-currency options 575 
Heston model 757 
local volatility 650 
lookback options 604, 618 
exchange options 531, 540-7 
formula 522 
payoffs 586 


PDE approach 540-2 
probabilistic approach 543-7 
exchange rate risk 573 
exercise date, definition 2 
exercise price, definition 2 
exotic options 531-645 
definition 351 
path-dependent options 531, 586-645 
path-independent options 531-86 
see also Asian options; barrier options 
expiry date, definition 2 


Feynman-Kac formula 67, 101, 169, 174 
fixed strike 
lookback options 613-17, 640—5 
see also average rate... 
floating strike 
lookback options 623—7, 640-5 
see also average strike... 
folded normal distribution 781 
foreign equity options 575-86 
foreign exchange (FX) options 576, 580 
foreign-to-domestic exchange rate 572, 575, 
580 
forward dividend model 118-19 
forward Kolmogorov equation 694—9, 700-1, 
726-38 
forward start options 531, 586—8, 588 
forwards 4—5 
definition 1 
options theory 17—18, 20-1 
synthetic 7 
Fourier inversion 762, 769 
Fourier transforms 761, 765—7 
free boundary formulation 268—9 
futures 5—6 
American options 267 
Black model 144—6 
Black-Scholes model 144-51 
definition 1 
initial margin 6 
knock out/in options 424—8 
knock-out equity accumulator 428 
settlement price 6 
stock index 2, 10—11 
FX see foreign exchange options 


gamma 71, 221—4, 244, 248, 252, 264-5 

GBM see geometric Brownian motion 

generalised Black-Scholes formula 161-3 

generalised historical volatility 660—1 

generalised perpetual American options 
292—4 


Index 


835 


generalised stochastic volatility model 710-13 
geometric average options 
average rate options 440-3, 450-7, 500-4, 
508-14, 522-5 
average strike options 441, 443, 504—8, 514-22 
continuous sampling 441, 500-25 
discrete sampling 440-1, 450-7 
probabilistic approach 508-25 
put-call parity 522—5 
geometric average rate options 440—1, 450—7 
PDE approach 500—4 
probabilistic approach 508-14, 522—5 
put-call relation 442-3 
geometric average strike options 441 
PDE approach 504—8 
probabilistic approach 514—25 
put-call relation 443 
geometric averaging 439-41, 443-4 
geometric Brownian motion (GBM) 155 
arithmetic-geometric average rate identity 445 
arithmetic-geometric average strike identity 448 
asset-or-nothing options 139, 141 
Black model 144 
Black-Scholes equation 89, 91, 93, 480 
Black-Scholes model 125 
Boyle method 197 
capped options 532 
chooser options 600, 601 
continuous-time limit of binomial model 69 
corridor options 533 
Cox-Ross-Rubinstein method 193 
Curran approximation 467 
delta hedging strategy 64 
digital options 134, 137 
down-and-out/in options 364, 380, 400, 405 
European option price under stochastic interest 
rate 179 
European option valuation 95, 101 
forward start options 586 
Greeks 233, 248, 253, 258, 260 
immediate-touch options 339, 345 
Jarrow-Rudd method 196 
Kamrad-Ritchken method 199 
Levy approximation 457 
lookback options 604, 613, 618, 623, 627, 634, 
640, 643 
martingale pricing theory 67 
Merton model 133, 160 
one-touch options 331, 336 
parameter estimation 652—4 
perpetual American options 301 
power options 534 
risk-neutral approach 190 


stop-loss options 609 
tree-based methods 190, 193, 196-7, 199 
up-and-out/in options 357, 372, 397, 402 
volatility models 647 


geometric mean-reversion process 658-60 
Girsanov's theorem 67-8, 156 


arithmetic Brownian motion 152 

asset-or-nothing options 142 

backward Kolmogorov equation 689 

compound options 596 

cross-currency options 582, 585 

digital options 138 

discrete geometric average rate Asian option 452 

European option valuation 102 

European options under stochastic interest rate 
168, 171, 177 

exchange options 544 

forward Kolmogorov equation 694, 695 

forward start options 587 

geometric average options 452, 518, 523 

knock-out/knock-in options 425 

lookback options 635 

non-dividend-paying asset price as numéraire 164 

perpetual American options 302 

power options 535 

put-call parity 497, 523 

spread options 549 

symmetry of arithmetic average rate/strike 526 

time-dependent options 337, 346-7 

see also two-dimensional Girsanov's theorem 


Greeks 218-65 


Bos—Vandermark model 233—7 
Boyle-Emmanuel method 260-2 
delta 220—3, 260, 264—5 

delta hedging 237-60, 262-4 
dual delta 222-3 

dual gamma 223-4 

European options 71-2, 218-65 
gamma 221-4, 244, 248, 252, 264—5 
psi 231—3 

rho 230-1 

theta 228-30 

vega 224—6, 244, 252 

vomma 226-8 


Hallerbach see Corrado-Miller-Hallerbach 


approximation 


heat equations 140, 332, 340 
hedge, definition 2 
hedging 


Boyle-Emmanuel method 260-2 
strategies 6-8, 27-61, 310-14 
see also delta hedging 
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hedging portfolios 
cross-currency options 573 
Heston model 757-8 
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166 
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put-call parity 498 

spread options 550, 552—4 
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time-dependent options 306, 338, 347 

timer options 784 

two-dimensional Black-Scholes equation 538 
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volatility derivatives 780, 781, 784—5 


Jarrow-Rudd method 196-7 
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knock-in and knock-out parity relationship 398, 400, 
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futures 424—8 
PDE approach 355 
probabilistic approach 353 
Koehler see Manaster-Koehler method 
Kolmogorov see backward Kolmogorov equation; 
Chapman-Kolmogorov equation; forward 
Kolmogorov equation 


Laplace transforms 301—2, 304 

lattice approach see binomial... 

Levy approximation 457-67 
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perpetual American options 613-17, 623—7 
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market price of risk 124—5, 185 
marking-to-market 6 
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rate 172, 176, 178 
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166—7 
Ornstein-Uhlenbeck process 655 
perpetual American options 301 
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spread options 548, 551, 552 
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526-7 
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maximum-likelihood estimation (mle) 
GBM parameter estimation 652-3 
generalised historical volatility 660—1 
geometric mean-reversion process 659-60 
historical volatility 647—8, 660-1 
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moment-generating function 475, 518, 565 
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two-dimensional Black-Scholes equation 539 
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spread options 548, 551 
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one-touch options 331—9 

PDE approach 331-6 

probabilistic approach 336-9 

time-dependent options 331—9 
optimal stopping theorem 301 
optimal stopping time formulation 268 
options 

definition 1 

stock index 1—2 
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trading 2-4 
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Black-Scholes equation 113-15 

immediate-touch options 340-1 

lookback options 611-12, 625 
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ordinary least squares method (OLS) 657—8, 660 
Ornstein-Uhlenbeck process 167, 180, 654—8 
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Black-Scholes equation 692, 694 
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rate 181, 184, 185 

European option valuation 95-101 
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probabilistic approach 543-7, 579-86 
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spread options 531, 547-58 
two-dimensional Black-Scholes equation 537-9, 
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payoffs/payoff diagrams 
average rate option payoff 440-1 
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cross-currency options 575-86 
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167—90 
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market price of risk 124—5, 185 
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digital options 137—9 
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American options 267, 277—8, 280-4 
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rate 171, 177 
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Black-Scholes equation 386-8, 421—2 


down-and-out/in options 394—7, 400—2, 405-7, 
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risk-neutral measure 155 
American options 268, 302 
arithmetic average options 497, 499 


backward Kolmogorov equation 688, 689, 713, 


714 
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cross-currency options 580, 581, 583, 584 
Curran approximation 468, 471 
digital options 138 
discrete geometric average rate Asian option 
450-2 
domestic measure 580, 581, 583, 584 


down-and-out/in options 365, 372, 381—2, 386, 


401-2, 406, 420 

Dupire equation 699 

European option valuation 102 

European options under stochastic interest rate 
168, 172, 174, 176, 178—9 

exchange options 543—5 


forward Kolmogorov equation 694, 695, 726, 727 


forward start options 587 
generalised Black-Scholes formula 161—2 
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in-out parity 390 
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martingale property 105 
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time-dependent options 321, 336—7, 345, 346-7 
timer options 783, 786 
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smooth functions 688, 713, 717 
smooth pasting condition 
American options 269, 295, 297-8, 301, 314-16, 
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non-dividend-paying asset price as numéraire 
163-4, 166 
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rachet options 588 variance swaps 775 
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415 Black-Scholes model with transaction costs 
stochastic interest rates 167-90 126 
stochastic processes, delta hedging 64 Chambers-Nawalkha approximation 684 
stochastic volatility 651, 710—69 Cox-Ross-Rubinstein method 195 
backward Kolmogorov equation 713-25, 727, cross-currency options 573 
729 European option price under stochastic interest 


Black-Scholes equation 723—6, 756-60, 763 rate 183, 184 


Index 


843 


exchange options 546 
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Merton model 129 
power options 535 
spread options 552 
time-dependent options 309, 318 
two-dimensional Black-Scholes equation 
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terminal payoffs 
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in-out parity 409 
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Black approximation 322—4 
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immediate-touch options 339-49 
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one-touch options 331—9 
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Hull-White model 745 
trading strategies 
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Jarrow-Rudd method 196—7 
Kamrad-Ritchken method 199—202 
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exchange options 540 
path-independent options 537-9, 540 
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712 

Heston model 753 
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435-7 
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PDE approach 355, 356 
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